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FOREWORD 

The  intent  of  this  Shell  Analysis  Manual  is  to  provide  specific 
instructions,  procedures,  basic  solutions,  and  recommendations  to 
facilitate  the  expedient  static  structural  analysis  of  shell-type  space- 
craft structures,  and  to  provide  an  introduction  to  and  reference  for 
the  practical  static  structural  analysis  of  shells. 

This  document  was  prepared  by  the  Structures  and  Dynamics 
Department  of  North  American  Aviation,  Inc.  , Space  and  Information 
Systems  Division,  Downey,  California,  under  Contract  NAS9-4387  for 
the  National  Aeronautics  and  Space  Administration,  Manned  Spacecraft 
Center,  Houston,  Texas.  Mr.  Herbert  C.  Kavanaugh,  Jr.,  was  the  NASA 
Technical  Representative  for  the  program.  Mr.  F.  L.  Rish  of  the  NAA 
Space  and  Information  Systems  Division  was  the  Program  Manager. 

The  program  was  performed  between  May  1965  and  June  1966. 

Generally,  the  information  contained  in  this  document  is  a con- 
densation of  material  published  by  U.S.  Government  agencies, 
universities,  scientific  and  technical  journals,  text  hooks,  aerospace 
industries,  including  North  American  Aviation,  Inc.,  and  foreign 
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publications.  Particular  credit  is  given  to  the  following  publishers 
who  granted  NAA  permission  to  use  their  publications: 

American  Concrete  Institute 

American  Institute  of  Aeronautics  and  Astronautics 
American  Society  of  Civil  Engineers 
Leibniz- Verlag,  West  Germany 
Springer-Verlag,  West  Germany 

This  manual  was  authored  by  Drs.  E.  H.  Baker,  A.  P.  Cappelli 
L.  Kovalevsky,  and  R.M.  Verette  under  the  direction  of  F.  L.  Rish. 
The  authors  are  indebted  to  Messrs.  R.M.  Bereznak,  R.  W.  Johnson 
A.  H.  McHugh,  K.  E.  Pauley,  D.  Salinas,  and  A.  E.  Zagorski  for 
technical  assistance. 

NOTE 

Comments  and  suggestions  for  revisions  and  editions  to  this  Manual 
will  be  appreciated  and  should  be  sent  to:  Chief,  Structures  and 

Mechanics  Division,  Code  ES,  NASA  Manned  Spacecraft  Center,  Houston, 
Texas  77058* 


ABSTRACT 


This  Shell  Analysis  Manual  provides  specific  instructions,  pro- 
cedures, basic  solutions,  and  recommendations  to  facilitate  the 
expedient  static  structural  analysis  of  shell-type  spacecraft  structures. 

It  also  provides  an  introduction  to  and  reference  for  the  practical  static 
structural  analysis  of  shells. 

The  manual  comprises  the  following  chapters: 

1. 00  Introduction  to  Shell  Theory 

2.00  Procedures  for  Static  Analysis  of  Shell  Structures 

3.00  Procedures  for  Stability  Analysis  of  Shell  Structures 

4.00  Minimum  Weight  Shell  Design 

5.  00  Optimum  Use  of  Computer  Programs 

Chapter  1.00  presents  a derivation  of  general  shell  theory 
from  concepts  of  the  linear  theory  of  elasticity  and  includes  the  basic 
relationships  of  shell  geometry,  geometry  of  strain,  stress- strain,  and 
equilibrium.  The  various  shell  theories  are  classified  according  to 
the  simplifications  made  to  a higher-order  theory.  Approximate 
theories  and  simplifications  that  have  made  the  solution  to  these 
theories  possible  are  delineated.  A presentation  of  nonlinear  shell 
theory  to  be  used  for  large  deflection  analysis  of  shells  is  included.  This 
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development  is  based  on  variational  principles  and  the  concept  of 
stationary  potential  energy.  Structural  stability  shell  theory  is 
discussed.  The  shell  stability  equations  are  presented  and  techniques 
for  determining  buckling  loads  using  variational  procedures  are  outlined. 
A discussion  of  the  discrepancies  between  the  theoretical  and  experi- 
mental  results  is  included. 

In  Chapter  Z.  00,  instructions,  procedures,  basic  solutions,  and 
recommendations  are  presented  to  determine  static  deflections  and 
internal  load  and  stress  distributions  in  shells  under  various  loading 
conditions.  This  chapter  also  includes  membrane  solutions  for  various 
loading  conditions,  unit  edge  loading  solutions,  and  combined  solutions 
for  various  shell  geometries  and  constructions,  loadings,  and  boundary 
conditions.  Factor  of  safety  concepts,  failure  criteria,  and  margin  of 
safety  calculation  under  uniaxial  and  biaxial  loading  conditions  are  also 
presented. 

Methods  of  analysis  for  the  static  instability  (buckling)  of  shell 
structures  are  presented  in  Chapter  3.00.  This  chapter  presents 
methods  for  obtaining  the  design  allowable  buckling  loads  for  unstiffened 
cylinders,  cones,  spherical  caps,  and  curved  panels  under  various 
loading  conditions.  Also  included  are  procedures  for  the  stability  analysis 
of  orthotropic  shells,  stiffened  cylinders,  and  sandwich  shells.  Analyses 
for  inelastic  buckling  and  combined  loading  conditions  are  also  presented. 


Chapter  4.00  presents  methods  of  analysis  to  be 
used  in  preliminary  design  to  determine  the  lightest  shell  wall  for 
various  constructions  subjected  to  specific  loading  conditions.  A 
survey  of  pertinent  literature  is  also  included  in  this  chapter. 

An  introduction  to  the  fundamentals  of  computer  utilization  is 
presented  in  Chapter  5.  00.  The  basic  computer  characteristics  are 
described.  An  introduction  to  matrix  algebra  is  included  in  this 
chapter,  in  addition  to  a description  of  the  techniques  used  in  solving 
shell  problems  and  discussions  of  the  use  of  computers  in  conjunction 
with  these  techniques. 
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NOMENCLATURE 


Frame  area 

Cross-sectional  area;  Lame  parameters 
Generalized  Hooke's  law  coefficients 
Stringer  cross-sectional  area 
Waffle  constants  (Paragraph  3.32.4) 

Panel  width  or  length 

Coefficients  in  assumed  displacement  function 

Et 

Extensional  stiffness  (rigidity),  r for  homo- 

1 - K* 

geneous  isotropic  shells;  plasticity  curve 

Extensional  stiffnesses  (rigidities)  for  orthotropic 
shells  (Section  3,32) 

Stringer  spacing;  panel  length;  flange  length 
Stringer  flange  width 
Web  depth 


XXV 


c 


Rigidity 


Et 


rg— ; buckling  coefficient  for  stiffened 


4(1  - |i“) 
cylinder;  plasticity  curve 


cb.  Cc,  C8  Buckling  coefficients  for  circular  cylinders  and 

cones  subjected  to  bending,  axial  compression, 
and  torsion,  respectively 


ACs  Increase  in  the  buckling  coefficients  due  to  internal 

pressure  for  the  loading  cases  of  bending, 
axial  compression,  and  torsion,  respectively 


C 

e 


Material  and  shape  parameter  for  crippling 

Buckling  coefficient  for  spheres  or  cylinders  sub- 
jected to  external  pressure 


Layered  construction  material  constants 
(Section  3.  32) 


c Sandwich  core  depth;  column  fixity  coefficient 

Cf  Frame  stiffness  parameter  for  stiffened  shell 

(Paragraph  3.42.2) 

Et3 

D Bending  stiffness  (rigidity) for  homo- 

12(l-p2) 

geneous  isotropic  shells;  plasticity  curve 
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D 


D*e/Dx  + *9 


Dx'  D0'  Dx0' 

Dq  . Dq 
x y 


Stiffness  rigidities  for  orthotropic  shells 
(Paragraph  3.32.  1) 


Frame  spacing  for  stiffened  cylinders 
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1 .00  INTRODUCTION  TO  THE  THEORY  OF  SHELLS 


1.01  GENERAL 

The  theory  of  shells  constitutes  that  part  of  the  theory  of  elasticity 
concerned  with  the  study  of  deformations  of  thin  elastic  bodies  under  the 
influence  of  loads.  Theories  of  thin  shells  may  be  broadly  classified 
according  to  the  fundamental  theories  of  elasticity  which  they  approximate: 
(classical)  linear  or  nonlinear  elasticity.  Shells  in  the  inelastic  range  will 
not  be  discussed  in  this  chapter. 

The  most  common  shell  theories  are  those  based  on  linear  elasticity 
concepts.  Linear  shell  theories  adequately  predict  stresses  and  deformations 
for  shells  exhibiting  small  elastic  deformations.  By  small  deformations,  it 
is  assumed  that  the  equilibrium  equation  conditions  for  deformed  elements 
are  the  same  as  if  they  were  not  deformed. 

The  nonlinear  theory  of  elasticity  forms  the  basis  for  the  finite 
deflection  and  stability  theories  of  shells.  Large  deflection  theories  are 
often  required  when  dealing  with  shallow  shells,  highly  elastic  membranes, 
and  buckling  problems.  The  nonlinear  shell  equations  are  considerably  more 
difficult  to  solve  and  for  this  reason  are  more  limited  in  use. 

An  essential  problem  in  the  analysis  of  shells  is  that  of  shell  stability. 
The  buckling  analysis  of  shells  requires  the  determination  of  the  stability  of 
the  equilibrium  states  obtained  from  nonlinear  elasticity  theories.  The 
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stability  of  shells  will  be  treated  in  a unified  manner  with  linearized  and 
nonlinear  shell  theories  in  such  a manner  as  to  indicate  the  essential  unity 
of  shell  theory. 

This  chapter  is  divided  into  three  sections.  The  first  is  concerned 
with  the  shell  theories  based  on  linear  elasticity.  The  linear  theory  of 
shells  is  presented  starting  from  basic  relationships  of  three-dimensional 
elasticity.  The  basic  assumptions  necessary  in  the  development  of  linear 
shell  theory  from  elasticity  considerations  are  outlined  along  with  a variety 
of  simplifications. 

The  second  section  considers  the  problem  of  shells  when  displacements 
or,  to  be  more  precise,  displacement  gradients  can  no  longer  be  considered 
negligible.  In  this  case,  the  shell  theory  developed  must  be  based  on 
concepts  of  nonlinear  elasticity.  A presentation  of  nonlinear  shell  theory 
follows  from  minimum  potential  energy  considerations  as  derived  from 
calculus  of  variations. 

The  third  section  is  devoted  to  the  theory  of  shell  stability  or  buckling. 
A discussion  of  the  concept  of  stability  together  with  the  stability  equation* 
is  included. 

This  chapter  presents  a brief  review  and  summary  of  shell  theories; 
the  intent  is  to  supply  the  analyst  with  the  theoretical  background  necessary 
for  use  of  subsequent  chapters  of  the  manual. 


l.io  LINEAR  SHELL  THEORY 


1.11  INTRODUCTION 

The  theory  of  small  deflections  of  thin  elastic  shells  is  now  considered. 
The  relationships  governing  the  behavior  of  thin  elastic  shells  are  based 
upon  the  equations  of  the  mathematical  theory  of  linear  elasticity. 

The  geometry  of  shells  (i.  e.  , one  dimension  much  smaller  than  the 
other  dimensions)  does  not  warrant,  in  general,  the  consideration  of  the 
complete  three-dimensional  elasticity  field  equations.  In  fact,  the  consider- 
ation of  the  complete  elasticity  equations  leads  to  expressions  and  equations 
which  are  so  complicated  that  it  becomes  impossible  to  obtain  solutions  for 

shell  problems  of  practical  interest. 

Fortunately,  sufficiently  accurate  analyses  of  thin  plates  and  shells 
can  be  obtained  using  simplified  versions  of  the  general  elasticity  equations. 
In  the  development  of  thin  shell  theories,  this  is  accomplished  by  attempting 
to  reduce  the  shell  problem  to  the  study  of  the  deformations  of  the  middle 
(or  reference)  surface  of  the  shell.  In  all  cases,  one  begins  with  the 
governing  equations  in  the  three-dimensional  theory  of  elasticity  and  attempts 
to  reduce  the  system  of  equations,  involving  three  independent  space  vari- 
ables, to  a new  system  involving  only  two  space  variables.  These  two 
variables  are  more  conveniently  taken  as  coordinates  on  the  middle  (or 
reference)  surface  of  the  shell. 
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Shell  theories  of  varying  degrees  of  accuracy  may  be  derived 
depending  upon  the  degree  to  which  the  elasticity  equations  are  simplified. 
The  approximations  necessary  for  the  development  of  an  adequate  theory 
of  shells  have  been  the  subject  of  considerable  controversy  among  the 
investigators  in  the  field. 

Historically,  the  first  attempt  to  formulate  a general  bending  theory 
for  elastic  shells  from  the  general  equations  of  elasticity  is  credited  to 
Aron  (Ref.  1-1).  The  first  apparently  successful  approximate  theory  was 
presented  by  Love  (Ref.  1-2)  in  1888.  Love  applied  an  analogy  to  the 
Navier  hypothesis  (elementary  beam  theory)  or  Kirchhoff  assumption  (plates) 
in  the  treatment  of  shell  problems.  This  theory,  often  referred  to  as  Love's 
first  approximation,  has  since  occupied  a position  of  prominence.  In  spite 
of  its  popularity,  the  development  given  by  Love  is  not  free  from  inadequacies 
in  that  it  is  inconsistent  with  regard  to  small  terms.  Many  investigators, 
including  Love  (Ref.  1-3)  himself,  have  attempted  to  improve  on  the  approxi- 
mations to  arrive  at  a consistent  linear  shell  theory.  (See  Ref.  1-4.  ) 
However,  Novozhilov  (Ref.  1-5)  has  indicated  that  the  inconsistencies 
obtained  using  Love's  approximations  are,  in  general,  not  of  great  impor- 
tance in  the  practical  analysis  of  most  shell  problems.  The  simplicity  and 
complete  analogy  with  the  corresponding  formulas  of  the  theory  of  plates, 
makes  Love's  first  approximation  an  important  tool  in  the  development  of 
shell  theory. 


4 


To  better  understand  the  theory  of  shells,  the  subsequent  development 
of  the  theory  will  start  from  consideration  of  the  general  elasticity  equations. 
The  various  shell  theories  will  be  classified  and  the  assumptions  and  simpli- 
fications necessary  in  the  development  of  each  shell  theory  will  be  specified 
and  their  effects  assessed.  A linear  shell  theory  based  on  Love's  first 
approximations  will  be  completely  developed  from  elasticity  considerations. 
The  limitations  or  range  of  applicability  of  Love's  assumptions  will  be 
pointed  out.  Other  approximate  or  specialized  theories  will  be  discussed 

as  they  appear. 
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1.  12  BASIC  RELATIONSHIPS  FOR  THE  THEORY  OF  THIN  SHELLS 

In  this  section  the  basic  formulas  pertaining  to  the  analysis  of  stress 
and  strain  in  terms  of  orthogonal  curvilinear  coordinates  are  presented. 
These  are  given  for  reference  and  serve  as  a basis  for  the  subsequent 
developments  of  linear  shell  theory. 

1.  12.  1 Geometry  of  Shells 
A.  Arbitrary  Shell 

Before  discussing  shell  thepry,  the  geometry  of  a shell  in  three- 
dimensional  space  is  defined.  The  geometry  of  a shell  is  entirely  defined 
by  specifying  the  form  of  the  middle  surface  and  the  thickness  of  the  shell 
at  each  point.  To  describe  the  form  of  the  middle  surface  it  is  necessary 
to  present  some  of  the  important  geometrical  properties  of  a surface.  A 
more  detailed  presentation  of  the  theory  of  surfaces  can  be  found  in  books 
on  tensor  analysis  and  differential  geometry  (Refs.  1-6,  1-7,  and  1-8). 

The  position  of  points  on  any  smooth  surface  can  be  described  in 
terms  of  two  independent  parameters  ( gj.  £ 2).  If  the  range  of  these  param 
eters  is  restricted  so  that  every  point  on  the  surface  corresponds  to  one 
and  only  one  pair  of  values  ( l2  );  then  the  parameters  (£  j.  g 2) 
constitute  a curvilinear  coordinate  system  for  points  on  the  surface. 

Equations  = constant  and  £2  = constant  represent  families  of  curves 
on  the  surface  (Fig.  1.12-1).  These  parametric  curves  are  called 
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FIG.  1.  12-1.  Families  of  Curves  on  a Surface 
coordinate  lines  of  the  surface.  Thus,  a surface  can  be  completely 
described  by  a doubly  infinite  set  of  such  parametric  curves  where  the 
position  of  any  point  on  the  surface  is  determined  by  the  values  of  ^ 1 and 
(A  simple  illustration  of  this  concept  is  the  lines  of  latitude  and 
longitude  on  a world  globe.  Geographical  locations  are  given  by  latitude 
and  longitude.  These  lines  can  be  thought  of  as  coordinate  lines.  ) The 
distance  between  two  neighboring  points  on  a surface  can  be  related  by  the 
differential  distance  (ds). 

The  square  of  the  linear  element  (ds)  of  any  curve  traced  on  the 
surface  is  given  by  an  expression  of  the  form: 

ds2  = "i2d£i2  + 022di2Z  + 2Q'IQ'2cosXd^ld^2  (1.  12  - 1) 
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where  X is  the  angle  between  the  tangents  to  the  coordinate  lines  £ \ and  £2 
at  any  point.  Eq.  1.  12.  1-1  is  called  the  first  quadratic  form  of  arc  length  in 
the  theory  of  surfaces.  For  orthogonal  coordinate  systems,  the  angle  X is 
equal  to  90  and  Eq.  1.  12.  1-1  is  considerably  simpler  because  the  last  term 
vanishes.  The  coefficients  oj  and  a 2 are,  in  general,  functions  of  and 
l2  and  represent  the  first  fundamental  magnitudes  of  the  surface  (for  ortho- 
gonal systems).  The  quantities  a-j,  o2  are  sometimes  called  Lame 
parameters  or  coefficients. 

Lame  parameters  can  be  interpreted  geometrically  as  lengths  of 
linear  elements  along  constant  coordinate  lines  of  the  surface  when  the 
increment  (differential)  of  one  of  the  two  independent  variables  has  a unit 
value  (Fig.  1.  12-2). 


FIG.  1.12-2.  Length  of  Linear  Elements  Along  Constant  Coordinate  Lines 


The  quadratic  form  for  a given  surface  will  have  different  expressions 
in  different  systems  of  curvilinear  orthogonal  coordinates  (4l»  I 2)-  1x1 

other  words,  for  particularly  selected  coordinates  ( 4 l < 4 2^  there  Wl11 
correspond  specific  expressions  for  aj  anda2.  To  illustrate,  consider 
the  specialized  curvilinear  coordinate  systems:  Cartesian  and  polar  coord- 

inates. In  Cartesian  coordinates  (two  dimensions),  the  quadratic  form 
(Eq.  1.12-1)  is  given  by 

ds2  = dx2  + dy2 

where,  in  this  case,  4i  = x»^2  = y an<* 
the  Lam£  parameters  become  a j = <*  2 = 1 

♦•x 


Consider  now  a system  of  polar  coordinates.  The  quadratic  form  in 
this  case  becomes 


ds2  = dr2  + r2d02 

and  noting  that  4i  = r*^2  = ® Lame 
parameters  are  given  by  c j = 1,  Q 2 = T 


For  convenience,  the  orthogonal  curvilinear  system  of  coordinates 
is  chosen  to  simplify  the  formulas  for  the  surface.  Such  a system  is  that 
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m which  the  two  families  of  coordinate  curves  are  simultaneously  lines  of 
principal  curvature  of  the  surface.  A line  of  curvature  is  a curve  in  the 
surface  which  possesses  the  property  that  normals  to  the  surface  at  consecu 
live  points  on  the  curve  intersect.  In  the  general  case,  the  curvature  of 
this  line  varies  with  its  orientation  on  the  surface.  The  directions  at  which 
the  curvature  reaches  extremes  are  the  directions  of  the  lines  of  principal 
curvature.  The  direction  of  the  lines  of  principal  curvature  can  be  shown 
to  be  orthogonal  (Fig.  1.  12-3).  Quantities  Rj,  R2  denote  principal  radii 


FIG.  1.  12-3.  Principal  Radii  of  Curvatures 
of  curvature  of  the  surface  at  a point  (P),  being  the  radius  of  curvature 
at  that  section  drawn  through  the  normal  at  the  point  (P)  which  contains  the 
tangent  to  the  curve  of  the  family 

The  position  points  in  a surface  have  been  shown  to  be  related  by  the 
curvilinear  coordinates  and  g2.  The  location  of  a point  on  a shell  with 
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thickness,  t,  can  be  related  by  three  parameters.  Two  (Ij,  % 2)  vaiT  on 
the  middle  surface  of  the  shell,  and  the  third  (z)  varies  along  the  normal  to 
the  middle  surface. 

The  position  of  an  arbitrary  point,  M,  in  space  is  fixed  by  three 
parameters;  the  coordinates  = c^,  £2  = CZ  ^e  ^ase  t^ie  perpendic- 
ular, and  the  length  of  the  perpendicular  z = (Fig.  1.  12-4). 


M 


In  such  a triorthogonal  system  of  curvilinear  coordinates,  the  square 
of  a linear  element  in  space  would  have  the  form 

dS2  = A^d^2  + A22d£22  + Ajdz2  (1.  12-2) 

where  the  Lame  parameters  are  now  written  as 

Ai  = ° 1 (’  + 5i) 
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The  geometrical  significance  of  Eq.  1.  12-3  can  be  seen  by  exami- 
nation of  Fig.  1.  12-5  which  shows  the  cross  section  of  a shell  element 
cut  along  a coordinate  axis. 


FIG.  1.12-5.  Geometrical  Significance  of  Lam^  Parameters 

a 2.'  ^1*  ^2  £<3*  ^ * ^"3  are  functions  of  £ ^ and  anc3  rnust  satisfy 

the  three  relationships  from  the  theory  of  surfaces.  Two  of  these  relation- 
ships, known  as  the  condition  of  Codazzi,  are  given  by 

JL  ao,l  = /<>l\ 

r2  9^2  9^2  VRl / 

a a (1.12.4a) 

J_  ££L-  9 /f£\ 

Ri  3S7\r2/ 
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The  other  relation,  c 


ailed  the  condition  of  Gauss,  is 


3 /l  3^2  \ 

\\°l  9|l/  dh\°Zdiz)~  'R1R2 


(1.  1 2 -4b) 


Equations  1.  12 -4a  and  -4b  are  presented  for  reference.  For  a more 
complete  description  of  the  Gauss -Codazzi  relationships,  see  Ref.  1-5 


B.  Shells  of  Revolution 

In  the  engineering  application  of  thin  shells,  a shell  whose  refer- 
ence surface  is  in  the  form  of  a surface  of  revolution  has  extensive 
usage.  The  previous  section  considered  the  differential  geometry  of  any 
surface.  This  discussion  will  now  be  restricted  to  surfaces  of  revolu- 
tion. A surface  of  revolution  is  obtained  by  rotation  of  a plane  curve 
about  an  axis  lying  in  the  plane  of  the  curve.  This  curve  is  called  the 
meridian,  and  its  plane  is  the  meridian  plane.  The  intersection  of  the 
surface  with  planes  perpendicular  to  the  axis  of  rotation  are  parallel 
circles  and  are  called  parallels. 

For  such  shells  the  lines  of  principal  curvature  are  its  meridians 
and  parallels.  Accordingly,  a convenient  selection  of  coordinates  of  the 
middle  surface  are  the  angle  <J>  (between  the  normal  to  the  middle  sur- 
face and  the  axis  of  rotation)  and  the  angle  0 , determining  the  position 
of  a point  on  the  corresponding  parallel  circle  (Figs.  1.  12-6  and  7). 
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FIG.  1.12-6.  Coordinates  on  a FIG.  1.12-7.  Coordinates  on  a 

Surface  of  Revolution  Surface  of  Revolution 

Let  Rx  be  the  radius  of  curvature  of  the  meridian.  The  second 

radius  of  curvature  R2  will  always  be  the  length  of  the  intercept  of  the 

normal  to  the  middle  surface  between  the  surface  and  the  axis  of  the 

shell  since,  considering  two  adjacent  points  on  the  same  circle,  the 

normal  from  these  points  intersect  on  the  axis  of  the  shell. 

The  element  of  arc  of  a meridian  will  be  given  by 

dsj  = Rjd$ 

Correspondingly,  the  element  of  arc  of  a parallel  circle  is  given  by 

ds2  = R2  sin<£  d0 
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In  this  case,  the  Lame  parameters  are 


“1  ' R1 

= R-2  sin  4>  (1.12-5) 

where 

h - e 

Thus,  the  middle  surface  of  a shell  of  revolution  is  completely 
determined  by  knowledge  of  its  principal  radii  of  curvature  Rj,  R£. 

Which  will  be  functions  of  only  one  of  the  curvilinear  coordinates, 
namely  <f>. 

Table  1.  12-1  presents  the  radii  of  curvature  expressions 
generated  by  the  rotation  of  second  order  curves  about  their  axes  of 
symmetry. 
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TABLE  1.  12-1.  GEOMETRY  OF  SHELLS  OF  REVOLUTION 
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K 12.  2 Geometry  of  Strain 


As  stated  previously,  the  theory  of  shells  is  concerned,  among  other 
things,  with  the  determination  of  small  deformations  due  to  load.  Some  of 
the  basic  geometrical  properties  of  deformation  (strain)  will  be  examined  in 
this  section. 

The  basic  problem  of  the  determination  of  strain  at  a point  in  the  shell 
requires  relating  the  position  of  points  in  the  shell  before  deformation  with 
their  location  after  deformation. 

The  deformation  condition  in  an  elastic  body  can  be  described,  in 
general,  by  three  displacement  quantities  or  by  six  strain  quantities.  The 
three  displacements  must  be  independent  of  each  other  to  uniquely  define 
the  deformed  condition  of  the  body.  Since  both  deformation  quantities 
(displacements  or  strain)  describe  the  same  state  of  affairs,  three  relation- 
ships relating  the  six  dependent  components  of  strain  must  exist.  These 
relationships  are  the  compatibility  conditions  of  the  state  of  strain  (Ref.  1-5). 

As  previously  stated,  the  displacement  components  and  the  components 
of  strain  describe  the  same  state  of  deformations  in  the  shell;  therefore, 
they  can  be  linked  by  virtue  of  this  state.  The  relating  of  strains  to  dis- 
placements is  purely  a geometrical  problem  requiring  the  consideration  of 
shell  geometry  before  and  after  deformation.  A detailed  development  of 
the  strain  equations  based  on  geometrical  considerations  can  be  found  in 
many  of  the  books  on  elasticity  (Refs.  1-3,  1-9,  and  1-10). 
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The  strain  displacement  relationships  appropriate  for  linear  shell 


analysis  can  be  readily  obtained  in  terms  of  a system  of  orthogonal  curvi 
linear  coordinates  from  the  corresponding  relations  for  a general  elastic 
body.  The  general  strain  equations  of  three  dimensional  elasticity  are 
introduced  to  illustrate  the  assumptions  inherent  in  the  development  of  a 
linear  shell  theory  from  elasticity  considerations. 


For  small  deformation  theory,  the  components  of  normal  strain 
( ‘l*  * 2*  * 3)  and  of  shear  strain  (Y12,  V 13,  Y 23)  are  related  to  displacement 
components  (U,  V,  W)  measured  along  tangents  to  the  coordinates  lines  of  the 
orthogonal  coordinate  system  as  follows: 


(1.  12-6a) 
(1.  12-6b) 

(1.  12-6c) 
(1.  12-6d) 
(1.  12-6e) 

(1.  12-6f) 


where  (Aj,  A2>  A3)  are  the  Lame  parameters  which  are  basic  quantities  in 
the  characterization  of  the  coordinate  system,  (see 

Section  1.  12.  1-A.). 
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In  describing  the  geometry  of  shells,  in  Sec.  1.  12.  1,  the  coordinates 
( |j,  i2)  were  specialized  to  correspond  to  the  parametric  curves  consisting 

of  lines  of  curvature  *i  = constant,  %Z  = constant  of  a reference  surface 
within  the  shell  wall,  and  z was  taken  to  correspond  to  |3.  where  z is  a 
coordinate  measured  along  the  normal  to  this  surface  such  that  ( . I2'  Z> 
form  a right-hand  coordinate  system.  (See  Fig.  1.  12-8.) 


FIG.  1.  12-8.  Surface  Coordinates  for  a Right-Hand  Curvalinear 

Coordinate  System 

The  Lam6  parameters  when  specialized  for  a shell  coordinate  system 
are  described  by  Eq.  1.  12-3. 

In  the  development  of  the  small  deformation  strain  displacement 
equations  (Eq.  1.  12-6),  the  assumptions  consistent  with  classical  elasticity 
have  been  introduced.  These  assumptions  are  as  follows: 
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1. 

2. 


Strains  are  small  in  comparison  with  unity,  i.  e.  , t « 1 

Displacement  gradients  are  of  the  order  of  magnitude  of  strain  and 

assumed  small  in  comparison  with  unity,  i.  e.  , terms  such  as 
8W  3U 

"afP  afp  etc-**  <<c  1 

Displacements  are  small  (compared  with  linear  dimensions  of  the 
shell),  i.  e.  , in  a shell  of  thickness  t , — « 1 


t 

Assumptions  2 and  3 imply  that  rotation  expressions  are  small  in  comparison 
with  unity.  These  assumptions  permit  higher  order  terms  in  the  strain 
displacement  equations  to  be  neglected.  The  more  complicated  strain 
equations  of  nonlinear  elasticity  will  be  discussed  in  Sec.  1.  20. 


1 • 12.3  Stress  and  Stress  Resultants 

In  the  next  two  subsections,  the  basic  relationships  for  shells  obtained 
from  the  law  of  statics  are  presented.  The  concept  of  stress  resultants  will 
be  introduced  together  with  relationships  for  static  equilibrium. 

When  a shell  is  under  the  action  of  external  forces,  it  undergoes 
distortion,  and  the  effect  of  the  forces  is  transmitted  throughout  the  body. 
Across  any  small  internal  plane  area  of  the  body,  forces  are  exerted  by  the 
part  of  the  body  on  one  side  of  the  area  upon  the  part  of  the  body  on  the  other 
side.  The  term  "stress"  denotes  this  internal  force  per  unit  area.  (See 
Fig.  1.  12-9). 
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FIG.  1.12-9 


Consider  a stiessed  element  of  shell  of  thickness  t,  cut  along 
coordinate  lines  £l>  + d£},  %2.  and  ^2  ^ ^^>2  ^ • 12-10). 


FIG.  1.  12-10.  Internal  Stresses  on  a Shell  Element 


The  internal  stresses  shown  in  this  figure  are  described  as  follows: 
^11’  a22  are  normal  stresses,  acting  on  the  faces  of  the  element. 

T ?>  T are  in-plane  shear  stresses  acting  parallel  to  the  middle 
surface. 

T 1 3 • t23  are  transverse  shear  stresses  acting  normal  to  the  middle 
surface. 

The  positive  directions  of  stresses  are  as  shown  in  Fig.  1.  12-10,  i.e., 
normal  stresses  acting  on  the  faces  which  coincide  with  positive  directions 
are  positive. 


F or  purposes  of  obtaining  a two-dimensional  theory  of  shells,  it  will  be 
convenient  to  introduce  statically  equivalent  forces  and  bending  moments 
instead  of  these  stresses.  The  introduction  of  stress  resultants  and  couples 
permits  the  elimination  of  the  z coordinate  in  the  equilibrium  equations. 

As  an  example,  consider  a simple  linearly  varying  stress  distribution 
acting  on  a face  of  an  element  of  shell;  this  stress,  which  will  be  called  j, 
can  be  considered  a combination  of  a uniform  and  bending  type  of  stress 
distribution  (Fig.  1.12-11). 


I 

4 


- N 


c 


N-/h-.nd, 

FIG.  1.12-11.  Statically  Equivalent  Force  System 


The  resultants  (forces  per  unit  length  of  given  arc  length)  acting  on  a 
shell  element  with  arc  lengths  on  their  principal  lines  of  curvature, 

(dsj  = Ajd  and  ds^  - d^),  are  for  stresses  i,  T12»  ti  3 , . . . etc.  , 


N1  = 


Q1  = 


N 


2 " 


N 
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Qz  = 


(1.  12-8a) 


and  for  the  stress  resultants  for  moments. 


M.  = 


M 
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m2  = 


M 
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z 


z 


z 


z 


(1.  12-8b) 


23 


is  present  to  account  for  the 

trapezoidal  shape  of  the  shell  element  resulting  from  the  curvature  of  the 

shell.  Fig.  1.  12-5  illustrates  how  an  incremental  portion  of  shell  a distance 

z from  the  middle  surface  is  augmented  by  an  amount  — * 

R 

By  replacing  the  stresses  by  their  equivalent  forces  and' moments,  one 
may,  in  the  future,  consider  instead  of  the  space  element  cut  from  the  shell 
the  corresponding  element  of  the  middle  surface  on  the  sides  of  which  act 
these  resultant  forces  and  moments  (Fig.  1.  12-12). 

The  significance  of  the  ten  resultants  so  defined  is  suggested  simply 
by  the  laws  of  statics,  irrespective  of  material  or  of  the  state  of  deforma- 
tion of  elements  in  the  shell. 


In  the  above  expression,  the  term 


H 


z 


FIG.  1.  12-12.  Resultant  Forces  on  a Typical  Shell  Element 
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1.12.4  Equilibrium  Equations  for  a Shell 


The  shell  element  in  the  state  of  stress  described  in  the  previous 
section  "will  now  be  considered  and  the  conditions  for  its  equilibrium 
under  the  influence  of  all  external  and  internal  loads  will  be  determined. 
The  equations  arising  by  virtue  of  the  demands  of  equilibrium  and  the 
compatibility  of  deformations  will  be  derived  by  considering  an  indi- 
vidual differential  element.  These  equations,  therefore,  are  relations 
between  differential  quantities  or  between  differential  changes  in  the 
internal  forces  and,  therefore,  are  called  differential  equations. 

The  external  loads  are  comprised  of  body  forces  that  act  on  the 
element  and  surface  forces  (stresses)  that  act  on  the  upper  and  lower 
boundaries  of  the  element,  which  are  sections  of  the  curved  surfaces 
bounding  the  shell.  The  internal  forces  will  be  stress  resultants  acting 
on  the  faces  of  the  shell  element. 

In  the  preceding  section,  all  the  internal  stresses  were  trans- 
ferred to  the  boundaries  of  the  section  of  the  middle  surface  corre- 
sponding to  the  considered  element  of  the  shell  and  they  were  replaced 
by  statically  equivalent  forces  and  moments.  An  analogous  operation 
for  reducing  the  shell  problem  to  a two-dimensional  one  can  be  exec- 
uted for  the  external  forces  by  replacing  them  by  statically  equivalent 
stresses  distributed  at  the  middle  surfaces.  The  middle  surface  ia 
thus  loaded  by  forces  as  well  as  moments. 
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Now,  instead  of  considering  the  equilibrium  of  an  element  of  a 
shell  one  may  study  the  equilibrium  of  the  corresponding  element  of  the 
middle  surface.  The  stresses,  in  general,  vary  from  point  to  point  in  the 
shell  and  as  a result  the  stress  resultants  will  also  vary. 

Consider  now  the  stress  resultants  of  concern  applied  to  the  middle 
surface  of  the  shell  as  shown  in  Figs.  1.  12-13  and  14. 


Z 


FIG.  1.  12-13.  Typical  Shell  Reference  Element  With  Axial 
and  In-Plane  Shear  Forces 


z 


FIG.  1.  12-14.  Typical  Shell  Reference  Element  With  Transverse 
Shear,  Bending,  and  Twisting  Elements 
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The  equilibrium  of  the  shell  in  the  £ 2*  and  z coordinate 

directions  respectively  are  given  by  the  following  equations: 


da2  Ni  dai^2i 

■ + 
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3a. 
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+ *l*2Pl  = 0 
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(1*1  n2 


n. 


96. 


- *1*2/ + 1+  * 1*2  = 0 

1 1 


where  pj,  p2,  and  q are  components  of  the  effective  external  force 
per  unit  area  applied  to  the  middle  surface  of  the  shell*  (The  details 
of  obtaining  the  expressions  for  curvilinear  coordinate  systems 

can  be  found  in  Refs.  1 - 5 , 1 - 9 » and  1-11.) 

The  equilibrium  of  moments  about  the  62»  and  z coordinates 

result  in  the  following  moment  equilibrium  expressions. 


3a. 


9*i  Mz 


3a . 
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347  M12  + kf"  M‘  Wz  * Mzl  ‘5ET  ' Qi0l°z  = 0 


3o,jM2i  ^2^1 
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da?  9 a. 
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(1.  12-9b) 


n12-n21 


Mi2  M2i 
+ 0 

R1  r2 


The  force  components  of  the  last  equilibrium  expression  are  due 
to  warping  of  the  faces  and  result  from  in-plane  shears  and  twisting 

moments. 
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In  the  equilibrium  equations  presented  here,  changes  in  the 
dimensions  and  in  the  shape  of  the  element  of  the  middle  surface 
arising  from  its  deformation  have  been  neglected.  This  simplification 
arises  from  the  assumption  of  small  deformations. 

The  form  of  the  equilibrium  equations  is  simplified  when  shells 

of  revolution  are  considered.  Examples  of  conical  and  spherical  shells 
follow: 


Example  1:  Equilibrium  Equations  for  a Cone 
Noting  Fig.  1.  12-15,  if  the  coordinate  axes  are  expressed  as 
= x distance  along  generatrix 

=6  angle  between  two  meridians  in  the  plane  of  a 
parallel 


z = z a direction  normal  to  the  middle  surface  formed 
by  the  other  two  coordinates 
and  the  Lame  parameters  become 


° i - 1*  a 2 = R - Rq  + x sine* 
the  principal  radii  of  curvatures  of  a cone  are  then  expressed  as 

R R _ 

R 1 = R^  = a , r2 

where 


COSO  COS  Ct 


+ x tana 


Q = 1/2  apex  angle  and  is  constant 
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FIG.  1.  12-15.  Shell  Coordinates  for  a Cone  (or  Cylinder  with  a - 0) 


By  inserting  the  above  coefficients  into  the  general  equilibrium 
equations  we  arrive  at  the  equilibrium  equations  for  a cone,  namely 

a a 9N~ 

— (N„x)  sino  + — (Nx)  - Nft  sin*  + ^ + p R = 0 

3x  x ° dx  x 6 30  x 

3Ng  9 a 

"ae"  + ax  (Nxex)  sino  + Ro  g^(Nxe)  + Nex  sinQ  + Qe  cosa  + ?e  R = 0 

a a 

- Ne  cos  o + -gg-  + — (Oxx)  sin  O'  + RQ  (Qx)  + q R = 0 (1.12-10) 

aMe  a a 

~de~  + a^T  (Mxex)  8ino  + Ro  (Mxe)  + Mex  aino  * Qe  R = 0 


~~  (Mxx)  sino  + RQ  ~~  (Mx)  - Mg  sino  + 


8M0x 

ae 


Nx0  - N0x 
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Eqs.  1.  12-10  become  the  equilibrium  equations  for  a cylindrical 
shell  when  the  angle  a is  set  equal  to  zero.  In  this  case,  RQ 
represents  the  radius  of  curvature  of  the  cylinder  (R  = R = R?). 
Example  2.  Equilibrium  Equations  for  a Spherical  Shell 
If  the  coordinate  axes  were  to  be  specified  as 

= 4>  an  angle  along  a meridian  of  the  shell 

= 0 an  angle  along  the  parallel  of  the  shell 

z = a direction  along  the  normal  to  the  surface  formed  by 

the  above  two  coordinates 

the  Lame  parameters  become 
= R,  = R sin  4> 
where  R is  the  radius  of  a 
sphere  and  the  principal  radii 
of  curvature  are 

R<j>  = Rq  = R = const, 
then  these  coefficients  may  be 
inserted  into  the  general  thin 
shell  equilibrium  equations 

(Eqs.  1.  12-9a,  b)  and  the  differential  equations  for  a sphere 
become: 
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1.  12.  5 Stress -Strain  Relations 

The  relations  derived  in  preceding  sections  were  based  upon 
purely  geometrical  or  static  considerations.  The  two  concepts  are 
tied  together  by  consideration  of  material  properties  of  the  shell.  For 
a complete  description  of  the  problem  of  analyzing  thin  shells,  the 
relations  between  components  of  stress  and  components  of  strain  as  the 
shell  is  subjected  to  its  history  of  applied  loads  is  required.  It  will  be 
assumed  that  a continuous  body  satisfies  the  generalized  Hooke's  Law, 
that  is  that  stresses  are  linear  functions  of  strains  and  thus  the  propor- 
tionality coefficients  are  constant  for  the  range  of  materials  under 
consideration.  Materials  which  do  not  possess  this  linear  law  should  be 
treated  by  a nonlinear  theory  of  stress  versus  strain. 
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This  section  is  devoted  to  a brief  description  of  the  basic  ideas 
governing  the  relationships  between  stress  and  strain  when  considering 
anisotropic,  orthotropic,  and  isotropic  materials. 

A.  Anisotropic  Bodies 

In  the  general  case  of  a uniform  anisotropic  body,  i.  e.  , a material 
body  whose  physical  properties  may  vary  in  any  direction,  the  generalized 
Hooke 1 s Law  expressed  for  a differential  element  in  a curvilinear  sys- 
tem of  coordinates  £2,  £3  takes  the  form  (Fig.  1.12-16): 


FIG*  1*  12-16.  Differential  Element  in  a General  Curvilinear 

Coordinate  System 

^ll  " A11  €1+a12  4 2 + A 1 3 43  + A14Y23  + A15Y13  + A16Y12 
* 22  “ A21  *1  + A22  4 2 + A23  4 3 + A24  V 23  + A25  Y 13  + A26  Y 12 

a33  = A31  J1  + a32  4 2 + a33  4 3 + A34  v 23  + A35  \13  + A36  V12 

(1.  12-12) 

T23  = A41  41  + A42  4 2 + a43  4 3 + A44  Y 23  + A45  Y 13  + A46  Y12 

T31  = A51  €1  + a52  4 2 + A53  4 3 + A54  Y 23  + A55  Y 13  + A56  Y12 

T1 2 = A61  41  + a62  4 2 + a63  43  T A64  Y 23  + A65  Y 13  + A66  Y12 
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As  shown  in  Ref.  1-12,  the  36  coefficients  reduce  to  21  when 


symmetry  is  noted;  i.  e.  , Ay  - Aj^  (i,  j - 1,  2,  3-“-,  6). 

The  inverse  of  Eq.  1.  12-12  is  possible  if  strains  as  a function 

of  stresses  are  desired.  The  Ay's  are  material  constants.  Space  and 
the  very  limited  usefulness  of  such  a general  system  prohibits  enclosure 
of  the  coefficient  definitions  here.  Of  much  more  practical  usage  and 
applicability  to  the  majority  of  shell  problems  is  the  consideration  of 
materials  where  certain  planes  of  elastic  symmetry  are  present.  For 
the  more  important  cases,  the  generalized  Hooke's  relations  of 
Eq.  1.  12-12  or  its  inverse  reduce  to  forms  which  are  considerably 
simplified. 


B.  Orthotropic  Bodies 

If  a solid  body  with  three  mutually  perpendicular  planes  of 
symmetry  is  considered,  then  the  body  is  said  to  be  orthotropic. 
Materials  such  as  wood  and  synthetic  fiberboard  possess  this  property. 
For  this  case,  the  generalized  Hooke's  Law  reduces  to 
crn  = El  €l  + E2  ^21  €2  + E3  ^31  *3 

-22  = E1^12£l+E2€2+E3^32t3  (K1J 

-33  = E1  ^13  £1  + E2  K23  *2  + E3  *3 

t23  = G23  Y23’  t3  1 = G3  1 Y31’  T12  = G12  V12 
By  virtue  of  symmetry,  the  coefficients  are  reduced  to  nine  independent 

constants.  The  symmetry  conditions  are 

E2  ^21  = E1  ^12-  E3  ^32  = E2  ^23'  E1  ^13  = E3  ^31  (1,  L 
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C.  Isotropic  Bodies 


Many  bodies  have  elastic  properties  which  do  not  vary  with  respect 
to  orientation  in  the  body.  Metals  such  as  steel  and  aluminum  very  closely 
resemble  this  property.  Hooke’s  Law  for  this  class  of  material  is 


a 1 1 = 2 j + * e 

*22  = 2 ^*2  + Xe 
*33  = 2 + Xe 

r12  = 2 ?Yl2*  t13  = 2 £Yi3«  t23  = 2 HY23 

where 


(1.  12-15) 


\ = !iJr 

(1  + Ji)  (1  - 2p) 


M-  * G 

2 (1  + H) 


(1.  12-16) 


e = ‘l  + *2  + €3 

and  E,  G and  p are  called  the  engineering  technical  constants.  The  number 
of  independent  elastic  constants  has  been  reduced  to  two. 

For  a plane  stress  problem,  the  stress -strain  relations  are  given  as 
follows: 

(Tj  = E ( t 1 + pt2) 

1 - 


1 - p 


r(  * 2 + 


(1.  12-17) 


r,-  = G Y,  = ± — V 

12  12  2 (1  + p)  12 


for  convenience,  these  simplified  stress-strain  relationships  will  be  utilized 
freely  in  the  subsequent  developments. 
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1.  13  CLASSIFICATION  OF  SHELL  THEORIES 

In  the  preceding  sections  the  basic  relations  for  shells  were 
developed  either  from  the  law  of  statics  or  from  purely  geometrical 
considerations.  As  in  the  theory  of  elasticity,  a relationship  for 
connecting  the  geometric  and  static  phenomena  is  presented  by  the 
introduction  of  a generalized  Hooke's  Law. 

The  physical  hypothesis  expressed  by  these  relations  is  sufficient 
for  the  description  of  the  state  of  deformation  or  stress  in  the  shell. 

To  be  able  to  establish  a connection  between  forces,  moments,  and 
deformation  components  of  the  middle  surface  it  is  necessary  to  know 
how  either  the  stresses  or  strains  vary  across  the  shell  thickness. 

This  situation  arises  from  attempts  to  reduce  the  shell  problem  from 
a three-dimensional  elasticity  problem  to  a two-dimensional  one. 

The  essential  problem  in  the  development  of  a theory  of  shells; 
i.  e.  , the  formulation  of  appropriate  constitutive  relationships  or 
stress -strain  relationships,  has  now  been  determined.  The  problem  can 
now  be  resolved  to  one  of  arbitrarily  choosing  quantities  to  represent  the 
state  of  deformation  in  the  shell.  The  introduction  of  certain  assumptions 
permit  the  evaluation  of  stress  resultant  equations  (Eqs.  1.  12-8)  in 
order  that  approximate  relationships  between  force  and  deformations 
can  be  established. 
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The  selection  of  the  proper  form  of  these  approximations  has 
been  the  subject  of  considerable  controversy  among  the  many  investi- 
gators in  the  field.  As  a result,  there  is  a large  number  of  general 
and  specialized  thin  shell  theories  in  existence,  developed  within  the 
framework  of  linear  elasticity.  It  will  be  desirable  in  the  subsequent 
discussion  to  discuss  the  most  commonly  encountered  theories  and 
classify  them  according  to  the  assumptions  for  which  they  are  based. 

For  the  purpose  of  discussion,  the  various  linear  shell  theories 
will  be  classified  into  five  basic  categories: 

1.  First-Order  Approximation  Shell  Theory 

2.  Second-Order  Approximation  Shell  Theory 

3.  Shear  Deformation  Shell  Theory 

4.  Specialized  Theories  for  Shells  of  Revolution 

5.  Membrane  Shell  Theory 

The  order  of  a particular  approximate  theory  will  be  established  by  the 
order  of  the  terms  in  the  thickness  coordinate  that  are  retained  in  the 
strain  and  constitutive  equations* 

In  the  case  of  thin  shells,  the  simplified  bending  theories  of  shells 
are  (in  general)  based  on  Love's  first-approximation  and  second- 
approximation  shell  theories.  Although  some  theories  do  not  adhere 
strictly  to  Love's  original  approximations,  they  can  be  considered  as 
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modifications  thereof  and  as  either  first-  or  second-order  approximate 
theories.  Theories  which  neglect  transverse  shear  deformations  may  be 
distinguished  from  those  which  include  the  shear  effect.  Linear  mem- 
brane theory  is  understood  to  be  the  limiting  case  corresponding  to  a 
zero-order  approximation  or  momentless  state.  Under  specialized 
shell  theories  are  included  several  engineering  theories  that  are 
usually  restricted  to  particular  shell  shapes  or  types  of  loading  (e.  g.  , 
shallow  shell  theory,  Geckeler's  approximation  for  symmetrically 
loaded  shells,  etc.) 

Although  the  Shear  Deformation  and  Specialized  Shell  Theories 
presented  are  based  on  Love's  first-approximation;  they  are  classified 
separately  because  of  their  particular  physical  significance. 

1.  13.  1 First-Order  Approximation  Shell  Theory 

Love  was  the  first  investigator  to  present  a successful  approxi- 
mate shell  theory  based  on  classical  elasticity.  To  simplify  the 
strain-displacement  relationships  and,  consequently,  the  constitutive 
relations,  Love  (Ref.  1-3)  introduced  the  following  assumptions,  known 
as  first  approximations  and  commonly  termed  the  Kirchhoff- Love  hypothesis 
1.  The  shell  thickness,  t,  is  negligibly  small  in  comparison  to 

the  least  radius  of  curvature,  Rmin,  of  the  middle  surface; 

t z 

i.  e.  — « 1 (therefore,  terms-7j-«l). 

Rmin  R 
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2.  Linear  elements  normal  to  the  unstrained  middle  surface 
remain  straight  during  deformation  and  suffer  no  extensions. 

3.  Normals  to  the  undeformed  middle  surface  remain  normal  to 
the  deformed  middle  surface. 

4.  The  component  of  stress  normal  to  the  middle  surface  is 
small  compared  to  other  components  of  stress,  and  may  be 
neglected  in  the  stress-strain  relationships. 

5.  Strains  and  displacements  are  small  so  that  quantities  con- 
taining second-  and  higher-order  terms  are  neglected  in 
comparison  to  first-order  terms  in  the  strain  equations. 

The  last  assumption  is  consistent  with  the  formulation  of  the 
classical  theory  of  linear  elasticity.  The  other  assumptions  will  be 
used  to  simplify  the  elasticity  relations. 


A.  Strain-Displacement  Relations 

The  Kir chhoff- Love  assumptions  outlined  will  now  be  used  to 
simplify  the  strain  Eq.  1.  12-6  of  linear  elasticity  presented  earlier. 

The  inextensibility  of  normals  from  assumption  (2)  implies  that 
the  normal  strain  vanishes  {i.  e.  , from  Eq.  1.  12-6). 


3W  ^ 

* z = 9z  = 0 


(1.  13-18) 


Utilizing  this  requirement,  the  deflection,  W,  is  independent  of  the  z 


coordinate. 


Assumption  (2)  of  Love's  first  approximation  is  analogous  to 
Navier's  hypothesis  in  elementary  beam  theory  which  requires  that 
plane  sections  remain  plane.  Thus,  displacements  of  a point  on  the 
shell  can  be  expressed,  as  a first  approximation,  by  relationships  of 
the  form 

U = u + z p j 

V = v + zp2  (1.  13-19) 

W = w 

where  u,  v,  and  w are  displacements  of  the  middle  (or  reference) 
surface  (i.  e.  , z = 0)  and  p j,  p2  are  rotations  that  represent  changes 
of  slope  of  the  normal  to  the  middle  surface.  It  should  be  noted  that 
terms  u,  v,  w,  p and  p 2 are  functions  of  coordinates  £ j,  £ 2 on^y- 
It  can  be  seen  that  the  displacement  functions  at  any  point  in  the  shell 
can  be  described  in  terms  of  middle  surface  displacements,  utilizing 
the  linear  relationships  in  the  coordinate  z previously  described. 
Substituting  the  displacement  relationships  (Eq.  1.  13-19)  and  Lame 
parameter  expressions  (Eq.  1.  12-3)  into  the  general  strain  expressions 
(Eqs.  1.  12-6  a,  b,  d)  yields  relationships  for  the  shell  in  the  form 
(Ref.  1-13): 
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1 


£1 = 


(<1  +*<!> 


t 2 = 


- — ( 4 2 + z *2) 


1 + 


_ Y0!  + z 61  Y2+  z62 

Y12  - + 


1+iq 


1 + 


*2 


where 


“l  Wl  °2  aV  Rr  2 "2W2  «1  36]/  R2 


are  extensional  strains  at  the  middle  surface  and 


Ki = 


L d_h_+  h doi 


0 1 341  V2 


1 ap 


2 , "1 


dou 


(i. 


2 ®2  ae2  °2  dh 

are  changes  in  curvature  of  the  middle  surface  directions  I , and  4, 

1 2 

respectively. 

Contributions  Y.  and  Y-  to  the  inplane  shear  strain  and  6 , fi 

it  1 * u 2 

to  the  rotation  of  the  middle  surface  are  given  by 


1.  1 3-20) 


. 13-21) 


1 3 -22a) 
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(1.  13-22b) 


(1.  1 3-22c) 


The  validity  of  the  second  assumption  in  the  case  of  thin  shells 
follows  from  the  small  strain  assumption.  By  this  assumption  is 
meant,  any  possible  secondary  displacements,  over  and  above  those 
derivable  from  a translation  and  a rotation  of  the  original  normal  line, 
must  have  infinitesimal  gradients  which  vanish  at  z = 0.  The  thinness 
condition  requires  that  such  secondary  displacements  cannot  build  up 
to  noticeable  values  away  from  z = 0.  (See  Fig.  1-13-1.) 


UNDE  FORMED 

FIG.  1.  13-1. 


The  strain  equations  (Eq.  1-12-6)  are  further  simplified  by 
assumption  (3)  which  implies  that  transverse  shear  deformations  are 
neglected.  Consequently,  normals  to  the  middle  plane  not  only  remain 
straight  but  remain  normal  and  suffer  the  same  rotation  as  the  middle 
surface.  The  angle  change  between  the  middle  surface  and  normal  is 
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given  by  the  transverse  shear  strains,  y,  * Y?  (evaluated  at  z = 0). 
Since  the  angle  between  normal  and  middle  surface  does  not  change, 
the  transverse  shear  deformations  vanishes;  therefore, 


2z 


- 1 / 1 3w  u 

1 + — \°1  9^1  R1 
R1 

_ 1 / 1 3w v_ 

1 + ^-^2  9^2  R2 


(1.  13-23) 


With  this  requirement,  the  rotation  terms,  (3j,  p ^ are  now 
determinate  and  can  be  expressed  in  terms  of  displacement  u,  v,  and 
w of  the  middle  surface.  These  rotation  expressions,  upon  evaluation 
of  Eq  1.  13-23  become 


u 1 0w 

R,  ' o, 


P2  “ 


i aw 
° 2 9^2 


(1.  13-24) 


The  degree  of  error  introduced  by  this  assumption  naturally 
depends  on  the  magnitude  of  the  transverse  shearing  forces.  For  dis- 
continuous loads  and  local  areas  around  a shells  edge,  shea?  deforma- 
tions may  be  comparable  to  bending  and  axial  deformation,  and  cannot 
be  ignored.  Generally,  however,  shells  with  continuously  distributed 
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surface  forces,  having  flexibly  supported  edges,  are  usually 


assumed  to  have  negligible  transverse  shear  deformation. 

When  shear  deformations  cannot  be  neglected,  the  rotation  terms 
cannot  be  expressed  strictly  in  terms  of  displacements  and  the  trans- 
verse shear  strains  must  be  included  in  the  shell  analysis.  See 
Paragraph  1.  13.  3. 

From  the  thinnes s assumption  (1),  terms  are  small  in  compari- 
son with  unity,  and  can  be  neglected  in  the  strain  and  stress  resultant 
expressions.  Utilizing  this  assumption,  the  strains  are  distributed 
linearly  across  the  thickness  of  the  shell.  For  this  case,  from 
Eq.  1.  13-20,  the  in-plane  strain  expressions  reduce  to 

*2  = *2  + z *2  O*  1 

V12  = Y12  + z *12 
o 

where  the  shear  strain,  V j £.  of  the  middle  surface  from  Eq.  1.  13-22b 
is  given  by 

1 / dv  u 9 o'!  \ 1 /0u  v a a2 

w v;  + wj  ~z ^ 

and  the  twisting  distortion,  *s  described  Y 


\ (1.13 


3-25) 


-26a) 
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(1.  1 3-26b) 


12  1 2 .^ai,  »2  Stj  «2\ae2  a,  as,/ 

The  above  are  the  kinematical  relationships  for  Love's  first 
approximation,  where  middle  surface  strains  ( €®,  Y®  ) and 

measures  of  bending  distortion  (*j,  *2,  «12)are  given  by  Eqs.  1.13-21, 
22a,  and  26. 

Love's  equation  for  (*12)  leads  to  inconsistencies  in  that  strains 
do  not  vanish  for  small  rigid  body  rotations..  Other  versions  of  these 
equations  have  been  proposed  by  Novozhilov,  (Ref.  1-5)  Sanders, 

(Ref.  1-14),  and  others.  This  inconsistency  vanishes  for  axisymmet- 
rically  loaded  shells  of  revolution.  It  should  be  pointed  out  that  from 
Love  s first  approximation,  the  strain  equations  include  terms  up  to 
the  first  order  in  the  thickness  coordinate.  Thus,  the  distribution  of 
strains  is  linear  across  the  thickness. 

B.  Constitutive  Relationships  (Stress —Strain  Equations) 

Utilizing  the  strain  equations  developed  in  the  previous  section 
together  with  the  fourth  assumption,  it  is  now  possible  to  describe  the 
constitutive  or  stress  — strain  relations  of  Love's  first  approximation 
theory. 

Assumption  (4)  is  based  not  on  geometry  but  on  the  statics  of  the 
problem.  An  order  of  magnitude  consideration  of  the  equilibrium  equa- 
tions for  stresses  shows  that,  unless  the  surface  loads  are  highly 
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is  generally  of  smaller 


concentrated,  the  traverse  normal  stress,  <*z, 
order  of  magnitude  than  the  in-plane  stresses  o^,  and  <r2.  Consequently, 
it  is  conventional  to  neglect  the  term  involving  <rz  in  the  general  stress 
strain  relationships.  For  simplicity,  consider  isotropic  material 
behavior.  In  this  case,  the  stress -strain  relationships  corresponding 
to  a plane  stress  condition  are  given  by  (Eq.  1.  13-27), 


'1  * ~~~z  |‘l  +l“2| 

1 - H 

°Z  = ~~~2  |*2  + '1<l| 

1 ~ M- 

E 

Tl2  " 2 (1  + H-)  Yl2 


(1.  13-27) 


From  assumption  (2)  it  is  assumed  that  ez  = 0*  A theory  which 
includes  the  two  hypotheses  = 0 and  ez  = 0 would  lead  to  a contra- 
diction (as  pointed  out  in  Ref.  1-15). 

Thi3  difficulty  i3  usually  avoided  by  neglecting  crz  in  the  stress 
strain  relationships  and  then  determining  tz  from  the  resulting 
expressions.  To  remove  the  resultant  inconsistency,  it  would  be 
necessary  to  correct  the  original  assumption  for  W by  the  addition  of 
terms  which  are  linear  and  quadratic  in  z.  (See  Naghdi  Ref.  1-13.)  If 
no  boundary  layers,  of  width  on  the  order  of  thickness  t,  are  present 
these  additional  terms  are  small  in  comparison  with  the  leading  term,  W, 
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Thus,  to  obtain  a first  approximation  theory  the  additional  terms  may 
be  neglected  in  introducing  W into  the  expressions  for  strains  * j. 


*2*  and  yi2’ 

Utilizing  these  assumptions,  the  appropriate  stress  strain  or 
constitutive  relations  can  be  determined.  The  thinness  assumption 
that  terms  — can  be  neglected  in  comparison  with  unity  permits 
simplification  of  the  stress  resultants  note  (Eq.  1.  12-8a,  b) 

rt/2  /-t  /2 

N1  = / , *1  dz*  NZ  = / a2  dz*  •••etc*  (1.13-28) 

J-t/Z  J-t/2 


In  this  case,  Nj2  N2i  and  M12  - M2j.  Thus,  the  number  of 
resultants  reduce  to  eight. 

For  an  isotropic  shell,  utilizing  Eqs.  1.13-25,  27,  and  28,  the 
following  constitutive  equations  are  obtained  relating  stress  resultants 
and  couples  to  components  of  strain 


° , 0 
*1  + ^ * 2 


0 . o 

‘2  + V-  «l 


XT  - XT  _ _ 0 

N 1 -y  - N 1 “ ""  V 

12  21  2(1+  p)  Y12 


M 


i = d [*i  + r*2| 


(1.  13-29) 
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M2  " D J K2  + ^ K 1 1 

M12  = M2 1 = z^~DkIZ 


( 1 . 13-29  cont) 


where 


12  (1  - n2) 

and  where  (middle  surface)  strains  (€j»  €2»  Yj2^  are  8^ven 
equations  1.  13 -21  and  26a  and  change  in  curvature  and  twist  terms 

(k  j,  k *12)  are  8^ven  ^qs.  !•  13-22a  and  1.  13-26b. 


C.  Shell  Equilibrium  Equations 

The  constitutive  relations  described  in  the  previous  section 
together  with  the  shell  equilibrium  equations  define  the  state  of 
deformation  of  thin  walls.  The  number  of  equilibrium  equations 
necessary  for  consideration  in  Love’s  theory  can  be  reduced  from 
six  to  three  by  the  assumption  that  shear  deformations  are  to  be 
neglected.  The  reasoning  for  this  is  described  in  statements  that 
follow. 

It  is  essential  to  note  that  in  assuming  normals  remain  normal 
the  shear  displacements  corresponding  to  the  stresses  Tj3#  T23  are 
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neglected.  Thus  it  might  be  thought  that  one  should  neglect  shear 
forces  Qj,  Q£,  and  consequently  assume  that  the  shearing  forces  are 
zero.  However,  this  is  not  correct,  since  the  shear  forces  play  an 
essential  role  in  the  equilibrium  equations.  The  hypothesis  which 
requires  normals  to  remain  normal  is  one  applied  to  determine  the 
law  of  deformation  of  a shell  parallel  to  the  middle  surface.  In  the 
development  of  the  equilibrium  equations  this  condition  is  not  used. 

In  this  case,  the  shear  forces  Qj,  Q2  cannot  be  determined  from 
stress  resultant  expressions  but  are  instead  determined  from  con- 
sideration of  the  equilibrium  Eq,  1.  12-9b#  Substituting  the  resulting 
expressions  for  Qj  and  Q2  into  the  first  three  equilibrium  equations 
(Eq.  1.  13-9a)  yields: 
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It  is  worthwhile  to  note  that  the  substitution  of  Eq.  1.  13-29  into  the 
general  equilibrium  equations  (Eq.  1,  12-9)  do  not  identically  satisfy 
these  relationships*  In  the  usual  derivation  of  the  equations  of 
Love's  first  approximation  theory,  the  distinction  between  Nj2  and 
N21  and  betwer  vij2  and  M21  is*  dropped  and  the  last  of  equation 
(Eq.  1.  12-9h)  suppressed.  (See  Ref.  1-16.) 

In  a straightforward  manner,  the  substitution  of  the  force- 
displacement  relations  (Eqs.  1.  13-21,  22,  24,  and  29)  into  the 
equilibrium  Eq.  1.  13-30  transforms  these  equations  into  three 
simultaneous  partial  differential  equations  for  the  three  middle 
surface  displacements  u,  v,  w.  Hence,  the  solution  of  these 
equations  determines  the  deformed  position  of  the  shell  from  which 
repeated  use  of  the  elastic  relations  also  determines  the  internal 
forces. 
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D.  Boundary  Conditions 


The  equations  describing  Love's  first  approximation  theory 
natually,  as  yet,  do  not  completely  determine  the  state  of  stress  in  a 
shell  and,  hence,  do  not  have  solutions  as  long  as  they  are  subject  to 
boundary  conditions  (i.  e,  , until  a certain  number  of  relations  between 
forces,  moments,  displacements  or  functions  of  these  quantities  at  the 
supporting  edge  of  the  shell  are  specified). 

In  prescribing  boundary  conditions  for  approximate  theories, 
consideration  must  be  given  to  the  interdependence  of  the  assumed 
force  and  moment  resultants. 

On  each  edge  of  a shell  element  (Fig.  1.  12-12)  five  different 
resultants  have  been  defined.  However,  for  theories  which  assume 
zero  transverse  shear  strains,  only  four  conditions  are  required  to  be 
prescribed  on  a boundary  in  order  to  ensure  a solution.  This  require- 
ment comes  about  due  to  the  fact  that  in  neglecting  shear  strains  the 
first  approximation  theory  yields  an  eight  order  set  of  field  equations 
which  requires  four  boundary  conditions  at  each  boundary. 

The  five  resultants  are  reduced  to  four  by  noting  that  the  distribu- 
tion of  twisting  moments  across  an  edge  is  statically  equivalent  to  a 
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distribution  of  shear  forces.  This  leads  to  shell  boundary  conditions 
corresponding  to  the  Kirchhoff  boundary  conditions  for  a flat  plate. 
Love  has  derived  the  required  shell  edge  conditions  for  an  arbitrary 
boundary  curve.  For  an  edge  |^=  a constant,  the  conditions  that  must 
be  specified  are  that  either 
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(1.  13-31) 
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aw 

M2  or  7* 


are  prescribed, 

(Note  the  restrictions,  i.  e.  , N and  u for  instance  cannot  be  used 
simultaneously.  ) 

The  above  boundary  conditions  apply  to  Love's  approximation 
theories.  The  modification  of  these  when  considering  shear  deforma- 
tion  will  be  discussed  later. 


E.  Remarks  on  First-Order  Shell  Theory 

The  theory  presented  was  first  given  by  Love  (Ref.  1-2)  and  is  referred 
to  as  Love!s  first  approximation  theory.  It  will  be  classified  as  a first 
order  theory  because  the  strain  Eq,  1.  13-25  and  constitutive  relationships, 
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Eq.  1.  13-29,  include  terms  up  to  the  first  order  in  the  thickness 
coordinate  z.  This  approach  will  offer  a convenient  way  for  classifica- 
tion  of  shell  theories. 

Reissner  in  Ref.  1-11  presented  a straightforward  derivation  of 
Love's  theory.  Since  then  Sanders  (Ref.  1-14)  has  developed  an  improved 
form  of  the  first  approximation  theory.  Sanders  selected  a more 
realistic  set  of  strain  displacement  relations  in  that  all  strains  vanish 
for  small  rigid  body  rotations  ot  the  shell  whereas  for  Love's  theory 
they  do  not.  The  equilibrium  equations  of  Sanders  are  similar  to 
Eq.  1.  12-9  with  modified  forms  for  the  in-plane  force  and  twisting 
moment  expressions.  A tensor  formulation  of  Sanders  first  order 
linear  shell  theory  is  given  in  Ref.  1-17.  Sander's  modified  theory 
has  removed  some  of  the  inconsistencies  in  Love's  theory.  However, 
it  is  generally  believed  (Ref.  1-51  that  Love's  formulation  of  the 
problem  contains  all  the  essential  facts  necessary  for  the  treatment 
of  practical  problems  in  their  shells,  as  long  as  special  conditions  do 
not  require  inclusion  of  the  effect  of  transverse  shear  and  normal 
stresses. 

Practically  speaking,  the  solution  of  the  simultaneous  differential 
equations  of  Love's  theory  is  possible  only  in  rare  cases  or  with  additional 
approximations.  In  the  case  of  a loaded  structure,  the  general  solution  of 
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the  nonhomogeneous  differential  equations  consists  of  a particular  solution 
of  the  nonhomogeneous  differential  equation  and  the  general  solution  of  the 
homogeneous  differential  equations.  In  the  case  of  an  unloaded  structure  the 
solution  consists  of  only  the  general  solution  of  the  homogeneous  differential 
equation. 

The  nonhomogeneous  solution  of  Love’s  equation,  to  a first  approxi- 
mation, equals  the  solution  of  the  corresponding  extensional  (pure  membrane) 
problem.  The  homogeneous  solution  is  a self  equilibrating  system  of  stress 
resultants  which  satisfy  compatibility  conditions  at  the  edges  of  the  shell 
(Medge  effect”)  and  in  other  regions  of  discontinuity.  The  general  solution  is 
generally  of  the  mixed  type,  involving  both  boundary  and  middle  plane  stresses, 
but  for  some  problems,  such  as  a shell  under  concentrated  loads,  the  homo- 
geneous solution  may  be  assumed  to  be  of  the  inextensional  type. 

Thus,  there  are  two  extreme  cases  possible  within  the  first  approxi- 
mation; (1)  the  inextensional  or  pure  bending  case  in  which  middle  plane 
strains  are  neglected  compared  to  flexural  strains  and  (2)  the  extensional  or 
membrane  case  in  which  only  middle  plane  strains  are  considered.  The 
general  or  mixed  case  lies  between  these  two  extremes.  The  significance  of 
this  is  discussed  in  Chapter  2.  00  on  practical  analysis  of  shells. 
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If  these  expressions  are  substituted  into  the  stress  resultant 
expressions,  retaining  second-order  terms  in  z,  the  constitutive 
equations  (Eq.  1.  13-29)  are  replaced  by 
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The  preceding  equations  are  characteristic  of  the  Flugge-Byrne 
theory.  They  are  identical  in  form  to  the  results  obtained  by  Lure 

(Ref.  1-21)  as  described  by  Novozhilov  (Ref.  1-5).  The  form  of  the 

stress  resultants  in  this  case  identically  satisfies  the  sixth  equilibrium 
equation.  (See  Novozhilov,  Ref.  1-5.) 

Application  of  the  Flugge-Byrne  equations  has  generally  been 
restricted  to  circular  cylindrical  shapes  for  which  solutions  have  been 
obtained  by  Flugge  (Ref.  1-18)  and  Kempner  (Ref.  1-22). 

It  is  important  to  note  that  although  explicit  use  was  not  made  of 
the  assumption  « 1,  such  an  assumption  is  implicit  in  these  equations 
inasmuch  as  Eq.  1.  13-32  are  reasonable  approximations  only  if  z«R, 
since  they  can  be  considered  as  truncations  of  the  Taylor  series  expan- 
sions. In  addition,  although  the  results  are  elegant,  the  retention  of 
small  terms  in  the  wall  thickness  leads  to  relations  that  contain  terms 
of  the  same  order  of  magnitude  as  would  also  be  obtained  if  less  basic 
restrictive  assumptions  were  made  (e.g.,  if  normal  stress  effects 
were  included,  see  Ref  1-13,  15). 

Comparing  these  formulas  with  Eq.  1.  13-29,  it  is  seen  that  they 
are  considerably  more  cumbersome,  and  it  is  clear  from  the  preceding 
discussion  that  these  additional  terms  introduce  corrections  into  the 
theory  which  do  not  exceed  the  accuracy  of  the  initial  assumptions. 
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Hence,  these  formulas  are  regarded  as  inconsistent  and,  for  shells  of 
arbitrary  form,  introduce  quite  unnecessary  complications. 

From  this  discussion,  it  is  apparent  that  although  this  theory  con- 
tains second-order  terms  in  the  thickness  coordinate,  it  essentially 
offers  a first-order  approximate  theory.  However,  because  in  the 
strain  and  constitutive  relationships,  second-order  terms  in  z are 
retained,  this  theory,  according  to  our  classification,  is  a second 
approximation. 

Love  attempted  to  improve  on  his  first  approximation  by  intro- 
ducing three  types  of  corrections.  In  his  second  approximation,  Love 
states  that  such  modifications  are  unnecessary  unless  flexural  strains 
(zkj,  ZK12^  are  lar8e  in  comparison  with  extensional  strains 

(€°t  c|,  V^).  In  the  problem  of  highly  curved  shells  the  shell  thickness 

can  no  longer  be  considered  small  in  relation  to  the  radius  of  curvature. 
Thus,  higher-order  terms  are  required  in  the  strain  equations.  Love 
attempted  to  improve  his  first  approximation  by  retaining  second-order 
terms  in  the  strain  equations  in  a manner  as  previously  described  in 
this  section.  However,  in  relaxing  restrictions  on  ^ ratios,  Love 
realized  that  the  corresponding  displacements  are  no  longer  negligible. 
By  considering  the  second-order  effects  of  such  normal  displacements, 
the  strain  components  parallel  to  the  middle  surface  are  nonlinearly 


57 


distributed  or,  as  before,  terms  up  to  and  including  the  second  power 
in  the  thickness  coordinate  are  retained.  This  description  essentially 
gives  the  characteristic  difference  between  Love's  first  and  second 
approximate  theories.  This  classification  can  be  used  to  categorize 
many  of  the  various  shell  theories. 

In  his  second  approximation,  Love  considered,  as  a first  modifi- 
cation, the  transverse  displacement  (Eq.  1.  13-19)  to  be  expressed  in 
a more  flexible  form 

W=w+w(4lt  S2,  z)  (1.13-34) 

The  second  modification  consists  in  not  neglecting  — with  respect 
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to  unity  but  assuming 
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These  modifications,  together  with  additional  approximations  as 
described  in  Ref.  1-15,  were  used  by  Love  to  obtain  the  following 
expressions  for  strains 
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and 
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From  a third  modification,  the  stress  <rz  is  not  neglected  in  the 
stress  strain  equations.  Using  these  approximations,  the  constitutive 
equations  become 
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together  with  an  analogous  expression  for  N22. 

A comparison  of  Eq.  1.  13-38  with  the  first  equation  of  Eq.  1.13-33 

C1 

shows  that  similar  terms  are  present  in  both  (except  that  — terms  are 
neglected).  More  important,  however,  is  the  fact  that  new  terms  are 
introduced  as  a result  of  including  the  partial  effect  of  normal  stress. 
Furthermore,  these  terms  do  not  vanish  when  Rj  = R£*  It  also  should 
be  noted  that  no  consideration  has  been  given  the  possible  effects  of 


transverse  shear  strains. 
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As  can  be  seen,  Love's  second  approximation  contains  some 
degree  of  refinements  over  the  first  approximation. 

It  is  characteristic  of  second  approximation  theories  that  strains 
and  constitutive  relations  contain  second-order  terms  in  the  thickness 
coordinate,  z.  Another  second  approximate  theory  of  significance  was 
developed  by  Vlasov  (Ref.  1-16)  in  considering  a thick  shell. 

Other  refinements  to  shell  theories  have  been  presented  by 
Bassett  (Ref.  1-23),  Treffty  (Ref.  1-24),  and  others  (e.  g.  , Ref.  1-15). 

1.13.3  Shear  Deformation  Shell  Theories 

In  the  development  of  Love's  first  and  second  approximation 
theories  in  the  previous  paragraphs,  the  effects  of  transverse  shear 

deformations  were  neglected.  This  neglect  resulted  because  of  the  geo- 
metrical assumptions  that  normals  remain  normal.  Itis  possible  thatfor 

some  loads  or  shell  configurations,  the  transverse  shear  strains  can 
no  longer  be  neglected  and,  therefore,  these  effects  must  be  included 

in  the  theory.  A shear  deformation  theory  for  shells  will  be  developed 
in  the  following  paragraphs* 

It  will  be  necessary  in  the  subsequent  development  to  refer  to 
equations  presented  in  Paragraph  1.  12.4.  Paragraph  1.  13.  1 A,  Strain- 
Displacement  Relations,  indicates  that,  from  the  assumption  of  normals 
remaining  normal,  the  rotations  could  be  expressed  in  terms  of 
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displacements  u,  v,  w,  and  their  derivatives.  When  the  effects  of 
shear  deformations  are  included,  the  shear  strains  (Eq.  1.  13-23)  no 
longer  vanish  and,  as  a result,  the  rotation  expressions  are  no  longer 
determinate.  The  rotation  expressions  must  be  considered  as  unknown 
variables.  Since  the  shear  stresses  are  no  longer  considered  negligible, 
the  shear  forces  are  expressed  by 
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where,  for  simplicity,  the  terms  ^1  + j have  been  approximated  by 

unity.  This  assumption  is  not  necessary  for  the  inclusion  of  shear 
deformation  effects.  Therefore,  shear  deformation  theories  can  be 
classified  as  first-  or  second-order  approximations,  depending  on 
whether  terms  are  neglected  or  retained  in  the  strain  and  constitutive 
equations. 

Since  the  shear  forces  are  now  related  to  deformations, 
they  cannot  be  eliminated  from  equilibrium  equations  as  was 
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done  in  Paragraph  1.12.4.  Thus,  when  shear  effects  are  included, 
the  following  five  equilibrium  equations  must  be  considered 
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For  these  equations,  five  boundary  conditions  are  necessary  at 
each  boundary.  It  is  not  necessary  to  use  the  Kirchhoff  hypothesis  to 
obtain  an  equivalent  shear  condition  as  was  done  previously.  The 
boundary  conditions  in  this  case  become: 

Nj  or  u 
U2  or  v 
Mj  or  pj 

M2  or 
Q or  w 
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Reissner  (Ref.  1-2  5)  was  one  of  the  first  investigators  to  incor- 
porate the  effects  of  shear  deformation  in  plate  theory.  The  extension 
to  shells  is  presented  by  Hildebrand,  et  al.  (Ref.  1-15).  Many  investi- 
gators have  attempted  to  improve  upon  shear  deformation  described  in 
Ref.  1-15.  For  example,  Naghdi  (Ref.  1-13). 

1.13.4  Specialized  Theories  for  Shells  of  Revolution 

The  bending  shell  theories  previously  presented  can  be  simplified 
considerably  for  specialized  conditions  of  geometry  and  loading.  In 
this  section,  some  of  the  simplified  shell  theories  resulting  from  con- 
sideration shells  of  revolution  of  specific  geometry  will  be  presented. 
These  the ■■  nes  are  based  on  Love's  first  approximation;  however,  for 
purposes  of  illustration  they  are  classified  separately  to  better  illus- 
trate the  assumptions  introduced. 

In  this  section,  the  simplified  shell  equations  are  presented  for 
shells  of  particular  interest.  Included  are  the  Reissner-Meissner 
equations,  Geckeler's  approximations,  shallow-shell  theory,  Donnell's 
theory,  and  others. 

A.  General  Shells  of  Revolution  Axisymmetrically  Loaded 

Love's  first  approximation  equations  for  a general  shell  of 
revolution  are  obtained  by  inserting  the  geometric  parameters  from 
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Eq.  1.12-5  into  relationships  developed  in  section  1.13.  For  the  pa rticular 
case  of  axisymmetric  deformations,  the  displacement  V is  zero,  and 
all  derivatives  of  displacement  components  with  respect  to  0 vanish.  In 
this  case,  middle  surface  strain-displacement  Eqs.  1.  13-21  and 
1.  13-26a  reduce  to 
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and  the  curvature  (Eq.  1.13-22a)and  twist  (Eq.  1 . 13-2 6b)  expressions 
become 
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For  a general  surface  of  revolution, 
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Inserting  the  above  values  of  derivatives  into  Eq.  1.  13-41  yields 
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while  the  remaining  strain-displacement  equations  of  1.  13-41  are 
unchanged.  Consequently,  the  resultant  forces  N^q,  Qq,  and  moments 
vanish  and  the  equilibrium  relations  from  Eq.  1.  12-9  become 
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where  the  second,  fourth,  and  sixth  equations  of  Eq.  1.  12-9  have  been 
identically  satisfied. 

The  above  relations  are  identical  with  those  shown  by  Timoshenko 
(Ref.  1-26).  By  eliminating  between  the  first  and  last  equilibrium 
equations  and  determining  the  force  resultants  from  Eq.  1.  13-29,  -42 
and  -43,  two  second  order  ordinary  differential  equations  in  the  two 
unknown  displacement  components  u and  w are  obtained.  Rather  than 
obtain  equations  in  this  manner,  however,  a transformation  of  dependent 
variables  can  be  performed  leading  to  a more  manageable  pair  of 
equations  which,  for  shells  of  constant  meridional  curvature  and  con- 
stant thickness,  combine  into  a single  fourth  order  equation  solvable 
in  terms  of  a hypergeometric  series.  Historically  (Ref.  1-4),  trans- 
formation of  variables  was  first  introduced  by  H.  Reissner  (Ref.  1-27) 
for  spherical  shells  and  then  generalized  to  all  shells  of  constant 
thickness  and  constant  meridional  curvature  by  E.  Meissner  (Ref.  1-28). 
Meissner  (Ref.  1-29)  shows  that  the  equations  for  a general  shell  of 
revolution  are  transformable  to  Reis sner-Meissner  type  equations 
provided  the  thickness  t and  the  radius  Rj  both  vary  in  a way  to 
satisfy  a certain  relationship  for  all  values  of  4>,  (the  "Meissner 
condition.  ") 
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The  transformation  to  the  Reissner-Meissner  equations  is 
accomplished  by  introducing,  as  new  variables,  the  angular  rotation 


V = 


(1.  13-45) 


and  the  quantity 

U = R2Q$ 

This  substitution  of  variables  leads  to  two  second  order  differential 
equations  in  0 and  V replacing  the  corresponding  two  equations  in  u 
and  w.  The  details  of  this  transformation  are  illustrated  in  Ref.  1-26. 

For  shells  of  constant  thickness  and  constant  meridional  curvature 
or,  in  fact,  for  any  shell  of  revolution  satisfying  the  Meissner  con- 
dition, the  transformed  pair  of  equations  can  be  combined  into  a single 
fourth  order  equation,  the  solution  of  which  is  determined  from  the 
solution  of  a second  order  complex  equation.  For  shells  of  the  above 
description,  the  shell  equations  can  be  represented  in  the  simplified 

form 
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where  the  operator 


R2  d2(  ) | J_ 

r2  d4>2  Rj 


d(  ) 

d 4> 


Rj  cot^ 
*2*1 


(1.  13-47) 


From  the  above  system  of  two  simultaneous  differential  equations 
of  second  order  an  equation  of  fourth  order  is  obtained  for  each  unknown. 

Following  operations  described  in  Ref.  1-26  yields  an  equation  of  the 
form 

LL(U)  +T4  U = 0 (1.13-48) 

where 

_4  _ Et  H2 

r ‘lT"?r  (1.13-49) 

1 

The  solution  of  the  fourth  order  equation  can  be  considered  the 
solution  of  two  second  order  complex  equations  of  the  form 

L(U)  ± ir2  U = 0 (1.  13-50) 

Reissner-Meissner  type  equations  are  the  most  convenient  and 
widely  employed  forms  of  the  first  approximation  theory  for  axiaym- 
metrically  loaded  shells  of  revolution.  They  follow  exactly  from  the 
relations  of  Love's  first  approximation  when  the  meridional  curvature 
and  thickness  are  constant,  as  they  are  for  cylindrical,  conical, 
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spherical,  and  toroidal  shells  of  uniform  thickness.  Furthermore, 
they  follow  directly  from  Love's  equations  in  the  more  general  case, 
provided  special  restraints  on  the  variation  of  thickness  and  geometry 
are  satisfied. 

Using  the  modified  Reissner-Meissner  equations  (Ref.  1-30), 
toroidal  shells  of  constant  thickness  were  investigated  by  Clark 
(Ref.  1-31)  and  ellipsoidal  shells  of  constant  thickness  by  Naghdi  and 
DeSilva  (Ref.  1-32).  In  the  latter  case,  the  Meissner-type  condition, 
which  would  require  the  radius  Rj  to  be  constant,  is  obviously  not 
satisfied.  However,  it  was  shown  that  assuming  the  Meissner  condition 
to  be  satisfied  was  indeed  a justifiable  approximation  for  ellipsoidal  shells. 
A version  of  the  Reissner-Meissner  equations  including  the  effects  of 
transverse  shear  distortion  has  been  presented  by  Naghdi  (Ref.  1-33). 

B.  Spherical  Shells 

The  general  case  of  an  arbitrarily  loaded  spherical  shell  is  con- 
sidered by  Love  in  the  classical  manner,  employing  expansions  of  the 
displacement  components  into  Fourier  series  (Ref.  1-3).  Novozhilov 
(Ref.  1-5)  introduces  complex  force  resultants  into  the  equilibrium 
equations  of  the  shell  to  solve  the  problem. 
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For  axis ym metrically  loaded  spherical  shells  of  constant  thick- 


ness, the  variable  0 becomes  equal  to  RQ^  and  the  Reis sner-Meissner 
equations  reduce  to  form  (Ref.  1-26) 

2 

- + cot <j>  - (cot24>  - (i)  Qa  • EtV  = 0 

d4>2  d<t> 


d2V  dV 

+ COt4> 

d<£2  d$ 


(cot2<j>  + H)  V 


0 


(1.  13-51) 


The  homogeneous  form  of  the  equations,  omitting  all  surface 
forces,  is  given  above.  It  is  assumed  that  the  nonhomogeneous  solution 
corresponds  to  the  pure  membrane  case  for  the  first  approximation. 

Eq.  1.  13-51  can  be  reduced  to  a single  fourth  order  equation  in 
Q4,  snd  it  leads  to  the  solution  of  a second  order  hypergeometric  equation 

1-26).  Eq.  1.  13-51  can  also  be  solved  by  methods  of  asymptotic 
integration  (Ref.  1-34). 

Two  simplified  versions  of  the  Reissner-Meissner  equations  are 
of  engineering  interest,  namely  Geckeler's  approximation  (Ref.  1-35) 
for  nonshallow  spherical  shells  and  the  Esslinger  approximation  for 
shallow  shells  (Ref.  1-36). 

As  described  in  Ref.  1-37,  the  fourth  order  equation  obtained  by 
the  elimination  of  V between  Eq.  1.  13-51  is 
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d4Q,  dZQ*  dQx  . 

+ A r—  + A z + A + A Q*  + 4X4Q<t,  = 0 (1.13-52) 

d*4  3 d4>3  2 d<t»2  1 d*  ° 

where 

Aq  =1-3  csc4$  - M-2 

2 

= cot  4>  (2  + 3 esc  $) 

A^  = 1-3  csc2$ 

A^  = 2 cot$ 

and  X 4 = 3 (1  - 2)  “5" 

r 

In  the  Geckeler  approximation,  all  terms  except  the  first  and 


last  in  Eq.  1.  13-52  are  neglected,  leaving 


d4°4>  4 

^r  + 4XQ*  = ° 


(1.  13-53) 


Geckeler1  s Eq.  1.  13-53  is  seen  to  be  the  same  form  of  equation  as 
for  the  beam  on  an  elastic  foundation. 

This  approximation  is  valid  for  large  values  of  X and  high 
angles  $ ; that  is,  for  thin,  nonshallow  spherical  shells.  This  can  be 
seen  from  the  fact  that  is  a rapidly  damped  function  of  the  form 
, so  that  its  fourth  derivative  is  of  the  order  X Q^,  while  the 
lesser  derivatives  are  of  correspondingly  lower' order.  Since  the 
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coefficients  Aq  , . . , are  small  for  high  angles  4 , all  the  terms 

3 

involving  these  coefficients  are  lower  than  order  and  therefore, 

4 

for  large  X , are  negligible  compared  to  the  X terms.  The  approxi- 
mation is  particularly  good  in  the  vicinity  of  4 = 90°,  for  at  that  value 
A^  = 0 and  only  terms  of  order  X2Q^  are  neglected  relative  to  X4Q^. 
The  Geckeler  approximation  is,  however,  considered  to  be  sufficiently 
accurate  down  to  angles  as  low  as  4 = 20°  (Ref.  1-38). 

A slightly  more  accurate  approximation  for  nonshallow  shells 
presented  by  Blumenthal  (Ref.  1 -39)  is  based  on  the  introduction  of  the 
transformation 

Q<j>  = y sin 4 (1.13-54) 

into  Eq.  1.  13-52.  Following  similar  order  of  magnitude  approxima- 
tions, an  equation  of  form  similar  to  Eq.  1.  13-53  results  by  replacing 
Q$  by  (Eq.  1.  13-54).  Complete  solutions  of  the  approximate 
equations  were  given  by  Hetenyi  (Ref.  1-40). 

For  small  angles  $ , Reissner -Meis sner  Eqs.  1.13-51  or  52  can 
be  approximated  by  making  the  usual  small  angle  assumption  that 

sin  4 * 4 and  cos  4 * 1,  a simplification  considered  in  detail  by 
Esslinger  (Ref.  1-36).  The  angle  being  small,  only  the  highest  power 
of  (1/4)  is  retained  in  each  coefficient  of  Eq.  1.13-52,  i.  e.  , 
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A0“  -*4 


A1  * >3 


A2“  m+l 


A3“T 

and  Eq.  1.  13-52  becomes 

d^Q.  2 d3Qx  3 d^Qx  3 dQx  3 . 

— i+ i — i + — — -~r  Q<t> + 4X  q4>  = 0 (1<13-55) 

d<t>4  4>  d<t>3  d$2  4»  d<t»  ^ 

which  may  be  rewritten  as 

’ d2(  ) 1 d(  ) 1 1 dZQ<l>  1 dQd>  1 4 

+ - + 4>  d<J>  - 2Q«j>  + 4 \ Q <j>  = 0 (1.13-56) 

_ d<fr2  4>  d4>  <t>2J  Ld<T  <t>  . 

This  equation  can  be  solved  by  solving  the  following  second-order 
equation: 


d Q«i>  1 dQd,  1 , 

— + — - Qd>  ± 2i\  Q<j>=  0 (!• 

dw  d<l>  $ 

The  general  solution  of  Eq.  1.  13-57  can  be  found  in  Ref.  1-26. 

Particular  applications  of  both  the  Geckeler  and  Esslinger 
approximations  are  considered  in  Chapter  2.  00.  Since  each  approxi- 
mation is  a limiting  version  of  the  Reis sner -Meissner  equations,  a 
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measure  of  their  relative  accuracy  at  a particular  angle  4>  can  be 

obtained  by  inserting  solutions  of  approximate  Eqs.  1.  13-53  and  -57 
into  true  Eq.  1.13-51. 


The  approximate  versions  of  the  Reissner-Meissner  equations 
considered  above  for  spherical  shells  can  be  generalized  for  arbitrary 
shell  shapes  by  returning  to  the  variables  U = R2  Q<j,  and  writing  X in 


Solutions  of  the  approximate  equations  can  be  obtained  by  considering  X 
to  be  constant  over  short  segments  of  the  shell  (Refs.  1-26  and  1-41). 


C.  Shallow  Spherical  Caps 

An  approximate  form  of  the  Reissner-Meissner  equations  were 
presented  in  the  previous  section  for  the  analysis  of  shallow  spherical 


i 


FIG.  1. 13-2 


segments.  Reissner  (Ref.  1-42) 
derived  and  obtained  solutions  for  a 
more  exact  set  of  equations  for 
spherical  caps.  The  criteria  for 
shallowness  of  a spherical  shell 
segment  used  by  Reissner  is  that 
if  the  ratio  of  height  to  base  dia- 
meter is  less  than  say  1/8.  The 
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analysis  is  applicable  to  shells  that  are  not  shallow  when  the  stresses 
are  effectively  restricted  to  a shallow  zone. 

The  differential  equations  can  be  obtained  from  Eq.  1.  13-40 

by  substitution  of  the  quantities 

= r 

i2=  e 

= 1 (1.13-59) 


°2  ~ T 


R1  = R2  = R = Const. 

The  strains  of  the  middle  surface  are  obtained  from  Eqs. 

1.  13-21,  -22,  and  -26  by  the  appropriate  substitution  of  the  above 

identities.  If  the  effects  of  transverse  shear  distortion  are  neglected 

U V 

and,  from  the  geometry  of  shallow  shells  it  is  assumed  that 

then  the  bending  strains  are  given  by 

2 


8r 


1 82w 

'• = T2  « 


1 3w 
2 ’ r 9r 


(1. 13-60) 


- ? 9 (1  8W  \ 

" 8 r V r 80/ 


're  8 

The  bending  distortion  expressions  are  the  same  as  in  the  theory 


of  plates. 

The  observation  can  be  made  that  for  shallow  shells  the  effect  of 
transverse  shear  terms  Qj,  Q2  in  the  two  equations  of  force 
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equilibrium  (Eq.  1.  13-40)  in  the  meridional  and  circumferential 
directions  are  negligible.  Proceeding  on  this  assumption,  these  two 
equations  reduce  to  the  equilibrium  equations  of  plane  stress. 

As  in  the  theory  of  plane  stress  from  elasticity,  these  equations 
may  be  satisfied  by  means  of  a stress  function  F which  is  obtained  by 
setting 

82F 

Ne  =JLf 

9r 


n =ii£  +_L  *Zf 

r r dr 


r2  ae2 


(1. 13-61) 


N 


= _ 8 /I  9F\ 
re  ~ " ar  \r  ae / 


For  convenience,  the  load  potential  has  been  neglected.  The  complete 
expressions  are  given  in  Ref.  1-42. 

As  in  the  theory  of  plane  stress,  a differential  equation  for  F can 
be  obtained  by  utilizing  the  appropriate  compatibility  condition,  which 
results  in  an  expression  of  the  form 


2 2 


tE  2 


VVF--^-vw=0 


(1.  13-62) 


where 


V 2 = 

3r2 


+ J_i_  + ±*1 


r dr 


r2  ae2 


76 


The  second  differential  equation  involving  F and  w is  obtained  by 
substitution  of  the  moment  equilibrium  equations  (Eq.  1.  12 -9b)  into  the 
transverse  force  equilibrium  equation.  This  gives  a second 
fundamental  equation 

DvVw  +4v2F  =0  (1.13-63) 

For  the  case  of  rotationally  symmetric  bending  of  shells,  exact 
solutions  for  the  above  equations  can  be  obtained  in  terms  of  Thomson- 
Kelvin  functions  (Ref.  1-42).  Naghdi  (Ref.  1-33)  presented  a similar 
set  of  shallow  spherical  shell  equations  for  the  case  when  the  effects  of 
transverse  shear  deformations  are  included. 

D.  Circular  Cylindrical  Shells 

For  the  case  of  circular  cylindrical  shells  arbitrarily  loaded, 
two  first  approximate  theories  are  of  prime  importance;  Love  s first 
approximation  theory  and  its  simplified  version  due  to  Donnell. 

For  cylindrical  shells,  ® s 1»  a ^ = R»  R^  =®  * = R ar®  8e* 

with  coordinate  axes  (s,  8)  measured  along  the  generator  of  the  cylinder 
and  the  circumferential  direction,  respectively. 

Substitution  of  these  results  into  the  strain  displacement  equations 

yields 
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«,  . »2L 

1 9x 


. _ J_  9v  , w 

2 " r Te  + r 


v -J*X  | 1 9u 

12  ' ax  r ae 


*1 


9Zw 

0x2 


_ i a w i av 
' TZTTJ"  +TT' 


r ae 


r ae 


, *2 

K - 1 9 w i av 

12  r axae  r ax 


The  equilibrium  equations  become 


_aN»  1 3N„e  . 
ax  R 06  +Px‘° 


3N 


im fl  + Qfi  . 

R 36  a x + R + 


pe=  o 


9QX  _1_  9Qq  Nfi 
ax  r ae  r 


+ q = 0 


1 9Mq  3Mx0 

R ae  ~Jx~~ 


- Qe  = 0 


3Mx  1 3Mxe  - Q = 0 
ax  r ae  x 


(1.  13-64) 


(1.  13-65) 
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The  final  system  of  three  partial  differential  equations  in  the  three 
displacement  components  are  obtained  by  eliminating  Qx  and  Qq  from 
equilibrium  Eq.  1.  13-65  and  inserting  the  force -displacement  relations 
obtained  using  Eq.  1.  13-64.  The  resulting  three  equations  contain  cer- 
tain terms  which  higher  approximation  theories  have  shown  to  be 
negligible.  It  is  therefore  permissible  to  simplify  the  equations  by 
omitting  such  terms,  as  shown  by  Timoshenko  (Ref.  1-26).  Solutions 
to  these  Love -Timoshenko  equations  are  also  presented  in  Ref.  1-26  for 
particular  problems  of  unsymmetrically  loaded  circular  cylinders. 

For  the  case  of  axisymmetrically  loaded  circular  cylinders, 

Love's  Eqs.  1.  13-64  and  -65  readily  reduce  to 


€,  = 


du 


w 

€•>=—.  * , = 


i *r*  2 r * i 


d2w 

dx2 


(1. 13-66) 


"V 1 2 = - K i ? ~ 0 


12 


and 


dNx 

— + q =0 

dx  x 


dQx  N°  + 0 

^r-— +q  = ° 


(1.  13-67) 


dM. 

~dx 


X m Q = 0 

wx 
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If  only  pressure  is  considered,  Px  = 0 and  q = p,  and  the  above 
equations  lead  to  a single  fourth  order  equation  in  w.  For  a constant 
thickness  shell  the  equation  is  (Ref.  1-26) 

d4w  4 P 

— 4 + 4(3  w =~5  (1. 13-68) 

dx 


where 


P 


4 


3 (1  - H2)  Et3 

2 2 ’ D 2 
Rt  1Z  (1  - fx  ) 


Eq.  1.  13-68  is  identical  to  that  for  a beam  on  an  elastic  foundation. 
Particular  solutions  are  given  in  Refs.  1-26  and  1-43,  and  are 
summarized  in  Chapter  2.  00. 


Donnell  simplified  the  strain  displacement  relations  (Eq.  1.  13-64) 
by  ignoring  the  influence  of  the  original  shell  curvature  on  the  deforma- 
tions due  to  bending  and  twisting  moments.  The  change  in  hoop 
curvature  and  the  change  in  twist  thus  become 


1 a2w  ^ _ 2 a2w 

r2  ae2  ' 12  R 309* 


(1.  13-69) 


while  the  remainder  of  expressions  (Eq.  1.  13-64)  are  unchanged.  By 
this  approximation  the  relations  between  moments  and  change  in  curvS1 
ture  and  twist  become  the  same  as  for  flat  plates.  A similar  simplifi- 
cation was  made  in  the  previous  section  for  shallow  spherical  shells. 
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Qq 

Following  Donnell' 8 approximation,  the  terms  -jp  are  also 
neglected  in  the  second  equilibrium  equations  so  that  the  first  two 
equations  reduce  in  form  to  the  corresponding  equations  of  plane  stress. 
A stress  function  F to  defined  for  cylindrical  coordinates  as 


nx=4.n.=4:N 

88  dx 


XI 


82F 

8x8s 


(1.  13-70) 


where 


8 _ 1 8 

8s  ' R 95 

and  the  compatibility  expression  is  obtained  as 

,4r  _ B: 


V’F  = 


R . 2 

dx 


(1.  13-71) 


Following  a similar  procedure  to  that  described  in  the  last  section 
for  shallow  spherical  caps,  the  equilibrium  equations  become 


4 1 8ZF 

DV*w  +-r - q = 0 

dx 


(1.  13-72) 


Elimination  of  the  function  F between  the  two  equations  above 
yields  an  eighth  order  partial  differential  equation  in  w of  the  form 


g , Et  8 w 1 4 

7 W + T r = TT  T7 


2 4 

DR  8x 


V<1 


(1.  13-73) 


which  is  known  as  Donnell's  linear  theory  (Ref.  1-44).  A slightly  more 
complex  form  of  the  above  equation  was  obtained  by  Naghdi  (Ref.  1-33) 
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when  transverse  shear  distortion  was  considered.  Donnell  also  pro- 
posed a simplified  version  of  cylinder  stability  equations  in  the  expanded 
form  of  the  above  equations.  The  details  of  this  will  be  discussed  in  the 
section  on  shell  stability. 

E.  Second-Order  Approximation  Theories  for  Shells  of  Revolution 

The  second  order  approximation  theory  of  Fliigge  (Ref.  1-18)  and 
Byrne  (Ref.  1-19)  retain  the  terms  in  comparison  to  unity  in  the  stress 
resultant  equations  and  in  the  strain-displacement  relations.  Flvigge- 
Byrne  type  equations  for  a general  shell  are  discussed  by  Kempner 
(Ref.  1 -22)  who  obtains  them  as  a special  case  of  a unified  thin-shell 
theory.  Applications  of  this  second  approximation  theory  have 
generally  been  restricted  to  circular  cylindrical  shapes,  for  which 
case  solutions  are  obtained  in  Refs.  1-19  and  1-45.  In  the  latter 
reference,  the  Fliigge -Byrne  type  equations  are  considered  as  a 
standard  against  which  simplified  first  approximation  theories  are 
compared. 

Second-order  approximation  equations  are  derived  by  Vlasov  (Ref.  1-16) 
directly  from  the  general  three-dimensional  linear  elasticity  equations 
for  a thick  shell.  The  assumption  «2  = Y = Y^q  = 0 is  made,  and  the 
remaining  strains  are  represented  by  the  first  three  terms  of  their 
series  expansion.  The  assumption  of  zero  normal  strain  as  well  as 


zero  transverse  shear  strains  permits  a rapid  transition  from  the 
three-dimensional  theory  to  the  two-dimensional  equations  of  shell 
theory*  but  it  should  not  be  interpreted  in  its  strict  sense  as  implying 
a state  of  plane  strain.  Rather,  it  is  a convenient  assumption  equivalent 
to  the  basic  Kir chhoff -Love  hypothesis  that  normal  lines  remain  normal 
and  their  extensions  are  negligible.  An  excellent  discussion  of  this 
assumption  is  given  by  Novozhilov  (Ref.  1 -5). 

1.  13.  5 Membrane  Theory  of  Shells 

The  shell  theories  studied  in  the  previous  sections  are  generally 
referred  to  as  "bending"  theories  of  shells  because  this  development 
includes  the  consideration  of  the  flexural  behavior  of  shells.  If,  in  the 
study  of  equilibrium  of  a shell,  all  moment  expressions  are  neglected, 
the  resulting  theory  is  the  so-called  "membrane"  theory  of  shells. 

A shell  can  be  considered  to  act  as  a membrane  if  flexural  strains 
are  zero  or  negligible  compared  to  direct  axial  strains.  It  is  apparent 
that  two  types  of  shells  comply  with  this  definition  of  a membrane: 

(1)  shells  that  lose  stiffness  sufficiently  so  that  it  is  physically  incapable 
of  resisting  bending,  or  (2)  shells  that  are  flexurally  stiff  but  loaded 
and  supported  in  a manner  that  avoids  the  introduction  of  bending  strains. 
The  state  of  stress  in  a membrane  is  referred  to  as  a "momentless" 
state  of  stress.  For  an  absolutely  flexible  shell,  since  it  offers  no 
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resistance  to  bending,  only  a momentless  state  of  stress  is  possible. 

For  shells  with  finite  stiffness,  such  a state  of  stress  is  only  one  of  the 
possible  stress  conditions  and  for  a momentless  state,  several  supplementary 
conditions  relating  to  the  shape  of  the  shell,  character  of  load  applied, 
and  support  of  its  edges  must  be  fulfilled. 

Due  to  small  thicknesses,  shells  badly  adapt  themselves  to 
bending  so  that  relatively  small  bending  moments  generate  considerable 
stresses  and  deflections.  Therefore,  the  pure  bending  stress  con- 
dition is  to  be  avoided  and  is  technically  disadvantageous  to  shells. 

The  momentless  state  of  stress  condition  is  a desirable  feature  in  the 
design  of  shell  structures  because  it  offers  the  advantage  of  uniform 
utilization  of  the  strength  capabilities  of  the  shell  material,  in  most 
cases  using  less  material  and,  thus,  resulting  in  less  weight.  The 
study  of  membrane  theory  is  considerably  simpler  than  the  bending 
theory  and,  for  this  reason,  historically  preceded  the  latter  theory. 

The  first  contributions  to  membrane  theory  were  furnished  by  Lam^ 
and  Clapeyron  early  in  the  19th  century.  These  works  considered 
symmetrical  loading  on  shells  of  revolution.  On  the  assumption  that  no 
moments  could  exist  in  the  shell,  the  loading  could  only  produce  normal 
forces.  On  this  basis,  the  calculation  of  the  shell  could  be  "statically 
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determined"  (i.  e.  , the  analysis  could  be  performed  solely  with  the  help 
of  the  force  equilibrium  equations  without  the  need  of  the  deformation 
relations). 

The  equilibrium  equations  for  membrane  theory  are  summarized 
in  the  following  paragraph.  These  equations  are  based  on  the  assumption 
of  small  deflections,  and  follow  directly  from  the  zero-ordered  approxi- 
mation to  the  linear  theory  of  shells. 

A.  Equilibrium  Equations 

The  equations  of  membrane  theory  can  be  obtained  directly  from 
the  equations  of  general  shell  theory  (Eq.  1.  12-9).  Since  membrane 
theory,  according  to  our  classification  of  shells,  represents  a zero- 
ordered  approximation,  the  strains  are  assumed  to  be  uniform  across 
the  shell  thickness  and  from  Eq.  1-13-20  we  find  that 


where  it  is  noticed  that  curvature  and  rotation  terms  are  neglected. 

Accordingly,  it  is  assumed  that,  although  the  shell  may  be 
resistant  to  bending,  in  view  of  the  smallness  of  curvature  and  rotation, 
the  moment  terms  in  the  equations  of  equilibrium  for  the  shell  element 
are  unimportant.  Therefore,  from  the  consideration  of  Eq.  1.  13-29, 
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(1.  13-75) 


Mj  = M2  = Mlz  = 0 

which  implies  the  neglection  of  transverse  shear  forces  from  Eq.  1.12-9b 

Q1  = °2  = 0 (1.  13-76) 

and  that  in-plane  shear  forces  are 


N12  = n21  (1.13-77) 

Introducing  the  preceding  values  into  Eq.  1.  12 -9a  yields  the 
equilibrium  equations  for  a shell  membrane 


3°2N1 

+ + N 


'dot 
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12  di 


1 a*2 

- - N2  _ + = 0 


3fflN?  9q2N1  2 a»  ? Ba , 

TIT"  + TT7"  + Nzi“as7  ' N!  wz  + *ia2p2  = 0 


(1.  13-78) 
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1 °2<)  = 0 


The  preceding  equations,  together  with  Eqs.  1-13-74  through  77 
describe  the  momentless  or  membrane  state  of  stress  in  shells. 

In  the  system  shown,  the  number  of  unknowns  is  equal  to  the 
number  of  equations,  so  that  the  problem  in  the  membrane  theory  of 
shells  is  statically  determinate.  As  pointed  out  by  Novozhilov  (Ref.  1-5), 
it  should  be  noted  that  the  problem  is  statically  determinate  in  relation 
to  the  equilibrium  of  an  infinitely  small  element  of  the  shell,  but  not 
always  in  relation  to  the  equilibrium  of  the  shell  as  a whole.  An 
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analogous  situation  occurs  in  the  problem  of  the  bending  of  a beam  where 
likewise  the  number  of  unknowns  in  the  equilibrium  equations  corre- 
sponds to  the  number  of  equations  and  where  the  determination  of  the 
reactions  at  the  supports  requires  first  the  determination  of  the 
displacements. 

With  the  forces  and  moments  known,  the  displacements  of  the 
shell  characterized  by  a membrane  state  of  stress  are  given  by 

€ + __L_  — v + — 

1 °1  ^1  °1  °Z  d*2  R1 

= JL_av+J__  ^2U  + — (1.13-79) 

*2  ‘ *2  di2  axQz  r2 

*2  3 / y \ "I  j.  /u 

Vi2  0'1  \ QZJ  °2  d$Z  \^\ 

As  shown  by  Novozhilov  (Ref.  1-5),  the  solutions  of  the  equations 
of  membrane  theory  present  pure  bending  displacements  on  an  equal 
basis  with  displacement  of  the  shell  as  a rigid  body.  Physically,  this 
means  that  a freely  flexible  shell  admits  the  appearance  of  bending 
displacements  without  offering  any  resistence. 

Thus,  in  stating  problems  of  membrane  theory,  the  pure  bending 
displacements  must  either  be  eliminated  or,  at  least,  bounded  properly. 
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The  indeterminacy  of  displacement  magnitude  and  necessary  bounds 
on  displacements  that  characterize  membrane  state  of  stress  effects 
boundary  conditions  as  discussed  in  the  following  paragraph. 

B.  Boundary  Conditions 

Equilibrium  Eq.  1.13-78,  together  with  displacement 
Eq.  1.  13-79,  constitutes  a fourth-order  system  of  equations.  Thus,  in 
membrane  theory,  the  differential  equation  for  displacements  have  one- 
half  the  order  of  those  in  general  bending  theory  of  shell  (Paragraph 
1.  13.  1).  Therefore,  the  number  of  edge  conditions  to  be  satisfied  in 
membrane  theory  is  one -half  the  order  satisfied  in  general  bending 
theory.  In  membrane  theory,  only  two  conditions  may  be  specified  on 
each  edge  of  the  shell. 

The  reduction  of  the  order  of  the  system  of  equations  is  a result 
of  the  assumption  that  moments  and  transverse  shears  are  negligible  in 
a membrane  theory.  Thus, 

Q1  = Q2  = Mj  = M12  = M21  = M2  = 0 (1.  13-80) 

which  hold  at  all  points  in  the  middle  surface  and,  hence,  on  the 

boundary  of  the  shell  (the  boundary  conditions  by  general  theory  are 
given  by  Eq.  1.  13-31). 

Therefore,  the  edges  of  a shell  in  the  membrane  state  of  stress 
must  be  free  from  external  edge  loadings  in  the  form  of  normal  shearing 
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stresses  and  bending  moments.  As  a result,  membranes  can  only 
support  tangential  edge  loadings  and,  consequently,  only  forces  Nj  and 
Nj2  may  act  on  an  edge  under  consideration.  Hence,  boundary  con- 
ditions must  be  formulated  in  terms  of  these  quantities. 

A special  situation  occurs  if  the  boundary  conditions  are  given  in 
terms  of  displacements.  For  membrane  theory,  it  is  impossible  to 
specify  the  edge  displacement,  w,  and  angle  of  rotation,  (3,  since  this 
would  affect  the  corresponding  general  forces,  Qj  and  Mj  (e.g.  , the 
conditions  for  membranes  that  Q = 0,  M = 0 makes  it  impossible  to 
specify  w = (3  = 0 at  the  boundary).  It  follows  that  on  the  edge  of  a 
membrane  only  the  tangential  displacement  components  of  the  middle 
surface  can  be  specified  (i.  e.  , u and  v). 

C.  Conditions  for  the  Existence  of  the  Membrane  State  of  Stress 

It  has  been  shown  that  one  of  the  sources  of  contradiction  in  the 
membrane  theory  results  from  the  fact  that  the  solutions  of  this  theory 
may  not  be  subjected  to  general  boundary  conditions.  Violation  of  these 
conditions  is  equivalent  to  disturbing  the  membrane  state  of  stress. 
However,  while  these  requirements  are  necessary,  they  are  not 
sufficient,  and  additional  requirements  are  necessary  to  ensure  a 
membrane  state  of  stress. 
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Another  contradiction  in  membrane  theory  is  the  fact  that  its 
equations  determine  the  forces  in  the  shell  without  dependence  on  the 
compatibility  relations  of  the  middle  surface.  In  addition,  a membrane 
cannot  be  loaded  by  concentrated  forces.  The  state  of  stress  of  a shell 
loaded  by  such  forces  will  involve  moments. 

In  summary,  it  should  be  emphasized  that  the  existence  of  the 
membrane  state  of  stress  is  related  to  the  necessity  of  satisfying 
several  conditions  concerning  the  shape  of  the  shell,  the  character  df 
load  applied,  and  the  attachment  of  its  edges. 

D.  Axisymmetric  Load  on  Membrane  Shaped  as  Shells  of  Revolution 

In  many  practical  problems,  the  external  forces  have  the  same 
symmetry  as  the  shell  itself.  Forces  are  then  independent  of  £2  or  e>  and  all 
derivative s , with  respect  to  0 , di sappe ar  from  Eq . 1.  13—78.  There  results 

^ (rN^)  - RjNe  coS(|.  = " P<|>  rR\  (1.13-81a) 

N*  Ne 

R,  + R = Pr  (I-  13-81b) 

1 2 

When  Eq.  1.  13 -81b  is  solved  for  N0  and  the  result  is  substituted 
into  Eq.  1.  13 -8 la,  a first-ordered  differential  equation  for  N$  is 
obtained.  Multiplication  by  sin  <$>  yields 
d (rN*) 

d4>  sin  4>  + rN^  cos  4>  = RjR2pr  cos  4>  sin  <|>  - RjR2P<t)  sin2<f)  (1.13-82) 
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In  combining  we  obtain,  for  one  term  on  the  left-hand  side  of  equation 
(1.13-82). 

Ifr  <rN4>  sin*)  = ^ (r2n4>  8inZ+  } 

hence 

N«j>  = 1 - / R1R2  (pr  cos  $ - sin<t>)  sin  <}>  d «J>  + C (1.  13-83) 

Rj  sin  * 

The  last  equations  may  be  considered  as  a condition  of  equilibrium 
for  the  part  of  the  shell  above  a parallel  circle,  4>  = const.  If  F is  a 
result  of  the  total  load,  the  equation  of  equilibrium  is 

Zlfr0N*  sin*  + F = 0 (1.13-84) 


FIG.  1.13-3 

Application  of  the  membrane  equation  to  a cylindrical  shell  under 
internal  pressure  (p)  leads  to  the  well  known  results 

n4,=  X~.  Ne  = PR 
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For  a conical  shell  under  uniform  internal 


pressure. 


N*  = 


pR 

2 sin  4> 


N 


pR 

sin<$> 


1.13.6  Summary 

An  introduction  to  linear  theory  of  thin  elastic  shells  was 
presented  in  this  section.  Basic  relations  necessary  for  deformation 
and  stress  analysis  were  provided  and  appropriate  assumptions  were 
indicated.  Shell  theories  were  categorized  according  to  the  assumptions, 
limitations,  and  restrictions  for  their  usage  described.  Due  to  the 
quantity  of  material  available  on  shells  a complete  treatment  of  the 
linear  theory  of  shells  was  not  possible.  A more  complete  presentation 
is  included  in  the  literature  (Novozhilov,  Ref.  1-5;  Goldenveiser, 

Ref.  1-46;  Fliigge,  Ref.  1-47;  Timoshenko,  Ref.  1-26;  Koiter, 

Ref.  1-48  and  others). 
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1.20  NONLINEAR  SHELL  THEORY 


1.21  INTRODUCTION 

The  small  deflection  field  equations  presented  earlier  were  formu- 
lated from  the  classical  linear  theory  of  elasticity.  It  is  known  that 
these  equations,  which  are  based  on  Hooke's  law  and  the  omission  of 
nonlinear  terms  both  in  the  equations  for  strain  components  and  the 
equilibrium  equations,  have  a unique  solution  in  every  case.  In  other 
words,  linear  shell  theory  determines  a unique  position  of  equilibrium 
for  every  shell  with  prescribed  load  and  constraints. 

In  reality,  however,  the  solution  of  a physical  shell  problem  is 
not  always  unique.  A shell  under  identical  conditions  of  loading  and 
constraints  may  have  several  possible  positions  of  equilibrium.  The 
incorrect  inference  to  which  linear  shell  theory  leads  can  be  explained 
by  the  approximations  introduced  in  the  development  of  the  shell 
equations.  In  this  development  rotations  were  neglected  in  the  expres- 
sions for  strains  and  equilibrium  in  order  that  the  equations  could  be 
linearized.  It  is  essential  in  the  investigation  of  the  multiple  equilibrium 
states  of  a shell  to  include  these  rotation  terms. 

A theory  of  shells  that  is  free  of  this  hypothesis  can  be  thought  of 
as  being  "geometrically  nonlinear"  and  requires  formulation  on  the 
basis  of  the  nonlinear  elasticity  theory.  Additionally,  the  shell  may  be 
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"physically  nonlinear"  with  respect  to  the  stres s -strain  relations.  This 
latter  type  of  nonlinearity  forms  the  basis  of  inelastic  shell  theory  and 
will  not  be  discussed  here. 

Theories  based  on  nonlinear  elasticity  are  required  in  analyzing 
the  so-called  "large"  deformations  of  shells.  "Large"  or  finite 
deflection  shell  theories  form  the  basis  for  the  investigation  of  the 
stability  of  shells.  In  the  case  of  stability,  the  effects  of  deformation 
on  equilibrium  cannot  be  ignored.  The  stability  of  shells  will  be 
considered  in  the  next  section. 

The  subsequent  development  of  nonlinear  shell  theory  will  be 
based  on  a general  mathematical  approach  described  by  Novozhilov 
(Ref.  1-10)  for  problems  of  nonlinear  elasticity.  Starting  with  the 
general  strain-displacement  relations,  approximate  nonlinear  strain- 
displacement  relations  and  equilibrium  equations  are  derived  by  the 
introduction  of  appropriate  simplifying  assumptions.  The  equilibrium 
equations  will  be  obtained  upon  application  of  the  principle  of  stationary 
potential  energy.  These  concepts  will  be  discussed  in  the  following 
paragraphs. 
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1.22  GENERAL  STRAIN-DISPLACEMENT  RELATIONS 

The  strain-displacement  relationships  presented  in  Paragraph  1.12.2 
are  based  on  the  classical  (linear)  theory  of  elasticity.  In  this  formu- 
lation, several  assumptions  regarding  the  magnitude  of  strains  and 
rotations  were  made.  It  was  assumed  that  strains  were  small  (i.  c.  , 
e«  l)  and  that  rotations  were  of  the  same  order  of  magnitude  as  the  strains 
(i.  e.  , t = O (p)  <<1).  These  assumptions  permitted  order  of  magnitude 
simplifications  of  the  general  strain-displacement  relationships  derived 
from  nonlinear  elasticity  concepts. 

In  formulating  a nonlinear  shell  theory,  it  is  no  longer  permissi- 
ble to  restrict  the  rotations,  and  it  becomes  necessary  to  deal  with  the 
more  complicated  strain  equations.  The  general  strain-displacement 
relationships  from  nonlinear  elasticity  are  given  in  terms  of  the 
curvilinear  coordinate  system  t£,  and  z by 

en = £i  +t  hi + ^ + pi] 

\ (1. 22-la) 
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where  the  terms  € 


1*  c2'  ^12'  ^lz*  anc^  ^2z  are  the  linear  strain  expressions 
(Eq.  1 2-6)  which  in  terms  of  displacements  and  their  derivations, 
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(1. 22-2) 


and  the  additional  terms  Pj,  p2,  Vj,  and  Y2  are  given  by: 
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It  is  noted  that  Eqs.  1.22-la  and  b are  a set  of  nonlinear  differen- 
tial equations  considerably  more  complex  than  the  strain -displacement 
expressions  (Eqs.  12.2-6)  of  the  linear  theory. 

Following  a procedure  similar  to  the  one  described  in  the  linear 
shell  theory  section,  the  introduction  of  the  Kirchhoff -Love  assumptions 
permits  considerable  simplification  of  the  above  expressions.  The 

"thinness"  criterion  permits  the  approximation  that  terms  ^1  + , 

z \ 

1 + -g-  J can  be  replaced  by  unity;  i.  e.  , 

1 +—  * 1 + — * 1. 

R1  R2 

The  assumption  that  normals  remain  normal  causes  the  transverse 
shear  strains  to  vanish,  i.  e.  , 


Tz 


= 0 


V = 0 
2z 

(The  normal  strain  vanishes  from  inextensibility  of  normals  and, 
as  a consequence,  was  not  included  in  Eq.  1.22-la.) 

If  the  strains  are  assumed  small  (e<<l),  order  of  magnitude 
considerations  permit  the  neglecting  of  nonlinear  terms  in  strain.  The 
details  of  these  simplifications  are  discussed  by  Novozhilov  (Ref.  1-10) 
and  Kempner  (Ref.  1-22)  and  result  in  nonzero  strain  expressions  of  the 
form 
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(1. 22-4) 


C12  Y12  + P1  P2  I 

where  «2>  Yi2‘  ^1*  ant^  P2  are  tlie  expressions  obtained  from 

Eqs.  1.22-2  and  -3  with  the term  omitted. 

R 

From  the  assumption  of  planes  remaining  plane,  the  displace* 
ments  may  be  expressed  by 


U = Uo  + z 


v = vo  + *p2 
W = wo  = w 


(1. 22-5) 


where  u,  v , and  w are  middle  surface  displacements  and  z is  the 
coordinate  transverse  to  the  shells  middle  surface.  By  introducing 
these  expressions  into  the  strain-displacement  relations  (Eqs.  1.22-2 
and  Eqs.  1.22-4  and  5),  there  results  the  general  form  of  the  strains  as 


Ci  =C1  +z‘l 
*2  = *2  + z K2 


(1.22-6) 


*12=el2+ZK12  | 

. 0 0 ° 

where  ©j,  ©£,  a-nd  are  the  nonlinear  middle  surface  extensional  and 
in-plane  shear  strains  given  by  Eq.  1.22-4  (superscripted  with  o)  and 
where 
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are  the  measures  of  bending  distortion. 

2 

It  should  be  noted  that  there  are  terms  in  z contained  in  per- 
forming the  outlined  substitution;  however,  as  discussed  by  Novozhilov 
(Ref,  1-10)  for  small  strains,  the  correction  introduced  by  these  terms 
is  insignificant.  The  * *2,  and  *12  parameters  characterize  the 

change  in  curvature  of  the  strained  middle  surface  of  the  shell* 

In  the  classical  small  deflection  theory  of  shells  it  was  shown  thai 
the  strains  (t)  were  of  the  order  of  the  magnitude  of  the  rotations  (p)  or 
c = 0(P)«  1.  By  relaxing  the  constraint  on  the  middle  surface 
rotations,  the  nonlinear  strains  of  the  middle  surface  are  of  the  order 
of  the  rotations  squared  or  e = O(jJ^)  1. 
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1.23  STRESS-STRAIN  RELATIONS  AND  STRESS  RESULTANTS 


The  isotropic  stre s s -strain  relations  from  Paragraph  1.  12.  5 are 
written  as  follows: 


<?l  = E/(l  - k2)  J ej  + ne2j 

°2  = " K2)  |e2  + Hej| 

T12  = G1  y12 


(1. 23-8) 


The  stress -resultants  may  be  obtained  by  appropriate  integration 
of  the  above  Hooke’s  law  over  the  shell’s  thickness,  i.  e.  , 
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where  the  integrals  are  taken  over  the  shells  thickness  (t).  If 

Eq.  1.23-8  and,  subsequently,  Eqs.  1.22-4  and  -6  are  inserted  into 

Eq.  1.23-9,  we  may  write  the  stres s -resultant  strain  expressions  as 


follows: 

Nj  - B (e^  + Pe ^ ) + C ( + p *2) 

N2  = B (e°  + KeJ)  + C (*c2  + K Kj) 

N12  = B e12  + C K 12  = N21 

= C (e°  + H-e2)  + D ( Kj  + p.  k 

M2  = C (e,°  + (iei)  + D («2  + »*K1) 

M12  = C ®12  + D k12  = M21 


> (1.23-10) 
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where 


B 


B 


-l 


f Ezdz  f Ez^< 

= { T D=  Jt 

4 i - k r - * 

- Gdz,  C = f Gzdz,  D = f Gz  dz 


* ! - .2' 


(1. 23-11) 


These  expressions  are  presented  for  reference  and  will  be  utilized  later 
in  the  development  of  the  nonlinear  equilibrium  equation  for  shells.  The 
stiffness  parameters  can  be  simplified  by  suitable  choice  of  the  reference 
surface  within  the  shell  wall. 

The  constitutive  relations  (Eq.  1.23-10)  can  be  simplified  considerably 
by  proper  selection  of  a reference  surface  within  the  shell  wall.  A 
convenient  selection  is  one  in  which  the  stiffness  parameters  C,  C above 
vanish.  Recall  from  Paragraph  1.13.1  for  an  isotropic  monocoque  shell 
this  simplification  was  possible  since  the  reference  surface  was  selected 
at  the  middle  surface. 
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1.24  PRINCIPLE  OF  POTENTIAL  ENERGY 


In  the  previous  section,  the  linear  shell  force  equilibrium  equa- 
tions were  obtained  from  laws  of  statics  by  considering  equilibrium  of 
a ditferential  shell  element.  In  the  formulation  it  was  assumed  that, 
since  strains  and  rotations  were  negligibly  small,  the  deformed  and 
undeformed  states  of  the  shell  element  were  identical.  If  the  geometri- 
cal constraint  on  rotations  is  relaxed,  the  assumption  made  in  the  linear 
theory  is  no  longer  valid,  and  the  effects  of  distortion  of  the  deformed 
state  must  be  considered  in  equilibrating  forces.  The  equilibrium 
equations  including  the  distortion  effects  can  be  obtained  by  considering 
equilibrium  of  the  shell  differential  element  in  a similar  manner  as 
discussed  in  Paragraph  1.  12.4.  The  equations  that  result  are  non- 
linear. However,  in  this  section,  the  use  of  energy  principles  for 
obtaining  the  nonlinear  shell  equilibrium  equations  will  be  illustrated. 

The  method  is  based  on  the  fact  that  the  governing  equilibrium 
equations  of  a structural  system  can  be  obtained  as  a direct  consequence 
of  the  minimization  of  a certain  energy  expression.  In  this  context,  the 
energy  method  that  will  be  utilized  is  the  principle  of  potential  energy. 

In  developing  this  method  use  shall  be  made  of  a branch  of  mathematics 
called  calculus  of  variations;  for  this  reason,  these  methods  are  some- 
times referred  to  as  variational  methods. 
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(1.24-12) 


The  potential  energy,  V,  of  a shell  is  given  by  the  expression 

V = U - W 

where  U is  the  potential  energy  of  deformation  or  work  done  by  the 
internal  forces,  and  (-W)  is  the  potential  energy  of  forces  acting  on  the 
shell  if  the  potential  energy  of  these  forces  for  the  unstressed  state  is 
taken  as  zero.  The  potential  energy  of  deformation,  U,  is  generally 
referred  to  as  the  strain  energy.  For  a Hookean  material,  the  strain 
energy  expression  for  a shell  is  given  by  the  expression 

0=T  ///<Vl  + Vs 2 + T12e12>  °^Zdhdhdz 

where  | j,  and  z are  she11  curvilinear  coordinates.  This  expres- 

sion can  be  simplified  by  substituting  Eq.  1.23-8  into  the  above,  which 


yields  the  equation 


+ e 


2-pE 


Cie2 


+ G e 


2 

12 


°i°2diidhdz 


(1. 24-14) 


It  can  be  seen  that,  by  substituting  the  strain-displacement 
relations  (Eqs.  1.22-4,  -6,  -7)  into  the  above,  the  strain  energy 
expression  described  in  terms  of  the  middle  surface  displacement 
functions  u0,  v0,  w0  results.  As  a result,  the  potential  energy  can  be 
described  in  terms  of  the  displacement  functions. 

The  principle  of  (stationary)  potential  energy  (Wang,  Ref.  1-9) 
states.  . . "of  all  the  displacements  satisfying  the  given  boundary 
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conditions,  those  which  satisfy  equilibrium  conditions  make  the  potential 
energy  V assume  a stationary  value.  " In  addition,  for  stable  equilib- 
rium, the  potential  energy  is  a minimum.  The  operation  of  finding  a 
stationary  value  or  extremum  point  of  the  potential  energy  functional 
(i.  e.  , function  of  displacement  functions  u,  v,  w)  is  analogous  to 
operations  performed  in  differential  calculus.  It  may  be  recalled  from 
the  calculus  (Ref.  1-49),  that  the  derivative  of  a function  vanishes  at 
stationary  values  or  extremum  points.  In  addition,  the  point  is  a mini- 
mum point  if  the  second  derivative  is  positive.  Using  variational 
techniques,  the  operation  analogous  to  the  first  derivative  is  called  the 
first  variation  and  the  one  analogous  to  the  second  derivative  corre- 
sponds the  second  variation,  resolving  the  problem  to  that  of  finding  the 
displacement  functions,  u,  v,  and  w,  which  make  the  potential  energy 
stationary.  The  corresponding  analog  from  calculus  was  to  find  points 
which  made  the  function  stationary.  This,  of  course,  should  be  under- 
stood to  be  an  oversimplification  of  the  problem  and  is  only  presented 
to  give  the  engineer  not  familiar  with  variational  methods  some  idea  as 
to  their  nature.  Those  interested  in  more  rigorous  presentation  should 
refer  to  many  books  on  calculus  of  variations. 

As  stated  above,  the  problem  resolves  itself  to  a matter  of  finding 
the  displacement  functions  that  make  the  potential  energy  function 
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stationary.  In  this  connection,  it  will  be  assumed  that  the  displacement 
functions  can  be  represented  in  the  form 


u ( ^2)  = u°  ^1’  ^2^  + ^ ^1*  ^2^ 

v ( 4 x , %z)  = v°  ( |j.  I2)  + ( Ij,  ^2) 

w ( 1^,  t2)  = w°  ( tj,  ^2)  + Vw  (Ij,  ^2) 


(1. 24-15) 


where  u°,  v°,  and  w°  represent  the  displacements  corresponding  to  the 
equilibrium  configuration,  and  u,  v7,  and  "w  are  admissible  variations 
of  u,  v,  and  w (called  admissible  displacements)  that  satisfy  certain 
conditions  of  continuity  and  finiteness.  The  quantity  X represents  an 
arbitrary  small  parameter  that  is  independent  of£^,  £ 2.  ^ the  functions 

u,  v,  w are  replaced  in  the  potential  energy  expression  (Eq.  1.24-14) 
by  Eq.  (1. 24-15)  the  potential  energy  V becomes  a function  of  the 
parameter  X . 

According  to  the  principle  of  stationary  potential  energy,  the 
potential  energy  becomes  stationary  at  X.  = 0.  Thus,  the  requirement 
that  the  first  variation,  Vj,  of  the  potential  energy  functional  vanish  at 
X.  = 0 yields 


Vi 


dV(X) 
d X 


x=o 


= 0 


(1.24-16) 


where  d(  ) represents  the  usual  differential  operator.  The  use  of  the 
above  operation  to  derive  the  equilibrium  equation  will  be  discussed  in 
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the  following  section.  A similar  operation  using  the  second  variation  of 

the  potential  energy  will  be  used  in  obtaining  the  stability  equations  in 
Section  1 . 30. 

The  technique  presented  is  quite  similar  to  the  principle  of  virtual 
work,  in  which  the  terms  Xu,  Xv,  and  Xw  can  be  thought  of  as  virtual 
displacements,  where  X refers  to  a virtual  change.  In  this  case,  the 
virtual  work  done  is  represented  bySD.  The  principle  of  virtual  work 
states  that  the  displacements  that  actually  occur  in  an  elastic  system 
under  action  of  given  forces  are  those  that  lead  to  zero  variation  of  the 
total  energy  of  the  system  for  any  virtual  displacement  from  the  position 

of  equilibrium.  The  vanishing  of  the  virtual  work  expressions  requires 
that 


6V  = 6 (U  - W)  = 0 

A more  complete  presentation  of  the  principle  of 
applied  to  elastic  systems  is  given  by  Wang  (Ref.  1-9). 


(1. 24-17) 
virtual  work  as 


1.25  NONLINEAR  EQUILIBRIUM  EQUATIONS 


The  principle  of  stationary  potential  energy  as  a variational 
method  was  introduced  in  the  previous  section  and  will  now  be  utilized  to 
derive  the  differential  equations  of  equilibrium  of  a shell.  The  nonlinear 
strain-displacement  relations  given  by  Eq.  1.22-4  will  be  utilized  as  a 
basis. 


Following  the  format  outlined  in  the  previous  section,  substitution 
of  the  assumed  displacement  functions  giyen  by  Eqs.  1.24-15  into 
Eqs.  1.22-4  yields  expressions  for  the  strains  of  the  form 

el  “ ei  * i + * ^ 


e,  = e°  + \e,  + X 2e 
2 2 2 2 


ei2*#l*2+X*U+x2|12 


(1.  25-18) 


where  e^,  e|»  e^  are  given  by  Eq.  1.22-4  with  appropriate  superscript 
o and 


v5r+Kpi 


12 = ei2  + p2Pi  + p;p2 


(1.25-19) 


II 

K- • 

' ( Pj  >2 

e=2 

1 

> = - < 

2 

<p2>2 

B 

. *12. 

■ hh. 

(1.25-20) 
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where  * and  (3  are  as  defined  previously  provided  these  quantities  are 
related  to  corresponding  displacements  described  in  Eq.  1.  24-15. 

Eq.  1.25-18  has  an  associated  state  of  stress  with  components  of 
the  form 


cr 

= cr  0 + X <r  +X^<r, 

1 

1 1 1 

<r2 

0 _ y- 

= cr 2 + Xo^  + X o^ 

(1.  25-21) 

T12 

■ T 1°2  + X?12  +x2T12 

where  neglecting  thermal  terms  the  <r  , t ^ expressions  are 

given  by  Eq.  1.23-8  with  the  appropriate  superscript  attached. 

Inserting  the  right-hand  side  of  Eqs.  1. 25-18  and  1.25-21  into  the 

strain  energy  expression  (Eq.  1.24-13),  dropping  terms  of  higher  order 

2 

than  X , and  noting  the  well-known  reciprocity  relations,  we  arrive  at 
the  strain  energy  of  the  shell  given  by  the  form 

U = + Xu2  +X2u2  (1.25-22) 

where 


uo  " 2/  | 

V 

f 0 0 , 00,  0 0 I 

riei  2*2  T12e12j  °l«2d£1dl2dz 

(1.25-23) 

= i [' 

1®1  + <r2i2  + T 12*12]  °'l«2dl1de2d* 

(1.25-24) 

V 

[ J 1^1  + *2*2  + *12*12 1 

+ 2 [ <r  x eL  + o-2e2  + °'2de  jd $2dz 

(1.25-25) 
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An  expression  similar  to  Eq.  1.25-22  can  be  formed  for  the  potential 
energy  expression  (-W)  due  to  applied  external  forces.  For  large  deflec- 
tions, it  is  appropriate  to  express  (W)  as 
A A 

/-  | f^u  + f^  v + fz°  W ] ola2d^1dg2  (1.25-26) 

a ° 

s2 


where  the  superscript,  o,  and  roof,  (A),  on  the  integration  limits  repre- 
sent initial  and  final  boundary  coordinates,  and  the  f 1 s are  a function  of 
the  applied  forces  pj»  P2*  an<^  *1* 

The  total  potential  energy  expression,  V,  obtained  from  Eqs.  1.25-22 
and  1.  25-26  can  be  described  in  terms  of  displacement  function  u°,  v°, 
w°  and  arbitrary  variations  u,  v,  w by  appropriate  substitution  of 
Eqs.  1.24-15  and  1.  25-23  -25.  The  potential  energy  expressed  similar 
to  Eq.  1.  25-22  is  given  by 


V = VQ  + XVj  + X2  V2  (1.25-27) 

Since  Vq,  V^,  V2  are  independent  of  the  arbitrary  parameter  X 
according  to  the  principle  of  potential  energy  the  potential  energy 
becomes  stationary  at  X = 0 when 


dV 
d X 


= Vi  = Uj  - Wj  = 0 


(1. 25-28) 


X=  0 
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Thus,  the  first  variation  expression  described  by  Eqs.  1.  24-16 
and  its  equivalent,  Eq.  1.  25-28,  are  used  to  establish  the  equilibrium 
equations.  The  insertion  of  Eqs.  1 . 23-8  and  1 . 25- 19  into  Eq.  1.25-24 
and  these  into  1.  25-28  and  integrating  by  parts  noting  arbitrariness  of 
admissible  displacements  u,  v,  w leads  to  the  large  deflection  equili- 
brium  equations  of  the  form 


d°2N°i  , *>1N12  , 9"l  T o 

+ + — N 


da  * 


ae 


i 


2 o “1  a2  o 

nz  ' nz  "12 _ as,  n2  R]  qi 


°1  °Z 


(P1N?+  P2N°2)  + °l  °z  P]  " 0 


(1 . 25-29a) 


8«2N?2  8*N°  da. 

+ -M-+  -rrr-  N° 


8S, 


1 M°  X *1  *2  « 

rs  * • rv  £ i'l  , “ N + Q 

a^2  8£j  12  3£  1 R WZ 


Ql  QZ 


(P1N°2  + P2Nz)  + Wz‘° 


(1.25-29b) 


»o2Q°  3a|Q°  /n°  N° 


af|  ("2P,ni + “2P2n°2) 


irSai  P1N12+^2N2)  **,*;’  = » 


(1.25-29c) 


M°  3a  M°  3a  da. 

~^+  ~H7~+  JTM°Z-  ° lQZQ°i-°  (1  • 25 -29d) 


3g2  12  Hl 
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(1 . 25-29e) 


L - + — - — - + 


i 


9£: 


3 a 

8 4i  12 


8a 

— !-m® 

ae7  1 


*1  a2°2  = 0 


where  it  is  noted  = N^;  ^12  = ^2°1 


The  details  of  the  above  operations  can  be  found  in  Ref.  1-22.  The 
above  equations  can  be  simplified  when  the  effects  of  transverse  shear 
distortion  are  neglected.  Following  a similar  procedure  as  described  in 
the  Linear  Shell  Theory  section  a reduction  in  the  number  of  equations 
may  be  realized.  Solving  for  the  last  two  equations  for  shear  forces 
Ql*  Q2»  in  terms  of  the  moments,  and  substituting  the  resulting  expres- 
sions into  the  first  three  equations  results  in  the  following  "large" 
deflection  equilibrium  equations: 


7^  (Ni ° Q 2)  + *1  a | 2 {Nn°\Z)  ~ 

1 


N 


3o'2 


2 9 4 


1 R1 


TTJ  <Mi 


da  2 


o „ o 


«1  H2  ' 21  1 


- N12°  P2°  °l°2 


(m  ,2)-  m2  vn  -n>  Vz 


. o 

+ ?1  Ojo 2 


= 0 


1.  25(30a) 


8arl  . 1 


— SL_  (N2%  x)  +—  (a2Z  N °)  - N,0— + 

3£2  ^ 1 a 2 9|i  2 12  13^2  r2 


317  (M2°»1» 


3oj 


o_  o 


+— ,117  <M12  "2  » - M1  "517  ‘ N2  P2»l«2 


•Nzi°  hVz 


Of,  a o = 0 


P2  “12 


1. 25(30b) 
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«['  a „ i 

-al“2\  R,  + R2/  + Hl[  »1  Hi  <M1  “zl+ej 


— /w  O 2. 

2 3|2(M21  °1  > 


M2°  gG  T 

~ Tff  - N1°P1  °2  + n1°2  P2°a2j 


+ 94  2 


o 2 a|2  (M2  0 j) 


1 


j _ Mi 0 

+~ ^ (Mi2-22)  1 "°  °°  "° 


1 dal  o 

7TBU  -Nz  P2VN2 1 Pj 


alJ  +<10q,1 


a2  = o 
(1.  25- 30c) 


In  addition,  the  following  natural  boundary  conditions  result: 

Q A 

1.  At  4 = 4^  and  4j  where  the  superscript  o and  (A)  stand  for 
initial  and  final  boundary  curves  for  § coordinate  respectively. 
Either  of  the  following  are  prescribed: 


Mj 

u°or  «2(Ni0+  — > 
1 


Mi  2° 

v°°r  *2<N12°+—  ) 


o 

w or 


1 


3 o ^ 


T T Mi  2 ' T T 

52  12  Q\°z 


(1. 25-31) 


1°»-V  ’i-*-**.*0’ 


(«,)-  ”2 


O^o 
2 °Z 
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jr— • or  °\ 

°\  94l  1 1 
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2.  And  at  ^2  = and  ^2*  initial  and  final  boundary  curves  for 
the  £ 2 coordinate,  the  following  are  prescribed: 

m21° 


u°  or  o’  (N2i°  + 


) 


M2° 

v°  or  ox  (N2  + ) 

2 

f 1 a 


(1.25-32) 


o 

w or 


o 21  Ml°  “ll.  _T 


8 


°2  a*2  (°1  M2  ] + 3^1  °2  a"^2 


+ 


(oj)2  1 

- n2°  ^ 2 ° - al  n21  ° ^1  ] 


9|  (M12°  *2> 


1 orw  0 

— — — — or  -M7 

° 2 °l?  2 


It  should  be  noted  that  if  the  linear  strain-displacement  equations 
Eqs.  1.22-2  wer e utilized  instead  of  Eqs.  1 . 22-4  in  the  previous 
development  the  expressions  resulting  from  the  variational  approach 
would  be  the  simplified  small  deflection  equilibrium  equations  identical 
to  Eqs.  1.  25-29.  This  fact  could  also  be  seen  if  € ° and  p°  are  of  same 
order  of  magnitude  (linear  elasticity  assumption),  the  terms  containing 
P°  would  vanish  from  the  above  and  the  classical  equilibrium  equations 
would  result. 
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I.  26  NONLINEAR  EQUATIONS  FOR  CYLINDRICAL  SHELLS 

1 he  nonlinear  Eqs.  1 .25-29  and  1.  25-30  represent  equilibrium 
conditions  for  shells  of  arbitrary  shape.  It  will  be  useful  for  study  of 
the  principal  characteristics  of  a nonlinear  equation  to  consider  a 
particular  shell  shape.  A particularly  simple  set  of  equations  for 
cylindrical  shells  was  suggested  by  Donnell  in  1934  (Ref.  1-50).  Donnell 
simplified  the  strain-displacement  relationships  by  ignoring  the 
influence  of  the  original  shell  curvature  in  the  deformations  due  to 
bending  and  twisting  moments.  (Recall  Eq.  1.  13-69.  ) By  this  approxi- 
mation, the  relations  between  moments  and  changes  in  curvature  and 
twist  become  the  same  as  for  flat  plates.  Although  the  simplifications 
imply  certain  limitations  on  their  range  of  applicability,  the  equations 
have  formed  the  basis  of  the  nonlinear  analyses  that  appear  in  the 
literature.  Their  relative  simplicity  also  makes  them  ideally  suited 
to  illustrate  the  elements  of  a nonlinear  theory. 

The  Donnell  form  of  the  nonlinear  equilibrium  equations  for  a 
cylindrical  shell  subjected  to  edge  loading  and  to  surface  pressure 
P = P (s.  6 ) are  given  by 


3N 


dx 


3N 


ex 


ds 


= o 


o 
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aZMx  ^2Mex  dZMe\  Ne  9<Nx^e)  a(Nxe  px)  (i. 26.33) 

* 2 + rr'5  9x  55 


9x,2 


3x  3s 


3s ‘ 


ilNex^e)  8(Ne0*>  = 


9s 


9s 


where  s is  circumferential  coordinate  given  by 
s = R6 
9s  = R9  6 

The  elastic  relations  for  the  Donnell  form  of  the  equations  are 

Et 


Nx  = 


Ne  - 


1 - K 
Et 
1-KJ 


2 (<*+»A€e) 
-(fe  + Mx) 


nx  e = n6x  = 


Et 


2(1  + H ) xe 


Mx  = D<‘x  Ke  > 


Me  = D(Ke  + * Kx) 

D(1  - K ) K 


M = Mft  = 
xfl  ox 


X0 


where  the  flexural  rigidity  of  the  shell  is  given  by 

D = Et3/  1 1 2 (1-H2)] 

The  kinematical  relations  are 

9u  . 1 / 9w\2 


£ - 
X 


_ 9u  1 / 9w\ 

9 x 2 ' 8x' 


(1. 26-34) 


9 v w 1 / 9w  \ 

= 9s"  + +~2~  \9s  / 
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< _ 9u  9v  aw  aw 

fxe  - — - + — + — — 

9 s 9x  9 x ds 


4>  = 

X 


4>  = 
0 


gw 

9s 

8 w 

9 x 


(1.26-35) 
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With  these  relations,  the  equilibrium  equations  may  be  expressed 
in  the  final  form: 


9N. 


9N 


X0 


9 s 


= 0 


9N 


*0 


9 x 


9N 

+ ^=0 

9 s 


(1.  26-36) 


where 


2 4 ^ 0 a2w 

(D/R  )V  w + — — + N + 2N 


a 2 
9 w 


92w 


9x* 


xe  97^T+  Ne  To7  = P 
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9 x*  9x2902  9 6^ 


116 


Eqs.  1.26-36  may,  of  course,  be  explicitly  expressed  in  terms  of 
displacements  u,  v,  and  w,  which  in  this  case  would  represent  three 
nonlinear  differential  equations  in  nondimensional  displacement  variables. 
Within  the  limitation  of  their  accuracy  they  determine  all  linear  and  non- 
linear equilibrium  paths  for  the  cylinder.  The  corresponding  linear 
differential  equations  of  equilibrium  identical  to  those  presented  in 
Section  1.13.4-D  are  obtained  from  the  above  expressions  by 
omission  of  all  rotation  terms  in  Eqs.  1.  26-35  and  1.  26-36. 

The  Donnell  equations  form  the  basis  for  a simplified  version  of 
cylinder  stability  equations  which  will  be  discussed  in  the  next  section. 

In  addition,  the  Donnell  equations  in  their  homogeneous  form  have  been 

widely  used  for  problems  of  circular  cylinders  subjected  to  line,  con- 
centrated and  arbitrary  edge  loads.  A review  of  such  solutions  is 
presented  in  Ref.  1-51. 

The  system  of  equations  that  has  been  described  is  suitable  for 
determining  displacements  and  stresses  corresponding  to  equilibrium 
configurations.  To  determine  whether  solutions  of  these  equations 
represent  stable  or  unstable  states  of  equilibrium,  it  is  necessary  to 
study  the  second  variations  of  the  potential  energy  expression  V 
(Eq.  1.24-12).  The  discussion  of  stability  and  buckling  of  shells  is  pre- 
sented in  the  next  section. 
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1.27  SUMMARY 


In  this  section,  the  equilibrium  equations  for  shells  based  on  the 
concepts  of  nonlinear  elasticity  were  derived.  The  principle  of  potential 
energy  was  introduced  and  the  use  of  variational  techniques  for  obtaining 
the  so-called  "large  deflection"  equilibrium  equations  for  shells  was 
indicated.  In  addition,  a simplified  set  of  nonlinear  equations  frequently 
used  in  analyzing  cylindrical  shells  was  presented. 

The  concepts  and  equations  presented  in  this  section  will  be  used 
in  presenting  the  stability  theory  of  shells  described  in  the  next  section. 
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1. 30  STABILITY  THEORY  OF  SHELLS 


1.31  INTRODUCTION 

In  the  previous  section,  the  governing  nonlinear  equations  which 
determine  the  various  equilibrium  portions  of  a shell  were  derived. 
Possible  equilibrium  configurations  which  a shell  can  assume  are 
stable,  neutral,  and  unstable  equilibrium.  Therefore,  in  considering 
the  problem  of  elastic  equilibrium,  it  is  necessary  to  consider  the 
stability  of  the  equilibrium  configurations  as  well.  It  is  essential  to 
observe  that,  when  there  are  several  possible  positions  of  equilibrium, 
that  position  which  is  given  by  the  classical  theory  of  elasticity  is 
ordinarily  unstable.  The  problem  of  shell  buckling  involves  the  deter- 
mination of  the  particular  values  of  the  loading  parameter  at  which 
various  equilibrium  positions  are  possible. 

In  a linear  shell  theory,  displacements  are  proportional  to  loads. 

The  essence  of  shell  buckling,  however,  is  a disproportionate  increase 
in  displacement  resulting  from  a small  increase  in  load.  It  becomes 
obvious  that  a nonlinear  shell  theory  is  required.  Thus,  shell  buckling 
is  fundamentally  a subtopic  of  nonlinear  shell  theory. 

The  stability  of  shells  can  be  determined  from  the  equilibrium  equa- 
tions of  nonlinear  shell  theory.  Derivation  of  the  nonlinear  equations  for 
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shells  of  arbitrary  shape  were  presented  in  the  previous  section.  Other 
forms  may  be  found  in  many  references,  e.g.  , Mushtari  and  Galimov 
(Ref.  1-52),  and  Sanders  (Ref.  1-53). 

An  excellent  survey  of  work  in  shell  buckling  was  presented  by  Fung 

and  Sechler  (Ref.  1-54).  A comprehensive  description  of  research  in 

progress  may  be  found  in  the  1962  NASA  collection  of  papers  on  shell 
stability  (Ref.  1-55).  Most  attempts  to  obtain  solutions  to  the  equations 
for  the  buckling  of  shells  have  for  the  most  part  been  restricted  to  only  two 
shell  shapes,  the  cylinder  and  the  shallow  spherical  cap.  The  problem  of  the 

cylindrical  shell  will  be  utilized  freely  in  subsequent  discussion  to  illustrate 
the  various  methods  used. 

In  principle,  buckling  loads  for  shells  can  be  determined  by  suitably 
plotting  all  equilibrium  paths  given  by  the  solutions  to  the  nonlinear  equi- 
librium equations,  and  observing  the  lowest  load  at  which  large  lateral 
displacements  result  from  small  increases  in  applied  load.  Because  of  the 
obvious  difficulty  of  such  a procedure,  it  is  usually  preferred  to  determine 
only  those  particular  points  of  the  paths  at  which  the  equilibrium  changes 
from  a stable  to  a neutral  state.  To  be  more  precise,  the  first  appearance 
of  a possible  bifurcation  in  the  solution  corresponds  to  the  critical  load. 

That  is,  assume  that  some  load  on  the  shell  is  the  critical  load;  then, 
according  to  this  criteria,  two  possible  infinitely  close  positions  of 


equilibrium  exist.  Two  equivalent  methods  of  the  theory  of  elastic  stability 
have  been  developed  for  determining  the  critical  loads;  the  adjacent  equi- 
librium  theory  and  the  minimum  potential  energy  theorem  (Ref.  1-9).  The 
use  of  these  methods  for  obtaining  the  shell  stability  equations  will  be 
illustrated  in  this  section. 
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1.32  CONCEPT  OF  STABILITY 


Before  developing  the  shell  stability  equations,  it  may  be  worthwhile 
to  briefly  discuss  the  nature  of  the  buckling  process.  It  will  be  convenient 
to  examine  the  load  displacement  characteristics  of  a representative  shell 
model  to  introduce  the  concept  of  stability  as  related  to  shells.  For  purposes 
of  illustration,  consider  the  shallow  spherical  shell,  shown  in  Fig.  1.32-la, 
clamped  at  the  outer  edge  and  subjected  to  uniform  external  pressure.  The 
displacement  A at  the  apex  of  the  shell  will  now  be  studied  as  a function  of 
the  applied  load  P.  It  will  be  assumed  that  representative  but  hypothetical 
load  displacement  curves  for  this  model  are  given  in  Fig.  1.32-lb.  The 
curves  are  introduced  for  discussion  purposes  and  do  not  necessarily 
represent  the  actual  physical  solutions.  Each  position  plotted  in  Fig.  1.32-b 
represents  an  equilibrium  configuration.  Points  not  on  the  line,  of  course, 

represent  nonequilibrium  configurations.  The  line  itself  is  called  an  equi- 
librium path. 

In  linear  shell  theory,  the  load  is  proportional  to  the  displacement, 
and  the  load  displacement  curve  is  a straight  line,  as  shown  by  dashed  line 
OL  in  Fig.  1.32-lb.  Since  yielding  and  large  rotations  are  excluded,  the  line 
extends  indefinitely  in  the  direction  indicated.  Branching  or  bifurcation  can 
occur  from  a linear  elasticity  path  if  rotation  free  equilibrium  configurations 
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FIG.  1.32-1 
VIEW  (a) 


VIEW  (b) 


exist  for  nonzero  values  of  the  load.  A bifurcation  point  is  illustrated  by 
D'  in  Fig.  1,32-lb.  The  second  path  can  slope  upward,  downward,  or 

horizontal,  depending  on  the  shell  configuration. 

In  general,  the  rotations  of  the  elements  of  the  shell  effect  the  con- 
ditions of  equilibrium.  When  this  effect  is  taken  into  account,  the  condition* 
of  equilibrium  are  given  by  a system  of  nonlinear  equations.  The  resulting 
nonlinear  load-displacement  curve  is  illustrated  by  the  solid  line  OABC 
in  Fig.  1.32-lb. 

It  should  be  noted  that  the  displacement  A corresponding  to  a given 
load  P is  not  unique  unless  P > PA  or  P < Pfi.  The  behavior  of  the  shell 
depends  on  whether  P or  A is  the  controlled  variable.  Under  a controlled 
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displacement  A (if  this  were  possible),  the  equilibrium  path  is  followed  over 
its  entire  length,  with  the  load  P undergoing  an  appropriate  decrease  from  A 
to  B.  However,  if  P is  the  controlled  variable,  a small  increase  in  P above 
the  value  PA  causes  the  shell  to  jump  from  point  A to  point  C without  follow- 
ing the  path.  This  large  increase  in  displacement  from  a small  increase  in 
applied  load  is  termed  buckling.  The  load  PA  is  called  the  critical  load. 

For  some  shell  configurations  it  is  possible  that  there  are  two  (or 
more)  equilibrium  paths  between  O and  C.  The  configurations  represented 
by  points  along  OABC  are  axisymmetric.  Those  along  equilibrium  path 
ODEC  are  antisymmetric.  Points  at  which  an  equilibrium  path  splits  into 

two  branches  are  called  branch  points  or  bifurcation  points.  They  are 
denoted  by  small  dots,  as  indicated.  Buckling  occurs  at  P = PD. 

During  buckling  the  shell  can  move  along  a nonequilibrium  path  from  D to 
a point  lying  between  B and  C,  viz.  , E. 

A point  in  the  equilibrium  paths  in  Fig.  1.32 -lb  represents  a condition 
of  stable,  neutral,  or  unstable  equilibrium,  depending  upon  whether  the  slope 
of  the  curve  at  the  point  is  positive,  zero,  or  negative.  For  example,  points 
between  O and  A and  between  B and  C on  the  line  OABC  represent  stable 
configurations  whereas  those  between  A and  B represent  unstable 
configurations. 
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1.  33  ADJACENT  EQUILIBRIUM  METHOD 

The  adjacent  equilibrium  theory  is  based  on  the  observation  that  at 

a critical  load  a second  infinitesimally  adjacent  configuration  exists  for  the 
same  load.  Therefore,  the  appearance  of  a possible  bifurcation  in  the 
solution  corresponds  to  the  critical  load.  This  criteria  for  determining 
critical  loads  will  be  used  to  obtain  the  differential  equations  representing 
stability  of  shells. 

Denote  u°  , v°,  w°  , the  prebuckled  displacements  corresponding  to 
the  initial  equilibrium  position  which  becomes  unstable  when  the  critical  or 
buckling  load  is  reached.  The  displacements  corresponding  to  the  new 
adjacent  position  occurring  at  buckling  would  then  be  represented  by 

u = u#  + Xu 

V = V*  + Xv  (1. 33-1) 

w = w ° + Xw 

where  u,  v,  w represent  arbitrary  admissible  displacement  functions 
which  satisfy  appropriate  laws  of  continuity,  finiteness,  and  comply  with 
the  constraints.  The  parameter  X is  an  infinitesimally  small  quantity  inde- 
pendent of  shell  coordinates.  Thus,  Xu,  Xv,  Xw  are  the  incremental  displace- 
ments to  which  positions  on  a shell  shift  from  the  initial  configuration  to  the 
new  adjacent  position. 
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Now  apply  the  nonlinear  equations  of  equilibrium  derived  in  the 
previous  section  (Eq.  1.25-29)  to  the  second  position  of  equilibrium  of  the 
shell.  With  the  observation  that  u°,  vp  , w°  are  solutions  to  the  nonlinear 
equilibrium  equations,  introduction  of  Eq.  1.33-1  into  the  equilibrium 
Eq.  1.25-29  with  the  omission  of  terms  containing  the  factor  \ to  a degree 
higher  tnan  the  second  results  in  the  following  stability  equations  for  the 
shell: 


(1.33-2a) 
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where  (— ) represents  the  contribution  to  the  quantities  (N  and  M)  resulting 
from  the  incremental  displacements  u,  v,  w.  The  N and  M terms  are 
obtained  from  Eq.  1.23-10. 

For  a cylindrical  shell,  utilizing  the  approximations  of  the  Donnell 
theory  discussed  earlier  (Section  1.26),  the  above  stability  equations  for 
cylindrical  shells,  in  terms  of  axial  and  circumferential  coordinates  x,  and  s 
are  of  the  form 
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(1.33-3  cont) 
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and  the  increment  in  nondimensional  forces  resulting  from  the  incremental 
displacements  are 
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When  Eq.  1.33-4  is  substituted  into  Eq.  1.33-3,  the  latter  represents 
three  linear  differential  equations  in  u,  v and  w with  variable  coefficients 
corresponding  to  displacements  u° , v®  , w®  which  represent  solutions  for 
the  initial  positions  of  equilibrium.  Since  no  restriction  has  been  placed 
on  u® , v®,  and  w®  the  stability  equations  permit  the  determination  of  critical 
loads  whether  the  initial  equilibrium  paths  are  linear  or  nonlinear. 

This  procedure  results  in  the  replacement  of  nonlinear  differential 
equations  of  equilibrium  by  linear  differential  equations  of  stability.  How- 
ever, in  general,  u®  , v®  , w°  are  solutions  of  the  original  nonlinear  set; 
hence,  Eq.  1.33-3  is  of  little  use  without  additional  simplifying  restrictions. 
The  most  common  simplification  is  to  apply  the  equations  of  classical  shell 
theory  to  the  initial  position  of  equilibrium  such  that  u®,  v* , w®  are 
restricted  to  points  along  the  linear  elasticity  path.  This  approximation 
assumes  that  angles  of  rotation  which  correspond  to  the  initial  position  of 
equilibrium  are  of  the  same  order  as  strains.  Thus,  the  coefficients  u , 
v°  t w°  are  given  by  the  solution  of  the  linear  equilibrium  equations  instead 
of  the  nonlinear  ones.  This  restriction  of  u" , v® , w®  to  points  along  the 
linear  elasticity  path  is  the  distinguishing  characteristic  of  linear  stability 
theory.  A further  simplification  is  usually  introduced  in  linear  stability 
analysis.  Since  it  is  assumed  that  classical  theory  is  applicable  to  the  pre- 
buckled state,  then  for  consistency,  all  terms  explicitly  containing  prebuckled 
rotations  can  be  omitted  from  Eq.  1.33-2. 
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If  these  terms  are  neglected,  the  stability  equations  (1.  33-3)  reduce 


to  the  form 
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Eq.  1.33-5  are  referred  to  as  the  Donnell  stability  equations  in  coupled 
form.  They  may  be  written  in  terms  of  admissible  displacement  components 
u,  v,  w by  substitution  of  Eq.  1 . 33  - 1 into  Eq.  1.33-5. 


A more  familiar  uncoupled  form  is  obtained  by  suitable  differentiation 
and  recombination  (Ref.  1-44)  to  yield: 


RV4u  = - P 


33  w a3 w 


a 3 

x 


3x3s 


4- 


DV8  \v  + 


Et  a4w 


+ v 


R2  9x4 


_ 2- 
3 w 


3 — 

3 - 

3 w 

3 w 

2 

‘ 3 

3x  3s 

3s 

2 — 

3 w 

(1. 33-7) 


32w 


N® 

x 


+ 2N® 
x6 


+ N‘ 


3x 


3x3s 


0 2 
3s 


= 0 


Thus,  for  linear  stability  theory,  the  prebuckled  displacements  u , v , 
w®  are  obtained  by  solution  of  the  linear  shell  equilibrium  equations  from 
the  linear  theory  (Paragraph  1.13-4-D)  with  prescribed  boundary  conditions. 
These  quantities  are  known  functions  of  shell  coordinates  x and  8 and  of  the 
magnitude  of  the  applied  load.  By  substituting  these  functions  into  Eq.  1.33-7 
a set  of  linear  homogeneous  differential  equations  is  arrived  at  for  u,  v, 
and  w. 

The  resulting  system  has  a nontrivial  solution  only  for  certain  definite 
values  of  the  load  parameter.  These  values  represent  the  characteristic 
values  of  the  system.  To  each  such  characteristic  value,  there  corresponds 
a point  of  bifurcation  of  the  solution  of  the  equations. 
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The  boundary  conditions  prescribed  must  be  satisfied  at  both  the 
initial  and  adjacent  positions  of  equilibrium.  As  shown  by  Novozhilov 

(Ref.  1-10),  for  geometric  boundaries,  a set  of  homogeneous  boundary  con- 
ditions result  for  u,  v,  w. 

This  adjacent  equilibrium  method  is  a basic  technique  for  investigating 
elastic  stability  and  reduces  the  problem  of  finding  critical  loads  to  that  of 
determining  the  characteristics  of  a system  of  linear  homogeneous  differ- 
ential equations  with  prescribed  boundary  conditions. 
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1.34  ENERGY  METHOD 


The  adjacent  equilibrium  method  has  the  advantage  of  yielding  exact 
solutions.  However,  the  mathematical  complexity  is  such  that  it  is  more 
convenient  in  many  instances  to  use  a different  criterion.  For  this  purpose, 
the  so-called  potential  energy  method  will  be  adopted  for  determination  of 
buckling  loads.  The  minimum  potential  energy  theory  of  stability  is  based 
on  the  observation  that  the  total  potential  energy  of  a loaded  shell  is  a 
relative  minimum  for  stable  configurations  along  the  equilibrium  paths  but 
is  only  stationary  for  unstable  configurations.  Recall  from  Section  1.24 
that  displacement  functions  which  made  the  potential  energy  stationary 
corresponded  to  equilibrium  positions.  This  characteristic  was  utilized 
in  obtaining  the  nonlinear  equilibrium  equations;  however,  it  was  not  possible 
to  determine  whether  the  potential  energy  was  a minimum,  thereby  char- 
acterizing a stable  configuration.  The  critical  load  on  the  shell  can  thus 
be  defined  as  the  lowest  load  at  which  the  total  potential  energy  ceases  to 
be  a relative  minimum  for  configurations  along  the  equilibrium  path.  The 
magnitude  of  the  critical  load  may  be  determined  by  consideration  of  the 
second  variation  of  the  total  potential  energy  expression.  The  equilibrium 
is  stable  only  if  the  second  variation  of  the  total  potential  energy  is  positive 
definite. 
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The  second  variation  expression  using  results  of  Section  1.24  is 


given  by 
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The  strain  and  stress  equations  (1.25-18  and  -21,  respectively)  can 
be  substituted  into  the  above  to  yield  an  expression  in  terms  of  the  displace- 
ment functions  u° , v° , and  w*  and  admissible  increments  Q,  v,  and  The 
resulting  expression  consitutes  a second  variation  expression  suitable  for 
examination  of  the  stability  of  any  configuration  along  the  equilibrium  path. 
These  equations  are  the  energy  counterpart  of  the  differential  equations 
of  stability  (Eq.  1.33-2)  presented  earlier.  In  fact,  for  a shell  in  a position 
of  neutral  equilibrium,  the  second  variation  expression  vanishes;  and  the 
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appropriate  integration  by  parts  of  Eq.  1.34-9,  noting  arbitrage. s of 
the  increments  H.  v,  and  w,  would  result  in  the  identical  stability  equations 

described  by  Eq.  1.33-2. 

The  energy  counterpart  of  the  Donnell  stability  equation  for  cylindrical 

shells  can  be  obtained  by  substituting  strain  terms  (Eq.  1.25-19)  into  the 

second  variational  energy  expression.  Neglecting  prebuckling  rotations 

P ° and  P in  the  expression  (Eq.  1.34-9)  results  in  the  second  variation 
1 2 

of  the  potential  energy  of  the  form  (integrating  over  the  thickness): 


where 

R = the  middle  surface  radius, 

k = 1/12  (t/R)2. 
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are  recalled  from  Eq.  1.26-34. 

According  to  the  Treffty  condition  (Refs.  1-24  and  1-55),  the  limit  of 
positive-definiteness  of  the  second  variation  expression  is  determined  by 
the  Euler  equations  for  the  integral,  where  the  variations  are  taken  with 
respect  to  u,  v,  and  w.  Determination  of  the  Euler  equations  for  the  integral 
in  Eq.  1.34-10  again  yields  the  Donnell  stability  equations  (Eq.  1.33-3). 

In  summary,  all  linear  and  nonlinear  equilibrium  paths  for  shells  can 
be  determined  from  the  nonlinear  differential  equations  of  equilibrium 
(Eq.  1.25-29)  from  the  previous  section.  Complete  determination  of  the 
equilibrium  paths  of  course  determines  maximum  and  bifurcation 
points.  Due  to  mathematical  complexity,  it  is  difficult  to  obtain  complete 
solutions  to  the  nonlinear  equations.  The  differential  equations  of  stability, 
(Eqs.  1 . 33  -2a  -c)  or  their  energy  counterpart  (Eq.  1.34-10)  permit  deter- 
mination of  only  those  particular  points  along  the  path  at  which  the  equi- 
librium changes  from  stable  to  neutral.  The  linear  stability  equations 
determine  such  points  along  the  linear  elasticity  path.  To  illustrate  the 
significance  of  these  various  equations,  two  kinds  of  analyses  for  the  axially 
compressed  cylinder  are  examined  in  the  following  section.  In  one  kind, 
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nonlinear  equilibrium  paths  are  determined  by  approximate  solution,  of  the 
equilibrium  equations.  In  the  other  kind,  critical  points  on  the  nonlinear 
equilibrium  path  are  determined  by  approximate  solutions  of  the  stability 
equations.  These  developments  will  proceed  within  the  framework  of  the 
discussion  on  the  discrepancy  between  theoretical  results  and  experimental 

values. 
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1.  35  "CLASSICAL"  BUCKLING  ANALYSIS 


Previously,  the  shell  stability  equations  were  obtained  from  the  non- 
linear equilibrium  equations  by  use  of  the  adjacent  equilibrium  method. 

In  general,  the  resulting  equations  are  a set  of  linear  homogeneous  differ- 
ential equations  with  variable  coefficients.  These  coefficients  represented 
solutions  for  the  initial  or  prebuckled  state  with  loading  magnitudes  implicit 
in  the  solution.  The  critical  or  buckling  loads  can  be  obtained  from  these 
equations  by  solution  of  the  associated  eigen  or  characteristic  value  prob- 
lem. To  illustrate  the  procedure  involved,  consider  the  so-called  classical 
buckling  problem.  In  particular,  the  (classical)  buckling  loads  of  axially 
loaded  (perfect)  cylindrical  shells  will  be  determined  from  the  solution  of 
the  Donnell-type  stability  equations. 

The  stability  equations  from  a nonlinear  prebuckling  form  were  given 
by  Eq.  1. 33-3.  Let  us  consider  now  the  problem  of  an  axially  compressed 
cylinder  that  is  perfect  before  it  is  loaded.  In  this  case,  the  prebuckled 
deformation  is  axisymmetric,  therefore,  from  Eq.  1.33-1 

u°  = u°  (x) 

V°  = 0 (1.  35-11) 

W°  = w°  (x) 

and  Eq.  1.  33-3  simplifies  to 


3N  9Nx9 

+ — = 0 


(1.35-12) 
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with  similar  simplification  of  Eq*  1.33-5. 

The  prebuckled  displacements  are  obtained  by  specializing  the  non- 
linear equations  of  equilibrium  for  axial  symmetry,  as  follows 


4 o N*  2 o 

9x  dx 


(1.35-13) 


Because  of  the  special  circumstance  that  a uniform  compressive  load  is 
applied  only  at  the  end  of  the  cylinder,  the  nonlinear  equations  become 
linear  constant  coefficient  equations  since 

N ° = constant  = + P (applied  compressive  end  load)  (1.  35-14a) 


V*  ■tTr-"p 
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In  the  classical  buckling  problem,  it  is  assumed  that  the  cylinder 
ends  are  unrestrained  until  buckling  occurs,  then  it  becomes  simply 
supported.  Thus,  for  these  special  boundary  conditions,  the  prebuckled 
configurations  obtained  from  the  solution  of  Eq.  1.35-13  becomes 


o 

w 


(1. 35-15) 


and 

Ne°  = 0 


The  solutions  indicate  a rotation-free  equilibrium  condition.  For  this 
special  case,  the  solution  to  the  nonlinear  and  linear  equilibrium  paths 
coincide.  For  this  problem,  stability  is  determined  from  the  simplified 
equation  obtained  by  substitution  of  Eqs.  1.35-14  and  1 5 into  Eq.  1.35-12. 
The  resulting  equations  can  be  combined  to  yield  a simple  eight  order 
equation  {Ref.  1-19)  of  the  form 


dv8w  + pv4  + 

dx2 


Et 

2 


4_ 
d w 

7? 


= 0 


(1.  35-16) 


Determination  of  the  smallest  P for  the  nontrivial  solution  of 
Eq.  1.35-16,  in  accordance  with  the  adjacent  equilibrium  theory,  yields 

the  associated  bifurcation  points  along  the  nonlinear  and  linear  equilibrium 
path. 
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A solution  of  Eq.  1.35-16  that  satisfies  the  boundary  conditions  of 


simple  support  at  the  end  of  the  cylinder  is 


* . httx  s 

w = A sm  — — cos  m — 

L R 

Substitution  of  Eq.  1.  35-17  into  the  stability  equation  (Eq. 

the  following  stability  criteria  for  the  nontrivial  solution, 
minimization  with  respect  to  integers  m and  n 


(1.  35-17) 

1.  35-16),  yields 
after  appropriate 


P = (Nx°) 

cl 


Et 


v6(l-n2)  R 


(1.  35-18) 


This  criteria  is  called  the  "classical  buckling  load"  in  the  literature. 

In  the  analyses  discussed,  the  conditions  of  no  edge  restraint  resulted 
in  considerable  simplification  of  the  buckling  problem  for  the  assumption 
that  the  effect  of  boundary  conditions  had  little  effect  on  buckling, 
especially  for  lohg  cylinders.  If  the  cylinder  shell  has  edge  restraint 
throughout  its  loaded  configuration,  solution  of  Eq.  1.  35-13  will  not  result 
in  a constant  deformation,  w,  but  will  be  a function  of  x.  Substitution  of 
the  prebuckled  deformation  into  Eq.  1.35-12  results  in  a more  complicated 
form,  since  the  selection  of  the  eigenvalue  problem  requires  consideration 
of  variable  coefficients  in  the  differential  equations.  The  influences  of 
these  edge  restraints  on  prebuckling  deformations  and,  consequently, 
buckling  loads  will  be  discussed  in  the  next  section.  A similar  approach 
can  be  used  in  obtaining  classical  linear  buckling  loads  for  spherical  and 
and  conical  shells  (Ref.  1-26). 


141 


1.  36  DISCREPANCY  BETWEEN  THEORETICAL  AND  EXPERIMENTAL 

RESULTS 

The  solution  of  the  linear  stability  equation  Eq.  (1.35-16)  for  a 
cylinder  under  axial  compression  yields 

a * 0.606  (1.36-19) 

cl  R 

This  value  is  called  the  "classical  buckling  stress.  " It  represents  the 
lowest  bifurcation  point  on  the  linear  elasticity  path,  as  illustrated  by 
Fig.  1,  36-1.  This  theoretical  value  is  compared  with  the  experimental 
test  data  (Ref.  1-56)  for  axially  compressed  cylinders  in  Fig.  1.36-2.  As 
can  be  seen,  there  is  a serious  disagreement  between  the  results  of 
classical  and  experiment  stress  for  the  buckling  of  isotropic  cylindrical 
shells.  Similar  discrepancies  can  be  observed  for  other  shell  shapes  and 
loading  conditions.  Many  investigators  have  attempted  to  explain  this 
discrepancy. 

One  of  the  most  significant  of  the  early  investigations  was  performed 
by  Von  Keirm^n  and  Tsien  (Ref.  1-57)  who  first  used  nonlinear  shell 
theory  to  investigate  the  large  deflection  behavior  of  an  axially  compressive 
cylinder.  These  investigators  attempted  to  determine  the  nonlinear 
equilibrium  path  that  branches  off  at  the  linear  theory  bifurcation  point. 

In  their  analysis,  they  chose  to  determine  the  nonlinear  branch  by  use  of 
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FIG.  1.36-1.  Linear -Theory  Bifurcation  Point 
for  the  Axially  Compressed  Cylinder 
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FIG.  1.36-2.  Axially  Compressed  Cylinder  Test  Data 
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the  potential  energy  expression  and  a Raleigh-Ritz  approach  rather  than  by 
solution  of  Eqs.  1.35-12  and  -13.  For  a displacement  function,  w,  these 


investigators  assumed  an  expression 


w - a^g  + cos  (mTTX)  cos  (nTT®)  + cos  (2rmrx)  + a^  cos  (2nTT0) 

(1.  36-20) 


where  m and  n are  wavelength  parameters  and  the  ay's  are  constants. 
Substitution  of  Eq.  1.  36-20  into  the  appropriate  form  of  the  potential 
energy  expression  (Ref.  1-57)  yields  a quartic  polymonial  in  the  ay's. 
For  equilibrium  (see  nonlinear  theory  section),  the  requirement  that 


(1. 36-21) 


must  be  satisfied.  The  results  showed  that  existence  of  finite  deflection 


equilibrium  configurations  at  loads  considerably  less  than  the  classical 
buckling  load  occurred.  The  results  obtained  by  Von  Kirman  and  Tsien  are 


given  by  the  curve  in  Fig.  1.  36-3. 

Several  investigators  have  extended  the  Von  Karman-Tsien  analysis 
in  order  to  determine  the  effect  of  inclusion  of  more  degrees  of  freedom 
in  the  assumed  deflection  function  for  the  Raleigh-Ritz  analysis.  Curve  A 
in  Fig,  1.  36-4  is  the  result  of  critical  load  obtained  by  Kempner  (Ref.  1-58); 
curve  B is  the  results  obtained  by  Almroth  (Ref.  1-59).  It 


was  hoped  that  a minimum  postbuckling  load  could  be  established  from  such 


an  approach.  However,  in  recent  studies  performed  by  Hoff  at 
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Stanford  University  (Ref.  1-60),  postbuckling  equilibrium  configurations 
approaching  a zero  loading  condition  were  obtained  using  a refinement  of 
this  approach. 

Although  these  analyses  determined  the  nonlinear  equilibrium  path, 
it  did  not  change  the  bifurcation  point  load.  Tests  show  that  the  cylinder 
jumps  from  the  unbuckled  configuration  to  one  of  the  nonlinear  branches 
without  passing  through  the  linear  theory  bifurcation  point.  There  has 
been  much  speculation  concerning  the  cause  of  this  cylinder  jump  and  the 
resulting  discrepancy  between  observed  and  calculated  loads.  Weak 
stability  has  been  one  of  the  first  explanations  suggested  as  to  a possible 
cause  of  the  jump.  (Ref.  1-57. ) Von  Kirma'n  and  Tsien  showed  that  the 
stability  of  an  axially  compressed  cylinder  is  weak,  and  suggested  that 
accidental  vibrations  of  the  test  machine  or  disturbances  in  the  laboratory 
caused  the  cylinder  to  jump  over  a potential  barrier  to  a lower  load. 

This  suggestion  was  a reasonable  one,  however,  various  test  programs 
conducted  since  the  work  of  Von  Karmen  and  Tsien  have  strongly 
indicated  that  accidental  disturbances  are  not  the  major  reason  for  the 
reduction  in  critical  loads  in  laboratory  tests  (Ref.  1-59),  This  is  not 
meant  to  imply  that  the  loss  of  stability  due  to  external  disturbances  is 
not  an  important  design  consideration,  but  simply  that  it  is  not  believed 
to  be  an  important  factor  in  ordinary  laboratory  buckling  tests. 
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Von  Karman  and  Tsien  also  suggested  that  imperfections  which  were 
inevitable  in  manufacture,  such  as  initial  shape  irregularities  in  the  test 
cylinder,  might  cause  a roundoff  of  the  sharp  peak  between  the  linear 
and  nonlinear  branches  of  the  load-displacement  curve,  and,  thus,  result 
in  a lower  maximum  point. 

To  perform  an  initial  imperfection  analysis  for  cylindrical  shells, 
it  is  necessary  to  modify  the  nonlinear  equations  of  equilibrium  for  slightly 
noncylindrical  shells.  The  nonlinear  equations  of  the  imperfect  cylinder 
(Eq.  1.33-3)  become  (Ref.  l-6l) 


where  w#  is  the  initial  imperfection  from  the  cylinderical  form;  w#  would 
also  cause  a modification  in  the  form  of  the  strain  displacement  relations. 

The  initial  imperfectic..,  w*,  in  these  equations  is  an  arbitrary 
function  of  x and  0.  Solution  of  the  equations  for  a particular  w*  deter- 
mines the  corresponding  nonlinear  equilibrium  path  and  critical  load. 

A systematic  study  of  various  initial  shapes  will  firmly  establish  the  role 
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of  initial  imperfections  in  buckling  analysis.  A general  evaluation  of  various 
values  of  w*  has  not  been  performed  to  date  due  to  the  mathematical  diffi- 
culties involved.  However,  two  specialized  initial  imperfection  analyses 
of  particular  significance  have  been  reported  in  literature. 

In  1950,  Donnell  and  Wan  (Ref.  1-62)  presented  analysis  with  con- 
sideration of  an  initiator  imperfection  of  the  form 


W "T  w (1.  36-23) 

where  K is  an  imperfection  constant.  This  form  does  not  represent  a 
particular  initial  shape  but  probably  does  represent  one  of  the  most 
influential  imperfections  for  each  equilibrium  configuration.  Instead  of 
attempting  to  solve  Eqs.  1.  36-22,  Donnell  and  Wan  used  the  correspond- 
ing potential  energy  expression  and  the  Raleigh-Ritz  procedure  for  their 
analysis.  Donnell  and  Wan  selected  a displacement  function  of  the  general 
form  of  Eq.  1.  36-20  and,  following  a similar  procedure  as  Von  Karman 
and  Tsien,  were  able  to  determine  a nonlinear  equilibrium  path  for  a 
given  imperfection  parameter,  K.  The  results  of  their  analysis  is  shown 
in  Fig.  1.  36-5.  The  critical  load  for  cylindrical  shells  is  characterized 
by  a maximum  point  on  a nonlinear  path.  Although  the  Donnell  and  Wan 
results  substantially  contribute  to  an  understanding  of  the  role  of 
jm perfections,  the  analysis  has  two  limitations:  (1)  relatively  few 
degrees  of  freedom  were  considered  in  the  Raleigh-Ritz  analysis  and, 
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FIG.  1.36-5.  Load- Displacement  Curves  for  Imperfect  Cylinders 
as  previously  noted,  (2)  the  imperfection  does  not  represent  a particular 
initial  shape. 

An  imperfection  analysis  which  does  represent  a particular  initial 
shape  was  reported  by  Koiter  in  Ref.  1-63.  The  solution  of  the  nonlinear 
equations  can  be  significantly  simplified  by  considering  initial  imperfec- 
tions to  be  axisymmetric.  As  shown  in  Section  1.  35,  such  a specialization 
of  the  set  of  nonlinear  partial  differential  equations  yields  a set  of  non- 
linear ordinary  differential  equations.  For  the  particular  case  of  an 
axially  loaded  cylinder  the  fact  that  Nx°  = P,  (a  constant),  for  any 
prebuckled  displacement  wQ  = wQ(x)  yields  a set  of  linear  ordinary 
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differential  equations  with  constant  coefficients.  Eq.  1.  36-22,  with 
appropriate  modification  to  include  initial  imperfection,  can  be  solved 

explicitly  for  arbitrary  axisymmetric  imperfections.  Koiter  investigated 
the  form 

$ 

W = -pt  cos  2px  (1.  36-24) 

where  p is  amplitude  of  imperfection  as  a fraction  of  shell  thickness, 
and  p is  a wave  length  parameter.  A Galerkin  (Ref.  1-63)  procedure  was 
used  to  solve  the.  variable  coefficient  equations.  The  results  of  the 
Koiter  analysis  are  shown  in  Fig.  1.  36-6  for  the  case  where  p was 
selected  to  coincide  with  the  axisymmetric  buckled  mode  of  a perfect 
cylindrical  shell.  It  can  be  seen  that  an  initial  imperfection  amplitude 
equal  to  the  shell  thickness  is  sufficient  to  reduce  the  buckling  load  to 
onljr  20  percent  of  the  corresponding  value  for  the  perfect  cylinder. 

In  careful  tests  performed  at  Lockheed  (Ref.  1-61  and  at  the  California 
Institute  of  Technology  (Ref.  1-73),  unusually  high  buckling  loads  (85  to  90 
percent  of  classical)  have  been  obtained  when  initial  imperfections  were  care- 
fully minimized.  Brush  and  Almroth  (Ref.  1 -59)  were  able  to  repeat  buckling 

loads  intheirtests  fora  given  cylinder,  butthe  results  were  quite  different  for 
different  cylinders.  The  results  of  these  tests  and  the  analytical  result, 
described  have  given  a strong  indication  that  initial  imperfections  have 
a Serious  effect  of  buckling  loads. 


IMPERFECTION  PARAMETER,  * 

FIG.  1.36-6.  Critical  Loads  for  Imperfect  Cylinders 

A possible  cause  of  the  discrepancies  observed  between  theory  and 
the  influence  of  edge  effects  was  suggested  by  Stein  (Ref,  1-64)  and 
Fischer  (Ref.  1-65)  who  investigated  the  influence  of  prebuckled 
deformations . In  the  classical  analysis  described  in  Section  1 • 35 
the  influence  of  edge  restraint  on  prebuckling  deformation  was  neglected. 
However,  in  reality,  the  diameter  of  the  restrained  cylinder  tends  to 
increase  under  axial  compression  loading  due  to  Poisson's  ratio  effects. 
This  increase  is  prevented  at  the  ends  of  the  cylinder  by  its  boundary 
restraints.  Hence,  the  generators  of  the  cylinders  are  distorted  prior  to 
buckling  and  axial  forces  in  the  cylinder  at  the  ends  are  eccentric  relative 
to  portions  of  the  shell  wall  near  midlength.  When  this  eccentricity  is 
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considered,  the  theoretical  prebuckling  equilibrium  becomes  nonlinear. 
Stein  and  Fischer  sought  a bifurcation  point  along  this  nonlinear  path. 

The  analysis  proceeds  similarly  to  that  described  in  this  section 
except  that  the  prebuckled  deformations  obtained  from  the  solution  of 
Eq.  1.36-22  is  now  a function  of  the  x coordinate  for  restrained  boundaries. 
In  the  classical  theory,  w°  was  constant.  In  this  case,  the  resulting 
stability  equations  have  variable  coefficients  and  it  becomes  more  com- 
plicated to  determine  the  bifurcation  points.  Both  Stein  and  Fischer 
considered  simply  supported  shells  and  solved  the  equations  numerically. 
The  approaches  were  quite  similar  except  for  differences  in  the  in-plane 
boundary  condition.  Stein  assumed  zero  tangent  restraint  (Nxq  ~ 0)  at 
the  boundary,  while  Fischer  assumed  the  perhaps  more  likely  restraint 
that  the  tangential  displacement  vanishes  ( v = 0).  The  results  obtained 
were  substantially  different  as  shown  by  the  results  given  in  Fig.  1.36-7. 
These  results  appear  to  indicate  that  different  in-plane  boundary  conditions 
can  lead  to  a wide  variation  in  results.  Almroth  (Ref.  1-66)  recently 
presented  solutions  for  other  boundary  restraint  conditions. 

In  an  earlier  investigation  based  on  linear  stability  theory,  Ohira 
(Ref.  1-67)  used  boundary  conditions  similar  to  Stein  and  found  a bifurca- 
tion point  at  a relatively  low  load  along  the  linear  elasticity  path.  His 
results  are  also  shown  in  Fig.  1.  36-7.  Hoff  also  reported  lower  buckling 
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loads  based  on  linear  stability  theory  in  Ref.  1-68.  All  these  results 
show  that  the  edge  effect  can  be  a significant  factor  in  reducing  the 
theoretical  buckling  loads. 

The  results  discussed  to  this  point  have  related  to  the  buckling  of 
cylindrical  shells  under  axial  compression.  Similar  discrepancies  have 
been  observed  for  other  loading  conditions  and  shell  shapes.  For 
example,  Fig.  1.36-8  shows  a comparison  of  experimental  and  theoretical 
values  (e.  g.  , Ref.  1-72),  for  the  case  of  a spherical  cap  under  uniform 
normal  pressure.  This  problem  has  been  treated  extensively  in  the 
literature.  Here  again  there  is  a significant  discrepancy  between  theoretical 
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FIG.  1.36-7.  Axially  Compressed  Cylinder  Bifurcation  Points 
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FIG.  1.36-8.  Consolidated  Buckling  Pressures  of  Clamped,  Shallow, 
Spherical  Shells  and  Experimental  Results 

values  and  test  data.  The  theoretical  results  shown  for  axi.ymmetrlc  • 
buckling  were  obtained  by  Budiansky  (Ref.  l-69)j  and  result,  shown  for 
an  unsymmetric  buckling  load  were  obtained  by  Huang  (Ref.  1-70). 

Additional  information  pertinent  to  the  design  and  stability  analysis 
of  shell,  may  be  found  in  the  excellent  text,  of  Gerard  (1-71),  Timoshenko 
(1-74),  Bleich  (1-75)  and  Cox  (1-76). 


154 


NASA  CR-912 


SHELL  ANALYSIS  MANUAL 


By  E.  H.  Baker,  A.  P.  Cappelli,  L.  Kovalevsky, 
F.  L.  Rish,  and  R.  M.  Verette 


Distribution  of  this  report  is  provided  in  the  interest  of 
information  exchange.  Responsibility  for  the  contents 
resides  in  the  author  or  organization  that  prepared  it. 


Prepared  under  Contract  No.  NAS  9-4387  by 
NORTH  AMERICAN  AVIATION,  INC. 
Downey,  Calif. 

for  Manned  Spacecraft  Center 
NATIONAL  AERONAUTICS  AND  SPACE  ADMINISTRATION 


For  sale  by  the  Clearinghouse  for  Federal  Scientific  and  Technical  Information 
Springfield,  Virginia  22151  — CFSTI  price  $3.00 


1.37  SUMMARY  AND  CONCLUSIONS 


The  static  nonlinear  stability  theory  of  thin  shells  has  been  discussed 
in  relation  to  its  use  in  shell  buckling  analysis.  The  stability  equation  of 
shells  were  derived  based  on  the  nonlinear  equilibrium  equation.  Certain 
well-known  approximate  solutions  of  the  nonlinear  equations  for  axially 
compressed  cylinders  were  discussed.  The  severe  discrepancy  between 
theoretical  and  experimental  results  was  noted. 

From  the  foregoing  discussions,  it  is  not  difficult  to  see  why  there 
has  been  little  agreement  between  theoretical  and  experimental  results  for 
critical  loads  of  shell  structures  since  apparently  infinitesimal  deviations  in 
boundary  conditions  and  in  the  shape  of  the  shell  yield  drastic  reduction  in 
critical  loads.  For  the  researcher,  these  results  indicate  that  he  must 
always  be  aware  of  the  problem  to  which  his  investigations  actually  apply 
and  of  the  implication  of  the  assumptions  he  makes.  Nonlinear  theory 
can  be  used  to  consider  the  influence  of  both  initial  imperfections  and 
edge  effects  in  shell  buckling  analysis.  It  is  believed  that  accurate  formula- 
tion of  a problem  in  terms  of  this  theory  and  exact  solution  of  the  equations 
would  result  in  a close  agreement  between  theoretical  and  experimental 
results.  At  present,  for  actual  practice,  however,  this  procedure  is 
prohibitively  difficult.  Nonlinear  theory  serves  to  broaden  our  knowledge 
of  shell  buckling  analysis  and  to  clarify  the  meaning  and  limitations  of 
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linear  stability  theory,  but  at  present  it  is  not  a design  tool  for  direct 
determination  of  the  buckling  load. 

The  designer  must  be  exceedingly  careful  in  applying  results  of 
analysis  and  experimentation  in  order  that  the  shell  structures  for  which 
the  results  were  obtained  apply  to  the  structures  for  which  he  is  designing. 
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2.00  PROCEDURES  FOR  STATIC  ANALYSIS 
OF  SHELL  STRUCTURES 

2.  10  INTRODUCTION 


GENERAL 

In  this  chapter  some  of  the  results  of  Chapter  1.  00  will  be  applied  to 
solve  shell  problems.  Chapter  1.  00  defined  the  structural  shell  and  several 
shell  theories,  with  their  limitations  and  ramifications.  It  was  pointed  out 
that  the  thickness  -to-radius -of-curvature  ratio,  material  behavior,  type  of 
construction  (e.  g.  , honeycomb  sandwich  or  ring-stiffened  shells),  types  of 
loadings,  and  other  factors  all  play  a role  in  establishing  which  theory  is 
applicable.  Furthermore,  shallow  versus  nonshallow  shells  required 
different  approaches  even  though  they  fell  into  the  same  thin  shell  theory. 

In  this  chapter,  nonshallow  shells  will  be  analyzed.  The  resulting 
differential  equations  for  nonshallow  shells  have  solutions  which  will  be 
tabulated  for  the  solution  of  simple  and  complex  rotationally  symmetric 
geometries  subjected  to  arbitrary  rotationally  symmetric  loads.  There 
are  certain  restraining  conditions,  called  edge  restraints,  that  the  solution 
must  satisfy.  The  edge  restraints  are  reduced  to  unit  loads  and,  by  making 
the  solution  of  the  differential  equations  satisfy  these  unit  edge  restraints, 
the  influence  coefficients  for  the 


geometry  are  obtained.  These  influence 


coefficients,  etc.  , are  then  used  to  solve  problems  that  involve  determining 
stresses,  strains,  and  displacements  in  simple  and  complex  geometries. 

In  the  following  sections,  surface  loads,  inertia  loads,  and  thermally 
induced  loads  are  included  in  the  equilibrium  equations  and  will  be  part  of  the 
so-called  "membrane  solution."  The  membrane  solutions  are  called 
"primary  solutions"  and  solutions  for  the  unit  edge  restraints  are  called 
"secondary  solutions." 

GEOMETRICAL  CONSIDERATIONS  OF  SHELL  SEGMENTS 

In  this  portion  of  the  manual,  a shell  or  the  combination  of  shells 
shown  in  Fig.  2.  10-1,  having  the  characteristics  of  (a)  nonshallow  thin  shell 
of  revolution,  (b)  rotationally  symmetrically  loaded,  and  (c)  rotationally 
symmetrical  distribution  of  materials, are  treated.  In  addition,  the 
described  procedure  is  limited  to  the  so-called  "thin"  shell  category 
described  in  Chapter  1.00. 

A thin  shell  is  defined  as  a shell  that  conforms  to  the  Navier  hypothesis 
and  the  Bernouilli-Euler  theory  of  bending.  A basic  assumption  in  this 
theory  is  that  a normal  plane  section  before  bending  remains  a normal  plane 
section  after  bending,  and  without  extension.  Also,  in  this  theory, 
anticlastic  bending  is  neglected.  A characteristic  of  a nonshallow  shell  is 
that  the  bending  moment  exists  only  in  the  neighborhood  of  the  edge  of  the 
shell  or  in  the  area  where  a concentrated  load  is  applied. 
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Novozhilov  (Ref.  2-1) 
recommends  the  criterion  that 
a thin  shell  be  defined  as  a shell 
where  the  relation  t/R  (where  t 
is  the  thickness,  and  R is  the 
radius  of  average  curvature) 
can  be  neglected  in  comparison 


FIG.  2.  10-1.  Combined  Shell  *°  unlfy*  If  this  relationship 

does  not  exist,  the  so-called  "thick”  shell  theory  may  have  to  be  used.  The 

division  into  thin  and  thick  shells  is  still  artificial  and  arbitrary  unless 

those  values  which  are  negligible  in  comparison  to  unity  are  defined.  For 

example,  if  it  is  assumed  that  the  usual  error  of  5 percent  is  permissible, 

then  the  range  of  thin  monocoque  shells  will  generally  be  dictated  by  the 

relation  t/R  < 1/20.  The  great  majority  of  monocoque  shells  commonly 

used  in  practice  are  in  the  1/1000  < t/R  < 1/50  range  which  means  that  they 

belong  to  the  thin  shell  family.  However,  as  was  noted  above,  the  division 

into  thin  and  thick  shells  is  arbitrary  and  depends  on  degree  of  accuracy  that 

is  required  for  the  solution  of  the  problem.  If  an  error  of  20  to  30  percent  is 

permissible,  the  theory  of  thin  shells  can  be  used  with  caution  even  where 
t/R  s 1/3. 


Furthermore,  only  thin  shells  with  small  deflections  in  the  elastic 
range  will  be  discussed  in  this  section  (i.  e. , the  deflection  of  the  shell  must 
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be  small  in  comparison  to  the  wall  thickness).  Loads  and  material 
restrictions  are  such  that  the  laws  of  the  linear  theory  of  elasticity  are 
applicable. 

After  the  analysis  is  conducted,  the  result  should  be  qualified  to 
ensure  that  the  deflection  is  small  in  comparison  with  the  wall  thickness. 

MEMBRANE  SOLUTION 

The  membrane  theory  for  shells  assumes  that  the  basic  resistance  of 
the  shell  to  load  is  by  inplane  tension,  compression,  and  shear.  Bending 
and  twisting  are  neglected. 

A membrane  is  a two-dimensional  equivalent  of  the  cable  that  resists 
loading  through  tensile  stresses.  This  is  illustrated  in  Fig.  2.10-2. 

The  shape  of  the  cable  or  membrane  as  defined  below  is  a function  of 
the  loading;  with  a change  or  redistribution  of  the  loading,  its  shape  immedi- 
ately will  change  to  allow  response  to  the  loading  with  tension  stresses  only. 

BENDING  FORCES  AND  THEIR  INTERACTION  WITH  MEMBRANE  FORCES 
Consider  a membrane  made  from  catenaries  as  shown  in  Fig.  2.  10-2 
which  found  its  equilibrium  position  under  the  illustrated  loading  condition. 

If  this  deflected  membrane  could  be  made  rigid  by  some  technique  and  the 
loading  reversed,  as  shown  in  Fig.  2.  10-3,  then  the  loading  will  be  resisted 
by  internal  compressive  stresses. 
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FIG.  2.  10-2.  Analogs  of  Shell 


FIG.  2.  10-3.  Shell 
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The  thin  shell  must  be  capable  of  resisting  both  tension  and  compres- 
sion. In  reality,  the  similarity  between  the  thin  shell  and  membrane  is 
not  complete,  because  of  so-called  boundary  disturbances.  For  nonshallow 
shells,  the  effects  of  edge  moments  and  shears  are  usually  localized  in  the 
region  immediately  adjacent  to  the  boundary.  (In  shallow  shells  the  edge 
effects  and  concentrated  loads  are  felt  throughout  the  entire  shell.  ) 
Consequently,  the  shell,  unlike  the  membrane,  will  also  be  able  to  resist 
some  moments,  but  this  resistance  is  not  the  prime  function  of  the  ideal 
shell. 

For  better  understanding  of  the  shell  bending  action,  the  following 
analogies  can  be  given:  A plate  supported  along  the  edges  and  loaded 
perpendicularly  to  the  plate  surfaces,  is  actually  a two-dimensional  equiva- 
lent of  a beam  supported  at  the  ends  and  loaded  perpendicularly  to  the  beam 
axis.  In  this  case  the  plate,  like  the  beam,  resists  loads  by  two-dimensional 
bending  and  shear.  Beams  resist  loads  by  one -dimensional  moment  and 
shear.  The  plate  is  a two-dimensional  surface.  A shell  is  also  a surface, 
but  is  three-dimensional.  Bending  is  resisted  by  the  shell  in  a similar 
manner  to  the  plate,  except  that  for  the  plate,  bending  is  the  main 
characteristic  resistance  and  for  a shell  it  is  only  secondary. 
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UNIT  EDGE  LOADING  METHOD  OF  SOLUTION 


The  unit-loading  method,  generally  regarded  in  practice  as  an 
economical  and  effective  way  of  solving  this  type  of  problem,  is  treated 
briefly  in  this  section.  Unit-loads,  which  will  be  defined  in  detail  in  sub- 
sequent sections,  are  unit  moment,  unit  shear,  and  unit  in-plane  edge  loads 
from  which  the  so-called  influence  coefficients  are  determined.  These 
influence  coefficients  are  used  to  build  up  solutions  of  shell  segments  (see 
Fig.  2.  10-1),  to  get  the  solution  of  a complicated  shell.  This  method  has 
the  advantage  of  being  applicable  to  most  practical  problems  because  it 
enables  the  stress  analyst  to  solve  complex  geometries  in  terms  of  com- 
binations of  known  solutions  for  simple  geometries.  This  is  done  by  sub- 
stituting the  complex  geometry  by  cones,  spheres,  cylinders,  tori,  etc., 
for  which  solutions  are  generally  known,  and  then  piecing  the  solutions 
together.  These  solutions,  when  pieced  together,  must  satisfy  continuity 
conditions  as  well  as  the  equilibrium  condition  at  the  junction  of  the  shell 
segments.  The  unit  loads  are  used  in  the  equilibrium  condition. 
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2.  20  GENERAL  APPROACH  OF  UNIT-LOADING  METHOD 


In  this  section,  membrane  and  bending  theories  will  be  discussed 
for  application  in  the  unit  loading  method;  then,  the  interaction  process 
between  the  shell  geometries  will  be  presented.  This  permits  any 
complicated  shell  structure  to  be  broken  down  into  simpler  shell 
elements;  the  unit-loading  method  will  then  be  applied  to  obtain  the 
solution  for  the  complicated  shell. 
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2.  21  INTRODUCTION 


2.21.1  Nature  of  Statically  Indeterminate  Structures 

Generally,  a shell  is  a statically  indeterminate  structure.  The 
internal  forces  of  the  shell  are  determined  from  six  equations  of  equilibrium, 
which  are  derived  from  the  three  force  and  three  moment  equilibrium 
conditions. 

There  are  ten  unknowns  that  make  the  problem  internally  statically 
indeterminate  because  determination  of  the  unknowns  does  not 
depend  on  the  supports.  The  situation  is  similar  to  a truss 
which,  as  used  in  practice,  is  a highly  statically  indeterminate  system. 

If  reactions  to  the  applied  loading  can  be  found  with  the  help  of  known 
equations  of  statical  equilibrium,  the  system  is  externally  determinate; 
however,  a truss  is  a statically  indeterminate  system  internally  because 
instead  of  the  assumed  simplification  (which  introduces  hinges  at  the 
joints),  all  joints  are  welded  or  riveted  together.  This  introduces  the 
moment  into  the  members.  However,  this  additional  influence  is  known 
to  be  negligible.  To  find  the  statically  indeterminate  values,  deforma- 
tions  must  be  considered. 

The  main  objective  of  the  following  sections  is  to  bypass  the  elaborate 
calculations  by  replacing  the  classical  methods  of  elasticity  theory  with  the 
simplified  but  accurate  procedure  called  the  unit  loading  method.  This  is 
accomplished  by  enforcing  the  conditions  of  equilibrium,  compatibility  in 


The  following  paragraphs 


displacement,  and  rotations  at  the  junctions, 
will  review  the  membrane  and  bending  theories. 
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2.  22  MEMBRANE  AND  BENDING  THEORIES 

After  discussion  of  the  membrane  and  bending  theories,  it  will  be 
shown  how  both  theories  can  be  combined  to  achieve  a simpler  and  more 
accurate  method  to  determine  stresses  and  deformations. 

2.  22.  1 Memb  rane  Theory 

The  elaborate  calculation  of  statically  indeterminate  values  may  be 
bypassed  with  the  help  of  an  approximation  method  that  can  lead  to  useful 
results  for  most  cases  in  practice.  This  method  is  called  the  membrane 
theory.  Its  justification  and  success  are  closely  connected  with  the  interplay 
of  forces  in  curved  surface  structures,  as  explained  in  the  introduction. 

Of  ten  unknown  stresses  acting  on  the  differential  element  of  a shell 
(two  bending  moments,  two  torsional  moments,  two  normal  shears,  two 
m -plane  shears,  and  two  in-plane  loads),  only  four  are  of  any  significance. 
Consequently,  a simplified  theory  was  formed  which  assumes  that  normal 
shears,  bending  moments,  and  twisting  moments  are  negligibly  small 
compared  to  other  terms;  hence,  they  are  set  equal  to  zero. 

The  membrane  theory  is  based  on  the  assumption  that  only  two  in- 
plane shears  and  two  in-plane  loads  are  significant.  This  theory  neglects 
all  rest  of  the  above-mentioned  loads.  The  membrane  theory  is  applicable 
only  if  boundary  conditions  are  compatible  with  conditions  of  equilibrium,  as 
shown  in  Fig.  2.  22-1.  It  is  noted  in  Fig.  2.  22-2  that  the  concentrated  loads 
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FIG.  2.22-1.  Boundary  Conditions  FIG.  2.22-2.  Disequilibrium  Due  to 
Compatible  With  the  Membrane  Concentrated  Load 

Theory 

normal  to  the  middle  surface  are  not  compatible  with  the  membrane  theory 
because  of  local  out-of-plane  forces. 

2.22.2  Bending  Theory 

The  bending  theory,  in  which  all  stresses,  including  vertical  shear, 
bending,  and  twisting  are  considered,  is  more  general  and  exact  than  the 
membrane  theory.  Unfortunately,  as  shown  in  previous  discussion  in  the 
introductory  chapters,  this  method  is  much  more  elaborate.  However,  in 
certain  instances,  this  theory  can  be  simplified  when  applied  to  rotationally 
symmetric  geometries  subjected  to  rotationally  symmetric  loads. 
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2*22*3  Comparison  of  Membrane  and  Bending  Theories  for  Nonshallow 


Shells 

The  bending  theory  is  more  general  than  the  membrane  theory 
because  it  permits  use  of  all  possible  boundary  conditions.  To 
compare  the  two  theories,  assume  a nonshallow  spherical  shell  with  some 
a xi symmetrical  loading  and  built  in  along  the  edges.  When  the  results  are 
compared,  the  following  conclusions  can  be  made: 

1.  The  stresses  and  deformations  are  almost  identical  for  all 
locations  of  the  shells  with  the  exception  of  a narrow  strip  on 
the  shell  surface  which  is  adjacent  to  the  boundary.  This 
narrow  strip  is  generally  no  wider  than  'JRt,  where  R is  the 
radius  and  t is  the  thickness  of  the  spherical  shell. 

2.  Except  for  the  strip  along  the  boundary,  all  bending  moments, 
twisting  moments,  and  vertical  shears  are  negligible;  this 
causes  the  entire  solution  to  be  practically  identical  to  the 
membrane  solution. 

3.  Disturbances  along  the  supporting  edge  are  very  significant; 
however,  the  local  bending  and  shear  decrease  rapidly  along 
the  meridian,  and  may  become  negligible  outside  of  the 
narrow  strip,  as  described  in  item  1. 
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2.  22.  4 Combined  Bending  and  Membrane  Theory 

Since  the  bending  and  membrane  theories  give  practically  the  same 
results  except  for  a strip  adjacent  to  the  boundary,  the  simple  membrane 
theory  can  be  used;  then,  at  the  edges,  the  influences  (moments  and  shears) 
can  be  applied  to  bring  the  displaced  t lge  of  the  shell  into  the  position  pre- 
scribed by  boundary  conditions.  The  bending  theory  is  used  for  this  operation 
leading  to  final  formulas.  Consequently,  once  the  solutions  are  obtained,  they 
can  be  used  later  without  any  special  derivation.  The  results  obtained  from 
application  of  both  theories  can  be  superimposed,  which  will  lead  to  the  final 
results  being  almost  identical  to  those  obtained  by  using  the  exact  bending 
theory. 

2.22.5  Unit -Loading  Method  Applied  to  the  Combined  Theory 

The  solution  of  a shell  of  revolution  under  axisymmetrical  loading  can 
be  conducted  in  a simplified  way,  known  as  the  unit -loading  method; 

1.  Assume  that  the  shell  under  consideration  is  a free  membrane. 
Obtain  a solution  for  this  membrane.  Find  the  overall  stresses 
and  distortions  of  the  edge.  This  is  the  primary  solution.  The 
primary  solutions  for  frequently  used  loadings  and  geometries 
can  be  collected  and  tabulated.  The  category  of  primary  solutions 
includes  a list  of  such  solutions  obtained  by  other  methods  when 
the  membrane  theory  failed  to  provide  the  answer. 
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2.  Apply  the  following  edge  loadings: 

a.  Moment  in  pound  inches  per  inch  along  the  edge 

b.  Horizontal  shear  in  pounds  per  inch  along  the  edge 

c.  Vertical  shear  in  pounds  per  inch  along  the  edge. 

These  loadings  should  be  of  such  magnitude  as  to  be  able  to 
return  the  distorted  edge  of  membrane  into  a position  pre- 
scribed by  the  nature  of  supports  (edge  condition).  The  third 
edge  loading  in  the  majority  of  cases  is  not  necessary.  The 
amount  of  applied  corrective  loadings  depend  on  the  magnitude 
of  edge  deformations  due  to  the  primary  solution.  The  exact 
magnitude  will  be  determined  by  the  interaction  procedure  to 
be  explained  later.  However,  to  start  the  interaction  process, 
formulas  will  be  necessary  for  deformations  due  to  the 
following: 

a.  Unit-edge  moment:  M = 1 pound  inches  per  inch 

b.  Unit -edge  horizontal  shear:  Q = 1 pound  per  inch 

c.  Unit-edge  vertical  shear:  V = 1 pound  per  inch 

These  solutions  will  be  referred  to  as  unit  edge  influences, 
or  as  secondary  solutions. 

3.  Having  the  primary  and  unit  edge  solutions,  these  can  be 
entered  into  the  interaction  process.  This  will 
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determine  the  correct  amount  of  corrective  loadings  M,  Q,  and 
V;  all  stresses  and  distortions  due  to  these  loadings  can  then  be 
determined. 

Superposition  of  stresses  and  distortions  obtained  by  primary 
solution  and  corrective  loadings  lead  to  the  final  solution. 

The  solution  obtained  is  almost  equivalent  to  that  solution  obtained 
by  the  application  of  the  exact  bending  theory. 
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2.23  INTERACTION  BETWEEN  SHELLS  OF  VARIOUS  GEOMETRIES 

Usually,  structures  are  represented  by  a system  of  simple  members 
that  mechanically  interact  with  each  other.  A shell  can  be  regarded  as  one 
of  these  possible  members.  For  example,  missiles,  boosters,  and  space 
vehicles  contain  bulkhead  and  cylinder  combinations;  both  shells  are  built 
into  each  other;  and  consequently,  a stress -strain  discontinuity  relation- 
ship exists  for  each  of  these  shell  elements.  Analytical  methods  are 
required  to  determine  stresses  and  deflections  including  the  effects  of 
interaction. 

2.23.1  Breakdown  for  Complicated  Shell  Geometry 

Complicated  shell  configurations  usually  can  be  broken  down  into 
simple  elements.  Very  often  the  combination  of  shells  and  rings  must  be 
dealt  with.  Usual  shapes  include  spherical,  elliptical,  conical,  conoidal, 
toroidal,  or  compound  (irregular)  shapes  of  bulkhead.  Fig.  2.23-1,  for 
example,  illustrates  a compound  bulkhead  which  consists  of  the  spherical 
transition  and  conical  shell.  By  analysis  of  such  a shell,  the  analyst  must 
choose  between  two  methods:  he  can  consider  such  a system  as  an 
irregular  one  and  use  some  approximation,  or  he  can  calculate  it  as  a 
compound  shell,  using  the  method  of  interaction,  depending  on  the  accuracy 


required. 


BULKHEAD 


SHELL  THEORY  DOES 
NOT  APPLY  HERE. 

CONICAL 

SPHERICAL  OR 
TOROIDAL 

CYLINDRICAL 


FIG.  2.23-1.  Compound  Bulkhead 
In  this  section,  the  interaction  method,  which  is  applicable  not  only 
to  the  monocoque  shells  but  also  to  sandwich  and  orthotropic  shells,  is 
presented.  The  interacting  elements  are  often  from  different  materials. 

The  loading  can  vary  considerably  too.  The  most  frequently  used  loadings 
are  internal  or  external  pressure,  axial  tension  or  compression  load, 
thermally  induced  loads,  and  the  thrust  loads. 

2.23.2  Interaction  Between  Two  Shell  Elements 

After  this  brief  introduction,  the  method  of  interaction  can  now  be 
described.  For  simplicity,  the  interaction  between  two  structural  elements 
will  be  described  first.  Second  to  be  described  is  the  more  general  case 
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of  interaction  of  several  elements,  as  is  usually  the  case  if  the  combined 

bulkhead  is  under  consideration.  For  the  purpose  of  presentation,  a system 

consisting  of  a bulkhead  and  cylinder,  pressurized  internally,  is  selected. 

The  bulkhead  can  be  considered  as  a unit-element  of  some  defined  shape  and 

will  not  be  subdivided  into  separate  portions  in  the  great  majority  of  cases. 

For  example,  assume  the  pressurized  container  to  be  theoretically 

separated  into  two  main  parts:  the  cylindrical  shell  and  dome,  as  shown 

in  Fig.  2.23-2.  Stresses  and  deformations  introduced  by  internal  pressure 

(or  another  external  loading)  can  be 

determined  for  each  part  separately. 

Assume  that  the  membrane 

analysis  (primary  solution)  supplied  the 

radial  displacements  Ar  = 6C  and 

rotation  Pc  for  the  cylinder  along  the 

discontinuity  line  and  Ar  = 6d  and  pd 

for  the  dome.  Since  the  structure  is 

FIG.  2.23-2,  Cylindrical  Shell  separated  into  two  elements, 
and  Dome 


6 

c 


pc  * n 


d 
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Consequently,  there  exists  the  discontinuity: 

(a)  in  displacement  6c  - 6^ 

(b)  in  slope  P c - Pd 

To  close  this  gap,  unknown  forces  Q and  M will  be  introduced  around 
the  junction  to  hold  the  two  pieces  together. 

Displacements  and  rotation  of  the  cylinder  due  to  unit  values  of  Q and 
M are  defined  as  follows: 


and 


P 


Q C * qPc  M C ' M C 

The  corresponding  values  for  the  dome  for  the  same  unit  loadings  will  be: 


Q d * QPd 


and 


M^d  ' d 


These  unit -deformations  and  unit-loadings  at  the  junctions  are  presented 
in  Fig.  2.23-3. 

To  close  the  gap,  the  following  equations  can  be  written: 

/ 6 + 6 Q + / w6  + 6_\  M = 6 - 6. 

\0c  Q d)  \Mc  U d)  c d 

, (2.23-1) 

/ P + P Q + / P + wp.\M  = P„  - P. 

(q  c Q d)  yM  c M d f c d 

Assume  that  all  coefficients  6 and  3 are  known.  For  any  shell  geometry  and 

any  loading  of  practical  values,  these  coefficients  will  be  given  in  the 

further  presentation  of  this  chapter  as  an  algebraic  formula.  Thus,  the 

following  can  be  indicated: 
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FIG.  2.23-3.  Unit  Deformations  and  Unit  Loadings 


6 + 60 

= 6 

; p + p = p 
Q C Q Kd  K Q 

Q C Q d 

Q 

6 + 6 
Me  M d 

-6m 

’ M + M ^d  8 M 

(2.  23-2) 

6 - 6 . 
c d 

= 6 

' Pc  - Pd  = P 

As  illustrated,  12  coefficients  are  known  in  general.  In  the  special 
case  of  interaction  of  a cylindrical  shell  and  a dome  (not  toroidal)  with  the 
same  tangent  on  intersection,  the  number  of  coefficients  are  reduced  to  ten 
because 

Pc  = 0 and  pd  = 0 


186 


Finally,  Eq.  2.23-1  is  reduced  to  a system  of  two  equations  with  the  two 
unknowns,  Q and  M: 


6qQ  + 6mM  = 6 

(3qQ+  8mM  = P 


Define  the  determinants  of  the  above  system  as  follows: 


D = 


6 O 


Pq  Pm 


• D1  = 


6 6 


M 


P P 


M 


• °2  = 


6q  6 


Po  P 


The  statically  indeterminate  values  of  Q and  M are  determined: 


£l  . M = ^ 


It  is  noted  that  one  cut  through  the  shell  lead  to  two  algebraic  equations 
with  two  unknowns. 

The  following  sign  convention  is  adopted: 

1.  Horizontal  deflection  6 is  positive  outward. 

2.  Shears  are  positive  if  they  cause  deflection  outward. 

3.  Moments  are  positive  if  they  cause  tension  on  the  inside  fibers 
of  the  shell. 

4.  Rotations  are  positive  if  they  correspond  to  a positive  moment. 
In  general,  this  sign  convention  is  arbitrary.  Any  rule  of  signs  may  be 
adopted  if  it  does  not  conflict  with  the  logic  and  is  used  consistently. 
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It  is  noted  that  in  addition  to  M and  Q,  there  is  an  axial  force  distri- 
buted around  the  junction  between  the  cylinder  and  dome  (reaction  of 
bulkhead),  but  the  effect  of  this  force  on  the  displacement,  due  to  M and  Q, 
is  negligible. 

2.23.3  Interaction  Between  Three  or  More  Shell  Elements 

In  practice,  most  cases  are  similar  to  the  above  described  two-member 
interaction.  However,  at  times  it  may  be  convenient  to  consider  interaction 

of  more  than  two  members.  This  can  be  performed  in  two  ways: 

1.  Interact  first  the  two  members;  then,  when  this  combination  is 
solved,  interact  it  with  the  third  member,  etc. 

2.  Simultaneously  interact  all  members  at  the  same  time. 

The  first  method  is  self-explanatory.  The  second  method  requires 
further  explanation:  If  the  shape  of  the  bulkhead  is  such  that  its  meridian 

cannot  be  approximated  with  one  definite  analytical  curve,  such  a bulkhead 
is  called  a compound  bulkhead  and  can  be  approximated  with  many  curves. 

Such  a bulkhead  was  illustrated  in  Fig.  2.23-1. 

In  such  a case,  two  or  more  imaginary  cuts  through  the  shell 
will  be  required  to  separate  the  compound  bulkhead  into  component  shells 
of  a basic  shape.  This  is  shown  in  Fig.  2.23-4,  which  has  two  imaginary 
cuts  and  the  compound  shell  consists  of  three  elementary  shells:  circular, 
toroidal,  and  cylindrical.  Fig.  2.  23-4  illustrates  also  the  loading  and 
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Q2 


SPHERICAL 

SHELL 


^^rrfn 
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CYLINDRICAL  SHELL 


FIG.  2.23-4.  Discontinuity  Loads 

discontinuity  influences  that  belong  to  each  cut.  The  discontinuity  influences 
will  restore  the  continuity  of  the  compound  shell. 

The  symbols  used  for  the  two  successive  cuts  m and  n are  also  shown 
in  Fig.  2.  23-4. 


p • P 

M nn  Q nn 


6 , 6 
M nn  q nn 


M ^nm  9 Q^nm 


M nm  * Q^nm 


= rotation  at  point  n due  to  a unit  moment  M or  unit 
horizontal  shear  Q acting  at  point  n 
= horizontal  displacement  due  to  the  same 
loading  in  application  points  as  above. 

= rotation  at  point  n due  to  a unit  moment  or  unit 
horizontal  shear  acting  at  point  mt 
respectively 

= horizontal  displacement  due  to  the  same  loading 
in  application  points  as  above. 
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Indicating  n = 1 and  m = 2,  the  above  nomenclature  can  be  considered 


as  a proper  indication  to  cover  the  toroidal  portion  Q)  , (g)  as  shown  in 
Fig.  2.23-4. 

Additional  nomenclature  needed  to  cover  the  spherical  shell  is  shown 
in  Fig.  2.  23-4. 

M^s  ’ Q^s  = rotations  at  point  (2)  on  the  spherical  shell  due  to  a 
unit  moment  or  unit  shear  at  the  same  point. 

* Q^s  ~ horizontal  displacements  due  to  the  same  conditions 
as  above. 

Similarly , displacements  and  rotations  of  point  on  the  cylindrical 

shell  will  be  defined.  Subscript  c (cylinder)  will  be  used  instead  of 
s (sphere). 

Due  to  the  primary  loading  (internal  pressure),  the  rotations  and 
displacements  will  be  indicated  with  |3  and  A r = A.  As  before,  the 

subscripts  c and  s refer  to  the  cylinder  and  sphere.  The  subscripts  It  and 
2t  will  be  used  to  denote  the  toroidal  shell  at  the  edge  and  (g) 

Now  the  equations  for  the  total  rotation  and  displacement  can  be 
formed. 

Spherical  Shell: 

6 = M + ^6  Q + A p 

s Ms2  Qs2  s * 

= m®  M->  + P Q,  + P p 

s M s 2 Qrs  2 e * 
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Toroidal  Shell: 


62t  = m622  M2  + Q622  °2  + M621  M1  + 0*21  Q1  + A2t  P 

(»2t  - mB22  M2  + 0P22  °2  + MB21  M1  + QP21  Q1  * B2t  P 

«lt  = M612  M2  + Q612  °2  + M 611  M1  + Q*ll  °1  + AU  P 

C„  * M B1 2 M2  + QP12  °2  + MB11  Ml'+  QB11  Q1  + "it  P 

Cylindrical  Shell: 

6C=M6CM1+  Q6cQ1  + Acp 

Pc  = MBc  M1  + Jc  °1  + “c  P 
The  following  compatibility  equations  must  be  satisfied: 

6,  * 62.  P5  = B2t 

Sc  3 61«  Bc  3 Plt 

Following  consideration  of  the  above  relations  and  some  mathematical 
rearrangements,  a system  of  four  linear  equations  with  four  unknowns  will 
finally  be  obtained. 

M621M1  + (M622-mVM2  + Q621  °1  + (Q622'q66)Q2  + (A2t-As)P  = ° 

m6c,M1  + M612  M2  +‘q*U- qV  °1  + Q612  °2  + (Alt'Ac,P  3 ° 2J  J) 

mP21  M1  + 'mP22-mP8>  M2  + Q021  °1  + V22  - A>  °2  * 

‘mPh-mV  M1  + MB12  M2  + < Qpll-Qpc>  °1  + QP12  °2  + (Blt  -Bc>p3° 
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It  is  noted  that  two  imaginary  cuts  lead  to  four  equations  with  four 
unknowns: 

Mj,  Qj  and 

Previously,  when  considering  only  one  imaginary  cut,  only  two 
equations  with  two  unknowns  were  obtained.  Consequently,  if  n imaginary 
cuts  are  introduced  simultaneously,  2n  linear  equations  with  2n  unknowns 
can  be  obtained. 

Depending  on  adopted  sign -convention,  some  of  the  introduced  coeffi- 
cients may  be  negative  and,  as  such,  would  have  been  introduced  in  the 
preceding  equations. 

2.23.4  Summary 

This  section  has  presented  breakdowns  of  a shell  structure  into  a 
set  of  simple  elements  and  one  way  to  perform  the  interaction  process. 

This  includes  the  use  of  two  or  more  elements  at  a junction.  ) 

It  can  be  concluded  that  the  problem  of  interaction  is  reduced  to  the 
problem  of  finding  rotation  p and  displacements  Ar  = 6 of  interacting 
structural  elements  due  to  the  primary  loadings  and  the  secondary  loadings 
M = Q = 1 (around  the  junction).  The  rotations  and  displacements  then  will 
be  introduced  into  a set  of  linear  equations,  as  shown  in  Eq.  2.23-3. 
Statically  indeterminate  values  M and  Q will  be  found. 
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2.24  CONCLUSION 


This  section  presented  the  background  for  understanding  and  applying 
the  unit  loadings  method.  The  following  section  will  be  limited  to  mono- 
coque  shells  of  revolution  loaded  with  the  axisymmetrical  loadings. 
Numerous  solutions  will  be  presented  to  make  the  design  procedure  of  the 
complicated  shell  as  simple  as  possible.  The  following  two  sections  are 
associated  with  determination  of  deformations  and  stresses  due  to  primary 
loadings  (membrane  solutions)  and  secondary  loadings  (unit-loadings).  Only 
homogeneous  materials  and  monocoque  shells  will  be  considered  in  these 
sections.  Later,  the  necessary  modifications  of  derived  formulas  for 
nonhomogeneous  material  and  nonmonocoque  shells  will  be  presented. 
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2.30  MONOCOQUE  SHELLS 


2.31  INTRODUCTION 

The  shells  considered  in  this  section  are  homogeneous  isotropic 
monocoque  shells  of  revolution.  Thin  shells  are  considered  and  all  loadings 
are  axisymmetrical.  The  membrane  and  bending  theories  have  been 
previously  discussed  in  Section  2.  22.  An  extensive  literature  search  was 
made  to  collect  and  present  as  many  existing  solutions  as  possible  within  the 
scope  of  this  manual.  These  solutions  will  be  designated  as  primary  solu- 
tions or  unit  edge  loading  solutions.  The  geometry  of  every  shell  being 
considered  will  be  described,  and  limitations  will  be  indicated. 


2.32  PRIMARY  SOLUTIONS 

This  section  contains  general  information  regarding  the  membrane 
solutions. 

The  internal  forces  and  displacements  must  be  calculated,  to  solve 
shell  problems. 

2.32.1  Determination  of  Membrane  Internal  Forces 

The  forces  acting  on  the  sides  of  shell  element  are  denoted  with 
symbols  as  indicated  in  Fig.  2.  32-1. 


0 = angle  in  horizontal  plane,  which  controls  the  location  of 
any  point  of  the  Bhell 

4>  = angle  in  vertical  plane  (measured  from  axis  of  rotation) 
R^  = radius  of  curvature  of  meridian  at  any  point 

R = radial  distance  between  point  on  the  shell  and  the  axis 

2 

of  rotation 
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z = Pr 


- the  radial  and  meridional  components  of  existing  loading, 
which  act  on  the  differential  element  (because  of  assumed 
axisymmetrical  loading,  the  component  in  circumferential 
direction  is  zero) 

H 

and  loads  on  meridional  and  circumferential  side  of  differential 
N9 

, element 


and 
X = da 


In  general,  the  shells  of  revolution  will  be  loaded  with  some  kind  of 
external/internal  pressure  in  combination  with  some  vertical  loading  at  the 
vertex  or  around  the  hole  at  the  vertex.  A solution  of  the  following  shape 
can  be  given  for  such  shells  as  mentioned  above  (axial  symmetry),  loaded 
with  any  external  (internal)  pressure: 

N.  Nn 

0 . e 

Rj  R^~  " Pr (2.32-1) 

where 


1 

2 . 

R£  sin  0 


fR iR2  (Pr  co®  0 - Pm  sin  0)  sin  0 d0  + C 


where  the  constant  C represents  the  effect  of  loads  which  may  be  applied 
above  the  circle  0 = 0Q  in  accordance  with  Fig.  2.32-2.  The  angle  0Q 
defines  the  opening  in  the  shell  of  the  revolution.  The  resultant  of  these 
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forces  will  be  2ttC.  If  the  shell  were  closed,  such  loading  would  degenerate 


to  the  concentrated  load  P in  the  vertex  of  the  shell. 

2ttC  = - P 


P = Vertical  load  in  pounds 


FIG.  2.32-2.  Partial  Loading  Above  Circle  0 = 0q 

If  no  other  loads  are  present  except  P,  the  meridional  and  circum- 
ferential forces  will  be  given  as 

P P 

N.  r — and  N = + jj— 

2ttR.2  sin  0 2trRj  sin  0 

These  loads  may  always  be  treated  as  additive  loads  due  to  the  loaded 
opening  at  the  vertex  of  the  shell.  If  the  shell  is  closed,  other  influences 
will  be  present  besides  membrane  influences  in  the  range  of  application  of 
the  load.  The  feasibility  of  this  will  be  discussed  later. 
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2,32.2  Determination  of  Membrane  Displacements 


It  was  shown  that  determination  of  stress  components  in  axisymmetri- 
cally  loaded  shell  of  revolution  is  a statically  determinate  case,  and  the 
membrane  forces  and  are  easily  obtained,  However,  the  displace- 
ments must  be  determined  for  the  interaction  process  of  two  or  more 
shells. 

In  the  symmetrical  deformation  of  a shell,  a small  displacement  of  a 
point  can  be  resolved  into  two  components: 

u - in  the  direction  of  the  tangent  to  the  meridian 
w - in  the  direction  of  the  normal  to  the  middle  surface 
The  strain  components  and  can  be  expressed  in  terms  of  the 
forces  N0  and  Ngt 


't  * w (N(  - 
*e  = eT  *Ne  ' •***<* 

4 

where 


(2.32-2) 


E = Young's  modulus 
t = thickness  of  the  shell 
fi  = Poisson's  ratio 

The  next  step  is  to  make  use  of  the  following  differential  equations 


du 

d r 


U COt0  = — 


N0  - Ne  (R^Rj) 


= i (0) 
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where 

0 is  the  angle  which  locates  any  point  on  shell -middle  surface  along 
the  meridian  in  respect  to  the  axis  of  revolution. 

Then  the  general  solution  for  u is 

u = sin  0 d0  + C 

J sin  v 

where  C is  the  constant  of  integration  to  be  determined  from  the  condition 
at  the  support.  The  displacement  w will  be  found  from  the  equation 

w = u cot  0 - ^2*0 

substituting  the  value  from  the  Eq.  2.32-2. 

Having  u and  w,  the  corresponding  displacement  can  be  found  in  the 
horizontal  and  vertical  direction  using  simple  trigonometric  relations  in 
connection  with  Fig.  2.32-3. 

Ar  = w sin  $ + u cos  4> 
y = - w cos  4*  + u sin$ 

FIG,  2.32-3.  Geometric  Relations  Between  Displacements 
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2.  32.  3 Any  Shape  of  Meridian 


Table  2.  32-1  presents  a summary  of  equations  of  the  linear 
membrane  theory  in  more  convenient  form  for  a general  case  of  shell 
of  revolution  loaded  axisymmetr ically  with  uniform  pressure.  Special 
cases  will  be  presented  after  the  above  general  introduction. 
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and  C it  an  integration  constant 


2.  32.  4 Spherical  Shells 


This  subsection  presents  the  solutions  for  nonshallow  spherical 
shells  exposed  to  axisymmetrical  loading.  Both  closed  and  open  spherical 
shells  will  be  considered. 

Listed  below  are  the  loading  cases  under  consideration,  which  are 


divided  into  the  circumferential,  meridional,  and  normal  components  X, 

Y,  Z.  Additional  designations  are  indicated  on  the  figures  that  correspond 
to  each  loading  case.  The  spherical  shells,  which  satisfy  the  relation 

. ^ cos  0 1 

COt  0 = — ; jr-  * -J- 

sin  0 0 

are  not  in  the  scope  of  this  section  and  fall  into  the  category  of  shallow  shells. 

In  order  that  a membrane  state  of  stress  exist,  the  boundaries  of  the  shell 
must  be  free  to  rotate  and  deflect  normal  to  the  shell  middle  surface. 

Abrupt  discontinuities  in  shell  thickness  must  not  be  present. 


FIG.  2.  32-4.  Loading  of  Spherical  Shell  With  Dead  Weight 


2.  Uniformly  Distributed  Loading  over  the  Base  (Fig.  2.32-5) 


FIG.  2.32-5.  Loading  of  Spherical  Shell  With  Equally  Distributed 

Loading  Over  Base  Area 


3.  Hydrostatic  Pressure  Loading  (Fig.  2.32-6). 


FIG.  2.32-6.  Hydrostatic  Pressure  Loading  of  Spherical  Shell 

For  reversed  spherical  shell,  f is  the  distance  from  the  surface  of 

liquid  to  the  apex  of  the  reversed  shell,  and,  Z = [ f - R (1  - cos  4>  )]P 


203 


4.  Uniform  Loading  in  z-direction  (p 


ressurization;  Fig.  2.  32-7) 


X = Y = 0 
Z = p 


FIG.  2.32-7.  Loading  of  Spherical  Shell  With  Normal  Pressure 

5.  Lantern  - Loading  p . Load  per  unit  of  length  of  the  upper  shell 
edge  (Fig.  2.  32-8). 


X = Y = Z = 0 


FIG.  2.32-8.  Lantern  Loading 

The  corresponding  formulas  and  deformations  are  listed  in  tabular 
form  for  each  loading  case  indicated  for  the  closed  and  open  spherical 
shell  (Tables  2.32-2  and  2.32-3). 
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TABLE  2.32-2.  STRESS  AND  DEFORMATION  IN  SPHERICAL  SHELL  MEMBRANE 

SOLUTION  (REF.  2-2) 
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§ ■«>  $ «!•  (»*♦!) 
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TABLE  2.32-3.  HYDROSTATIC-PRESSURE  LOADING  OVER  PORTION  OF 

SPHERICAL  SHELL  (Ref.  2-3) 
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2.32.5  Conical  Shells 


This  section  presents  the  solutions  for  nonshallow  conical  shells 
exposed  to  axisymmetrical  loading.  The  closed  and  open  conical  shell  is 
considered. 

The  loading  cases  under  consideration  are  categorized  in  the  cir- 
cumferential, meridional  and  normal  components  X,  Y,  Z. 

Additional  designations  are  indicated  on  the  figures  that  correspond 
to  o-m  loading  case.  In  order  to  be  in  the  category  of  nonshallow  shell, 
angle  aQ  must  be  larger  than  45  degrees. 

In  order  for  a membrane  state  of  stress  to  exist  at  the  boundaries 
of  the  shell  it  must  be  free  to  rotate  and  deflect  normal  to  the  middle  shell 
surface.  Abrupt  discontinuities  in  shell  thickness  must  not  be  present.  All 
presented  formulas  are  based  on  small  deflection  membrane  theory. 

The  following  loading  cases  are  considered: 

(a)  Dead  Weight  (Fig.  2.32-9) 


FIG.  2.32-9.  Loading  Dead  Weight 
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(b)  Uniformly  Distributed  Loading  over  the  Base  (Fig.  2.32-10) 


FIG.  2.  32-10.  Loading  Uniformly  Distributed  Over  the  Base 


(c)  Hydrostatic  Pressure  Loading  (Fig.  2.32-11) 


p = specific  weight  of 
liquid 

X = O 

Y = O 

z = (f  + X sin  aQ)  Case  A 
Z = p (f  - X sin  a)  Case  B 


FIG.  2.32-11.  Hydrostatic  Pressure  Loading 


2' 
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(d)  Uniform  Normal  Pressure  p (psi)  (Fig.  2.  32-12) 


FIG.  2.  32-12.  Loading  With  Normal  Pressure 

(e)  Equally  Distributed  Loading  Along  the  Opening  Edge  (Lantern  Load) 
(See  Fig.  2.  32-13) 


FIG.  2.  32-13.  Equally  Distributed  Loading 
Along  the  Opening  Edge 
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(f)  Hydrostatic  Pressure  Over  Portion  of  Shell  (Fig.  2.32-14) 


p = specific  weight  liquid 
X = O 
Y = O 

Z = p (x  sin  aQ  - h)  for  (A) 

(A)  (B) 

Z = Pz  = P (h  - x sin  oQ) 
for  (B) 

FIG.  2.32-14.  Hydrostatic  Pressure  Over  Portion  of  Shell 

The  corresponding  formulas  and  deformations  are  assembled  in 
tabular  form  (Table  2.32-4)  for  each  loading  case  as  indicated  for 
"closed"  and  "open"  conical  shell. 
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TABLE  2.  32-4.  MEMBRANE  SOLUTIONS  FOR  CONICAL  SHELL  (REF.  2-2) 

(SHEET  1 OF  4) 


/\ 

Closed  Conical  Shell  (Supported) 

Closed  Conical  Shall  (Hanged) 

(a)  DEADWEIGHT 

Nt 

q x cos*# 

o 

cos*  *0 

sin 

^ sin  *g 

N. 

S . 

Z ala  # 
ft 

Ar 

-r r f) 

Vt  c<,,*.(”*,*0 -i) 

P 

q a cos  * r 111 

qxcoit 

2 M*-  ■ _ ri 

Etsin*'l  * J 

2 — co#  •-  * T + Hl 

Into  « 1 01  J 

ft 

(b)  UNIFORMLY  DISTRIBUTED  LOADING  OVER  THE  BASE 

1 1 

coo  « 

'p  T&V- * 

• 

cos** 

N* 

*P  f 

* ! to*\ 

Ar 

n1  / * \ 

p ti  «■%«<•.(».  ..-■$) 

PTtc““.<:0,*o(eo,,*.-l) 

P 

|l  cot*##[tf  ♦ft)cft.,##-  K-y] 

|r-  eot*.a  [(Z  + p)  Cft.,.#  - ft  - j] 

(C)  HYDROSTATIC  PRESSURE 

LOADING 

- . — 1 

Ni 

•',c#**.(«rr  **) 

-Pacos#  [ x.  \ 

•V  !BV 

4 •») 

Ar 

et  e,,*%[^r  (t  * *)  4“  (i  - ')] 

P 

»■  , A„\ 

Et  sis » tin  e#  9 j 
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TABLE  Z.  32-4  (SHEET  2 OF  4) 


TABLE  2.  32-4  (SHEET  3 OF  4) 
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TABLE  2.  32-4  (SHEET  4 OF  4) 
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2.  32.  6 Cylindrical  Shells 


The  primary  solution  for  cylindrical  shells  with  different  axisym- 
metrical  loading  conditions  will  be  presented  in  this  section.  All  solutions 
are  based  on  the  membrane  theory.  In  order  that  a membrane  state  of 
stress  may  exist,  the  boundaries  of  the  shell  must  be  free  to  rotate  and 
to  deflect  normal  to  the  shell  middle  surface.  Abrupt  discontinuity  in 
shell  thickness  must  not  be  present.  The  following  designations,  in  con- 
nection with  Fig.  2.  32-15,  will  be  adopted. 


a.  Main  Designations 


b.  Differential  Element 


FIG.  2.32-15.  Cylindrical  Shell 
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£ = -7“  where  o i I i 1 


/ir 

The  following  loadings  will  be  considered: 

1.  Linear  loading,  as  a result  of  the  superposition  of  equally  distri- 
buted and  triangular  loading  (Fig.  2.  32-16) 


FIG.  2.32-16.  Linear  Loadings 

y = x = o;  z*pv(i  + \-6) 

2.  Trigonometrical  loading  as  a result  of  superposition 
(Fig.  2.32-17) 

Y = X = O Z = p (i)  = -pQ  (sin  a.%  + X Cos  (H) 
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5.  The  constant  function  Y in  circumferential  direction  (Fig.  2.32-20). 


FIG.  2.  32-20.  Circumferential  Loading 
6.  Periodical  loading  (Fig.  2.  32-21).  As  before,  the  one 
dimensionless  factor  Xpi  can  be  entered.  The  following 
periodical  loading  will  be  considered  here: 


FIG.  2.32-21.  Periodic  Loading 

Membrane  solutions  for  the  above  listed  loading  are  presented  in 
Table  2.  32-5. 
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TABLE  2.  32-5.  MEMBRANE  SOLUTIONS  FOR  CYLINDRICAL  SHELLS  (REF. 
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2.  32.  7 Elliptical  Shell 


This  subsection  presents  the  solutions  for  elliptical  shells  exposed 
to  a.xi  symmetrical  loadings.  Only  closed  elliptical  shells  are  considered. 
The  loadings  under  consideration  are  presented  in  Table  2.  32-6.  The 
boundaries  of  the  elliptical  shell  must  be  free  to  rotate  and  deflect 
normal  to  the  shell  middle  surface.  Abrupt  discontinuities  in  shell 
thickness  must  not  be  present. 

The  formulas  for  stresses  and  deformations  are  presented  in 
Table  2.  32-6  and  are  obtained  with  membrane  theory  (small  deflections) 
(Table  2.  32-6  and  graphs  on  Figs.  2.  32-22,  23,  and  24). 


TABLE  2. 32-6.  ELLIPTICAL  MEMBRANE  SHELL 
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♦la  this  cam  y represents  m rtical  displacement  If  Ar  ii  hori 


2.  32.  8 Cassini  Shells 


These  shells  are  useful  as  boiler  bulkheads.  The  discrepancy  of  the 

hoop  torces  of  the  boiler  and  the  boiler  drum  may  be  avoided  by  choosing 

one  family  of  Cassinian  curves  as  a meridian  shape.  Its  equation  is 

2 2 2,2  2,2  2 2 4 

(r  + n z ) + 2a  (r  - n z ) - 3a 


where  n is  a number  > 1,  r and  z are  variables  along  r and  z lines,  and 
a — max  z as  per  Fig.  2.  32-25. 


FIG.  2.  32-25.  Cassini's  Curve 

The  formulas  presented  are  based  on  the  membrane  small  deflection 
theory.  Consequently,  the  boundaries  of  the  shell  must  be  free  to  rotate 
and  deflect  normal  to  the  middle  shell  surface.  Abrupt  discontinuities  in 
shell  thickness  must  not  be  present.  The  only  loading  that  will  be  con- 
sidered is  pressurization. 
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The  second  loading  case  is  plotted  (Fig.  2.  32-26)  in  nondimensional 
form  according  to  the  following  equations: 

N 2 

= i^^l5|16K4  +24k3  - 7k2  «>) 1/2 

N*t>  = 4 |64K5  + 144K4  + 44K3  - 85K2  - 36K  4-  23I 

3P  (4K  + 3)2  [5(16K4  + 24K3  - 7K2  + 8K  + 3)J1/2 

where  K is  given  in  Table  2.  32-7. 

Additional  graphs  for  Ar,  y,  and  p are  given  in  Fig.  2.32-27  and 
2.  32-28. 
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TABLE  2.  32-7 


CASSINI  SHELLS— MEMBRANE  SOLUTIONS 
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FIG.  2.  32-27  DISPLACEMENT 
FOR  CASSINI  DOMES  UNDER  1 
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FIG.  Z.  32-28  DISPLACEMENT  PARAMETER  FOR  CASSINIAN  DOMES  UNDER 
UNIFORM  PRESSURE  (CASE  1) 
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2.32.9  Toroidal  Shells 


This  section  presents  some  known  solutions  for  closed  and  open 
toroidal  shells.  The  loading  and  systems  under  consideration  are 
indicated  in  the  Tables  2.  32-8  and  2.  32-9.  The  solutions  are  based  on 
membrane-small  deflection  theory;  consequently,  the  boundaries  must  be 
free  to  rotate  and  deflect  normal  to  the  shell  middle  surface.  Abrupt 
discontinuities  in  shell  thickness  must  not  be  present.  The  walls  of  the 
shells  are  assumed  to  be  of  uniform  thickness. 
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•The  equation*  f< 


TABLE  2.32-9.  TOROIDA L SHELL  (Ref.  2-4) 


, ) Unit  .tni»  biKri-l*  tl<.  r rn»* -section 


Toroid  Surface 


Loading 

Condition 


px  * p »*n  ♦ 

p - p col  * 


- p sin  • co*  4 
p * p co*2  4 


co*  4q  - co*  * - (4  - 4q)  *in  *0 
(•in  4 - *m  4qI  ,in  * 


(•-£?) 


R 

• in^ 

♦1 

14  - 40»  ,,n  •(> 

. 

(co* 

♦o 

- co*  41  + 

(sin 

4 - 

■ in  40)  sin  4 co*  4 

► 2 tin  4 *in  4fl 


p9  s p «ln  ♦ 

p = p co*  4 

~P  * 2 P - (*  *0  *tn  ♦o 


1 * co*  4*4  «tn  4q 
• in  4 (a*n  4 + *1°  4q) 


Pj(  ■ p .in  4 CO.  4 


Pg  * P co.  4 

Up  i p * R2  sin*  4q 


R *in  4 ♦ 2 ain  40 

’ p 2 *in  4 + * in  40 


(i>)  Riny  sxi*  doe*  not  b\*ect  the  c r o» * * *ection 


Loading 

Condition 


-£_  |(b  ♦ R tin  4)  cos  4 


■ p aln  4 
p * p co*  4 


b R (4  - 40»  ♦ R2  (co»  40  - co*  4)  *in  ♦ 
(b  + R aln  4)  aln  4 . b 


Eor  4q  * *4j  (aymmetrical  croaa -aectloo) 


bR4  * R O - coa  4) 
(b  + R ain  4)  ><n  4 


Z-  |(b  ♦ R 4)  ♦ 

• in  4 1 
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TABLE  2.  32-9.  (CONT) 
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•in  4)  • in  + 


z.  32.  10  Other  Geometries  of  Shells 

Some  solutions  for  shells  of  other  geometries —modified  elliptical, 

pointed,  parabolical,  and  cycloidal  shells— are  presented  herein.  The 

shells  considered  will  be  loaded  with  internal  and  external  pressure, 

or  with  evenly  distributed  loading  over  the  shell-surface  on  shell  base. 

For  parabolical  shells,  the  hydrostatic  pressure  is  also  considered. 

All  loadings  are  axisymmetrical. 

The  formulas  for  the  internal  forces  are  obtained  with  linear  mem- 
brane theory;  consequently,  the  boundaries  must  be  free  to  rotate  and 
deflect  normal  to  the  shell  middle  surface.  The  thickness  of  the  shell  is 
assumed  to  be  constant.  Abrupt  discontinuities  in  shell  thickness  must 
not  be  present.  Table  2.  32-10  presents  the  stresses  in  different  shells. 
For  determining  displacements,  the  procedure  described  in  paragraph 
2.  32.  2 shall  be  used. 


237 


TABLE  2.  32-10.  OTHER  SHELLS  OF  REVOLUTION  WITH 
CURVED  MERIDIAN  (Ref.  2-4) 
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TABLE  2.  32-10.  (CONT) 
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2.  32.  11  Irregular  Shell 


Regardless  of  the  shape  of  the  meridian  and  kind  of  loading,  deter- 
mination of  membrane  forces  appears  to  be  relatively  simple  because  it 
is  a statically  determinate  problem.  Table  2.  32-1  may  be  used  for  this 
purpose. 

Determination  of  the  displacements  is  a complicated  and  possibly 
tim  e - consuming  problem.  A simplified  method  for  obtaining  the  approxi- 
mate solution  is  presented  by  M.  G.  Salvadori  (Ref.  2-6). 

Consider  a shell  of  revolution  generated  by  the  rotation  of  a meridian 
curve  y (x)  around  the  y-axis,  as  is  shown  on  Fig.  2.  32-29.  The  following 
conditions  shall  be  satisfied: 

1.  The  shell  is  vertical  at  the  edge  (y  = 0). 

2.  The  meridian  curve  is  symmetrical  about  the  equator. 

3.  The  shell  thickness  is  practically  constant  near  the  edge. 


FIG.  2.  32-29.  Shell  of  Revolution  Under  Vertical  Load 


240 


The  shell  is  loaded  by  a distributed  load,  p,  per  unit  of  horizontal  pro- 
jection, whose  intensity  varies  with  the  law: 

p(x)  = PQ  fix) 

Salvadori  (Ref.  2-6)  proved  that,  under  conditions  1,  2,  and  3 and 
assuming  the  membrane  conditions,  the  following  is  correct: 

(a)  The  edge  of  the  shell  does  not  rotate. 

(b)  The  radial  displacement  of  the  edge  of  the  shell  is  independent  of 
the  meridian  shape. 

(c)  The  displacement  (positive  outward)  is  given  by 

2 


where 

r = equator  radius  = a 

r = radius  of  curvature  of  meridian  at  equator 
o 

t = shell  thickness  at  equator 
s 

E = modulus  of  elasticity 

S = -i-  / f(x)x  • dx  is  the  static  moment  of  the  load  about  the 
P r2  Jo 

axis  of  rotation  in  nondimensional  form. 
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Poisson  ratio,  p,  is  assumed  to  be  zero.  For  the  load  distribution  not 
representable  by  a simple  formula,  Sp  may  be  evaluated  numerically  by 
means  of  the  approximate  summation  formula: 


2 V* 

sp  = — - 2 p<xi)xi^x 

Por  i=l 

as  shown  in  Fig.  2.  32-30. 


Pf  / p(*» 


FIG.  2.  32-30.  Numerical  Evaluation  of  Sp 
The  value  of  the  radius  of  curvature  r^  in  connection  with 
Fig.  2.  32-31  is 

rQ  = R for  spherical  shells 

rQ  = R*  for  conoidal  shells 
b2  „ 

rQ  = for  elliptical  shell  of  rise  b 

a 
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FIG.  2.32-31.  Radius  of  Curvature  rQ  for  Various  Types  of  Shells 

Finally,  for  common  loading  distributions,  p(x).  Table  2.  32-11  gives 

correspondent  S factors.  This  approximate  method  is  very  handy  if  time 
P 

is  a pressing  element. 

A similar  "short  cut"  for  determining  deformations  due  to  unit-edge 
loadings  is  given  by  Salvadori  (Ref.  2-6)  and  will  be  presented  later. 
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2.  32.  12  Conclusion 


The  collection  of  membrane  solutions  presented  above  for  special 
cases  of  geometry  and  loading  represent  the  majority  of  the  problems 
that  any  analyst  may  face  in  actual  practice.  The  exact  and  approximate 
approaches  are  given.  This  concludes  the  presentation  of  primary  solutions. 

To  perform  the  interaction  of  different  shell  elements,  there  must 
also  be  secondary  solutions  known.  This  task  will  be  performed  in  the 
following  section. 
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2.33  SECONDARY  SOLUTIONS 


2.  33.  1 Introduction  and  General  Discussion 

Unit  loadings  (defined  in  Section  2.  22.  5)  are  the  loadings  acting  on 
upper  or  lower  edge  of  shell: 

M = 1 lb-in/in 
Q = 1 lb/in 

Unit  influences  are  deformations  and  forces  in  a shell  of  revolution  due  to 
unit  loadings.  Influences  of  this  nature  are  of  local  character  and  do  not 
progress  very  far  into  the  shell  from  the  disturbed  edge. 

Various  differently  shaped  shells  are  covered  in  this  section.  Of 
special  interest  is  a shell  that  represents  a bulkhead,  which  is  character- 
ized with  - 90  ; such  bulkheads  are  very  common  in  air  space 

vehicles  and  pressure  vessels.  The  bulkhead  shells  are  tangent  to  the 
cylindrical  body  of  the  vehicle. 

When  the  values  of  deformations  due  to  the  unit  loadings  are  avail- 
able, the  deformations  can  be  entered  together  with  the  primary  defor- 
mations into  set  of  equations  2.  23-1  or  3,  and  discontinuity  stresses  can 
be  determined. 

The  bending  theory  is  used  to  obtain  the  influence  coefficients  due  to 
unit  loadings.  The  fundamentals  of  this  procedure  were  explained  in  the 


introductory  sections.  Some  conclusions  will  be  discussed  and  the  final 
formulas  for  different  geometries  of  shells  will  be  presented. 

It  has  been  mentioned  that  deflections  and  internal  loads  due  to  unit 
loadings  are  of  local  importance.  It  can  be  concluded  that  all  disturbances 
due  to  edge -unit  loadings  will  disappear  completely  for  a ^ 20°  and  will 
become  negligible  for  a > 10°,  as  shown  on  Table  2.  33-1  for  a spheri- 
cal  shell. 

Table  2.  33-1  illustrates  a very  important  conclusion:  due  to  the 

unit-edge  loadings,  practically  all  parts  of  the  shell,  satisfying  the  con- 
dition o > 20°,  will  remain  unstressed  and  undisturbed.  These  parts  will 


TABLE  2.  33-1.  UNIT  EDGE  LOADING  SOLUTIONS 
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not  be  needed  for  satisfying  equilibrium.  They  do  not  effect  the  stresses 
and  deformations  in  disturbed  zone  0 < o < 20°  in  any  way.  We  can  delete 
all  material  above  a = 20°  because  this  material  does  not  contribute  to  the 
stresses  or  strains,  which  are  computed  for  the  zone  defined  with  o<a<20° 
Nothing  will  be  changed  in  the  regime  of  stresses  or  deformations  in  zone 
Ck  q<20  if  we  replace  the  removed  material  with  any  shape  of  shell,  as 
shown  in  Fig.  2.  33-1,  which  illustrates  imaginary  operations.  Conse- 
quently, cases  A,  B,  and  C in  Fig.  2.33-1  are  statically  equivalent.  This 
discussion  leads  to  the  following  conclusions: 


FIG.  2.33-1.  Statically  Analogical  Shells 

1.  The  spherical  shell  of  revolution,  loaded  with  the  unit  loadings 

(M  = Q = 1),  acts  as  a lower  segment  would  act  under  the 

same  loading  (segment  defined  with  a = 20°).  Consequently, 
it  is  indifferent  what  shape  the  rest  of  the  shell  has  (Fig.  2.  33-2). 

2.  If  any  shell  at  the  lower  portion  (which  is  adjusted  to  the  loaded 
edge)  can  be  approximated  with  the  spherical  shell  to  a satis- 
factory degree,  the  solution  obtained  for  the  spherical  shell 
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which  is  loaded  with  V = Q = 1 all  around  the  edges  (Fig.  2.  33-3) 
can  be  used  for  the  actual  shell. 

3.  When  extreme  accuracy  is  required,  & = 10p  may  be  used  in 
place  of  o = 20° . 


FIG.  2.  33-2.  Different  Variants  FIG.  2.  33-3.  Approximation 

for  Unstressed  Portion  With  the  Sphere 

Another  approximation,  known  as  a Geckeler's  assumption,  may  be  useful,  i*  e. 
If  the  thickness  of  the  shell  t is  small  in  comparison  with  equa- 
torial radius  r^  = a and  limited  by  relation  a/t>50,  the  bending 
stresses  at  the  edge  may  be  determined  by  cylindrical  shell 
theory.  Meissner  even  recommends  a/t>30.  This  means  that 
the  bulkhead-shell  can  be  approximated  with  a cylinder  for 
finding  unit-influences. 

The  bending  theory  was  described  and  explained  in  the  introductory 
sections  of  this  manual.  The  small  element  of  shell  of  revolution  (loaded 
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with  unit  loadings)  in  equilibrium  is  shown  in  Fig.  2.  33-4.  The  nomen- 
clature is  the  same  as  before,  except  that 

= moment  for  meridional  direction 
Mq  = moment  for  circumferential  direction 
Q = shear  for  meridional  direction 
Shear  in  circumferential  direction  for  the  shell  of  revolution  loaded 
with  the  axisymmetrical  loading  is  0. 

Fig.  2.  33-5  shows  the  meridional  deformations  of  the  element  from 


Fig.  2.  33-4.  Due  to  deformation,  point  A was  displaced  to  the  position  A*. 


FIG,  2.  33-4.  Designations  in  FIG.  2.  33-5.  Meridional  Deforma- 
Connection  With  Differential  tions  of  Differential  Element 

Element  of  Stressed  Shell 
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The  circumferential  deformations  are  not  independent.  They  are  related 
to  the  meridional  deformations  and,  consequently,  will  not  be  considered. 

After  this  discussion,  many  existing  solutions  can  be  presented  due 
to  the  unit  loading  action.  This  will  be  done  in  the  following  presentation. 
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2-  33-  2 Spherical  Shells  (Open,  Closed) 

This  section  presents  the  solutions  for  non-shallow  spherical  shell, 
which  does  not  satisfy  the  relation 


cot*  * j 


(Ref.  2-2) 


which  is  characteristic  for  the  category  of  shallow  spherical  shells. 
Physically,  it  means  that  for  shallow  shells,  the  disturbances  due  to  unit 
edge  loadings  will  not  die  before  reaching  the  apex.  Consequently,  from 
diametrically  opposite  edge  loadings,  disturbances  will  be  superimposed 
in  some  area,  around  the  apex. 

The  boundaries  of  shells  must  be  free  to  rotate  and  deflect  vertically 
and  horizontally  due  to  the  action  of  unit  loadings.  Abrupt  discontinuities 
in  the  shell  thickness  must  not  be  present.  Thickness  of  the  shell  must 
be  uniform  in  the  range  in  which  the  stresses  are  present. 

The  formulas  are  listed  for  closed  and  open  spherical  shells.  Open 
spherical  shells  are  shells  that  have  an  axisymmetrical  circular  opening 
at  the  apex.  The  spherical  segment  must  have  such  meridional  length 
that  the  disturbances  due  to  the  unit- edge  loading  will  die  or  become 
unsignificant  before  the  opposite  edge  (omin  = 20 #)  will  be  reached. 
Unit-edge  loadings  may  act  at  the  lower  or  upper  edge  of  the  open  shell. 

For  derivation  of  the  formulas  presented,  linear  bending  theory  was  used. 
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The  following  designations  will  be  used: 

k = ^/(-f-)2  3(1-h2)  ; « = 4>i  - <»> 

Table  2.  33-2  presents  the  formulas  for  closed  spherical  shells. 
The  table  can  be  used  for  open  shells,  however,  if  the  segment  is  such 
that  the  influences  due  to  the  unit  loadings  will  die  before  reaching  the 
edge  of  the  opening. 

Usually,  the  central  opening  is  in  an  unstressed  area  of  the  shell. 
Therefore,  for  the  analysis  all  formulas  as  presented  below  may  be 
used,  for  open  shells  too  provided  that  a Q ^20°.  Otherwise,  the 
analyst  shall  be  dealing  with  a ring  instead  of  a shell. 
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TABLE  2.  33-2.  SPHERICAL  SHELL  (REF.  2-9)1 


254 


A.  Open  Spherical  Shell,  Unit  Loading  at  Upper  Edge 

Fig.  2.  33-6  represents  the  case  in  which  M = P = 1 loading  acts 
on  the  upper  edge  of  an  open  shell.  These  cases  can  be  reduced  easily 
to  the  previous  case,  as  shown  in  Fig.  2.  33-7,  and  the  same  formulas 
can  be  used,  except  that  \ > 90°.  The  actual  shell  (Fig.  2.  33-6)  will 
be  imagined  turned  at  180  degrees  (Fig.  2.  33-7),  and  the  shell  can  be 
calculated  in  the  usual  way. 

An  additional  set  of  formulas  for  spherical  closed  and  open  shells 
is  presented  in  Tables  2.  33-3,  -4  and  -5.  These  formulas  are  expres- 
sed with  functions  F ^ and  (a).  These  functions  are  tabulated  in  the 
Section  2.42.6.  In  the  case  of  the  spherical  shell,  instead  of  parameter 
£ in  the  above-mentioned  tables,  a shall  be  used. 


OPENING  OPENING 


FIG.  2.  33-6.  Unit  Loadings  at  Upper  Edge 
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FIG.  2.33-7.  Spherical  Shell,  <}>  j <90° 


256 


257 


Ifor  F factors,  see  paragraph  2.42.6 
For  k factors,  see  paragraph  2. 33. 2 


TABLE  2.  33-4.  OPEN  SPHERICAL  SHELL— UNIT  EDGE  LOADINGS 

AT  UPPER  BOUNDARY1 


*For  k factors,  see  paragraph  2.42.6 
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TABLE  2.  33-4  (CONT)1 


Q*  * o 


^For  F factors,  see  paragraph  2.42.6 
For  k factors,  see  paragraph  2.33,2 
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TABLE  2.  33-5.  OPEN  SPHERICAL  SHELL— UNIT  EDGE  LOADINGS 
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08;$NAL  PAQ€  IS 

If  POOR  QUALITY 


For  F factors,  see  paragraph  2.42.6 
For  k factors,  see  paragraph  2.33,2 


B.  Unit  of  Distortions 


In  connection  with  some  problems,  it  may  be  of  interest  to  know 
the  stresses  and  displacements  in  the  circular  shell  (closed  or  open),  if 
unit  displacements  at  the  edges  are  acting  instead  of  M and  Q: 

Ar  = unit  displacement  in  r direction 
ik 

At  lower  edge  i \ a V = unit  displacement  in  vertical  direction 

IK 

P = unit  rotation 
ik 

' Ar  = unit  displacement  in  r direction 
ki 

At  upper  edge  k , AV  = unit  displacement  in  vertical  direction 

(3  = unit  rotation 

l ki 

Tables  2.33-6  and  7 contain  the  answer  to  this  problem. 
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TABLE  2.  33-6.  CLOSED  SPHERICAL  SHELL  SOLUTIONS  DUE  TO  UNIT  EDGE 

LOA  DING/ DEFORMA TIONS  1 (REF.  2-2) 


For  k factors,  see  paragraph  2.  33.  2 
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*Far  F factors,  see  paragraph  2.42.  6 
For  k factors,  see  paragraph  2.  33.  2 
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TABLE  2.33-7.  OPEN  SPHERICAL  SHELL  — UNIT  EDGE 
DEFORMATIONS  AT  UPPER  BOUNDARY 


264 


2.33.3  Conical  Shells 


This  section  presents  the  solutions  for  non-shallow  open  or  closed 

conical  shells,  in  which  cl  is  not  small.  There  is  no  exact  information 

o 

about  limiting  angle  cl  . It  is  recommended  that  consideration  be  limited 

to  the  ranee  of  a > 45°.  If  a = 90°,  the  cone  degenerates  into  a cylinder. 

& o o 

Another  limitation  must  be  applied  to  the  height  of  the  cone.  As  in 
the  case  of  the  sphere,  the  disturbances  due  to  unit-edge  loadings  will  die 
at  a short  distance  from  the  disturbed  edge  (for  pratical  purposes, 
approximately  at  \[  Rt) . Consequently,  a "high"  cone  is  characterized  by 
an  undisturbed  edge  (or  apex)  due  to  unit  loading  influences  on  the  respective 
opposite  edge. 

The  boundaries  must  be  free  to  rotate  and  deflect  vertically  and 
horizontally  due  to  the  action  of  the  unit-edge  loadings.  The  abrupt 
discontinuities  in  the  shell  thickness  must  not  be  present.  The  thickness 
of  shell  must  be  uniform  in  the  range  in  which  the  stresses  are  present. 

The  formulas  are  assembled  for  closed  and  open  conical  shells. 

Open  conical  shells  are  characterized  by  removal  of  the  upper  part  above 
some  circumference  in  the  plane  parallel  to  the  base. 

Linear  bending  theory  was  used  to  derive  the  following  formulas. 

If  the  height  of  the  segment  is  less  than  \f  Rt , the  analyst  is  practically 
dealing  with  a circular  ring  instead  of  the  shell.  The  following  constants 
are  important: 
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D = 


v^Rt  Sin<}> 
Et3 

12  (1  - hl2) 


4 

Y 3 (1  V) 


Additional  designations  are  indicated  on  Fig.  2.33-8. 


FIG.  2.33-8.  Cone  Nomenclature 

R is  variable  and  perpendicular  to  the  meridian.  Angle  <f> 
stant.  Table  2.33-8  presents  the  formulas  for  a closed  conical 


is  con- 
shell. 
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iFor  k factors,  see  paragraph  2. 33. 3 
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(a)  Open  Conical  Shell— Unit  Loading  at  Lower  Edge 


Since  unit  influences  are  not  progressing  very  far  from  the  edge 
into  the  cone,  the  formulas  presented  in  Table  2.  33-8  can  be  used  for 
the  cone  with  opening  at  vertex  (Fig.  2.  33-9). 


OPENING 


FIG.  2.  33-9.  Open  Conical  Shell  Loading  at  Lower  Edge 


(b)  Open  Conical  Shell  — Unit  Loading  at  Upper  Edge 


If  it  is  imagined  that  the  shell,  loaded  as  per  Fig.  2.  33-10A,  is 
replaced  with  shell  as  per  Fig  2.  33-10B,  the  result  is  a conical  shell 


M M 


<A>  (B) 

FIG.  2.33-10.  Open  Conical  Shell  Loading  at  Upper  Edge 
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loaded  with  unit  loading  at  the  lower  edge.  The  same  formulas  are  used, 
for  determining  edge  influence  but  it  is  noted  that  4>  >90°. 

An  additional  set  of  formulas  for  open  conical  shells  (that  can  be 
also  used  for  closed  cone)  is  presented  in  Table  2.33-9.  These  formulas 
are  expressed  with  the  functions  and  F^^),  which  are  tabulated  in 
Paragraph  2.42.6.  The  following  constant  is  used  for  k: 
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TABLE  2.  33-9.  OPEN  CONICAL  SHELL  - UNIT  EDGE 
LOADING  SOLUTIONS1  (REF.  2-2) 


For  k factors,  see  paragraph  2.33.3(b) 
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TABLE  2.  33-9.  (CONT)1 


^or  F factors,  see  paragraph  2.42.6 
For  k factors,  see  paragraph  2. 33.3(b) 
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In  connection  with  some  problems,  it  may  be  of  interest  to  know 
the  stresses  and  displacements  in  the  conical  shell  (closed  or  open),  if 
unit  displacements  at  the  edges  are  acting  instead  of  M and  Q: 


At  lower  boundary  i 


At  upper  boundary  k 


Table  2.33-10  supplie 


= unit  displacement  in 

P..  = unit  rotation 
1 ik 

Ar^.  = unit  displacement  in 

P.  . = unit  rotation 
l ki 

s the  answer  to  this  problem. 


horizontal  direction 


horizontal  direction 
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TABLE  2.  33-10.  OPEN  CONICAL  SHELL— UNIT  EDGE 
LOADING  SOLUTIONS  1 (REF.  2-2) 


iFor  F factors,  see  paragraph  2.42.  6 
For  k factors,  see  paragraph  2.  33.  3(b) 


273 


TABLE  2.  33- 10.  (CONT)1 


*For  F factors,  see  paragraph  2.42.6 
For  k factors,  see  paragraph  2.33.3(b) 
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2.  33.  4 Cylindrical  Shell 


This  section  presents  the  solutions  for  long  and  short  cylinders, 
loaded  along  the  boundary  with  the  unit-edge  loadings  (moment,  shear, 
forced  horizontal  displacement,  forced  rotation  at  the  boundary).  All 
disturbances  in  the  cylindrical  wall  caused  by  edge  loading  will  become, 
for  practical  purposes,  negligible  at  distance  x = VRt.  If  the  height  of 
the  cylinder  is  less  than  x,  then  the  analyst  is  dealing  with  a circular  ring 
instead  of  a shell.  Further,  to  be  on  the  safe  side,  the  following  pre- 
cautions should  be  observed? 

a.  If  PL  - 5,  the  more  exact  theory  is  used,  and  such  cylinders 
are  designated  as  short  cylinders. 

b.  If  pL  £ 5,  the  simplified  formulas  is  used,  and  this  is  a 
special  case  of  the  more  general  case  a. 

The  factor  P is  defined  as  follows: 

p4  = 3(1  - (i2  ) / R2  t2 

and  shall  be  distinguished  from  the  similar  designation  pi  (with  subscript) 
which  is  an  angle  of  rotation  due  to  the  unit  edge  loadings. 

The  primary  solutions  (membrane  theory)  will  not  be  affected  by 
the  length  of  the  cylinder.  (See  paragraph  2.  32.6.)  The  boundaries  must 
be  free  to  rotate  and  deflect  because  of  the  action  of  the  unit  edge  loadings. 
The  shell  thickness  must  be  uniform  in  the  range  where  the  stresses  are 

present. 
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(a).  Long  Cylinders 


The  following  constants  will  be  noted: 

k=7=T  ^3d  -H2) 
vrT 


D = 


Et' 


12(1  - jx  ) 


The  formulas  for  the  disturbances  caused  by  the  unit -edge  loadings 
presented  in  Table  2.33-11. 


are 
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TABLE  2.33-11.  LONG  CYLINDRICAL  SHELLS— UNIT  EDGE  LOADING 

SOLUTIONS  (Ref.  2-7) 1 
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lFor  k factr-v  sec  paragraph  2. 33. 4 


(b)  Short  Cylinders  with  Uniform  Wall  Thickness  Without  Abrupt 
Discontinuity 

The  following  constants  are  used  for  tables  2.  33-12  and  2.  33-13: 
P4  = 3 (1  - ji2)/R2  t2 
p = sinh2  PL  - sin2  PL 

= (sinh  PL  cosh  PL  - sin  pL  cos  PM/p 
= (sin  pL  cosh  pL  - cos  pL  sinh  PL)/p 
= (sinh^  pL  + sin  pL)/p 
= 2 sinh  PL  sin  PL/p 

= 2(sin  pL  cos  pL  + sinh  PL  cosh  pL)/p 
= 2(sin  pL  cosh  pL  + cos  pL  sinh  pL)/p 
The  formulas  for  unit-edge  loading  disturbances  are  presented  in 
Tables  2.33-12  and  2.33-13.  To  use  these  formulas  the  relation  PL  — 5 
must  be  satisfied.  Distinguish  the  coefficient  p (no  subscript)  from  the 
adopted  notation  for  rotation  angle  p (with  subscript). 


TABLE  2.33-12.  SHORT  CYLINDRICAL  SHELLS  UNIT  EDGE 

LOADING  SOLUTIONS1 


Q'*..  |(alnh  2 PL  - .in  2 0 LI  co.  hp  . Co.  P«  - l .tnh*  pL 

1 . , 

• ilnkp  * cos  P*  - Z *in*pL  coshp*  slnpxj 

Q.. 

-4—  Islnhp*  slap*  - Kj  coshp*  cm  p*  - Kj  (cm  hp*  • 

2P  D 1 , 

* sinpx  - ilahp)fcMpi)| 


• «»„,*,/•*** 

♦ 0lh  K,/IP2D 
- Ou  K|/2P*D 

* °U  K4/2^*D 


— — (stn2pL  ala  bp*  cos  P*  * slab1  pL  CM  hp* 
. slap*  + pXj  alabp*  slap*) 


Q|k  | (cm  hp*  cos  p*  ♦ Kj  alnhp*  sin P*  ■ Kj  (alnhp* 
• cm  p*  ♦ cm  hp*  alapx)| 


Displacements 


— w—  Ik.  coa  hp*  coe  p*  ♦ sin  bp*  atop*  - (cos  h P*  aiap* 
2PZD  1 

4 ala  b px  cm  P*)| 

/**  * 

[ — - p coa  hp*  - ala h*  pL  alahp*  co«p*  ♦ 

2p2D  V 2 

♦ ala2  pL  coa  h px  sUpij 


Mlk  V2**0 

M*  Kj/2pD 

. Mu  K4^P*D 

* “lh>V*>D 


Mu  jco*  bpx  coapx  - Kj  (alahp*  alnpx)  ♦ -y  (coabp* 
• slnpx  - sin h p*  coapx)| 


p _J£  (K.  ft  aln  hp*  slnpx  - 2 alnh*pL  coahp*  atnpx 

P * 

- 2 ala2  pL  ainhp*  coops) 


•lb 

- «,/*»*«> 

K,/2P*D 

wkl 

- Ki/2p,0 

. K4/2P*D 

»u 

• K,/IPD 

»kl 

- K./20*D 

.Kt/IpD 

1For  k factor*,  lee  paragraph  2.33. 4(b) 
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TABLE  2.33-13.  K- COEFFICIENTS  (SHEET  1 OF  4) 


pL 

K1 

K2 

K3 

K4 

K5 

K6 

0.  100 

20. 0000 

10. 0000 

300. 0010 

299.9993 

6000. 0726 

5999.9726 

0.  102 

19-  6078 

9. 8038 

288. 3502 

288. 3484 

5653. 9797 

5653. 8777 

0.  104 

19.2307 

9. 6153 

277. 3661 

277.3643 

5334. 0202 

5333.9163 

0.  106 

18.  8680 

9. 4340 

267. 0011 

266.9992 

5037. 8137 

5037. 7076 

0.  108 

18. 5185 

9.2592 

257. 2024 

257. 2004 

4763.0654 

4762.9574 

0.  1 10 

18. 1818 

9. 0909 

247.9354 

247.9334 

4507.  9753 

4507. 8654 

0.  112 

17. 8572 

8. 9286 

239. 1601 

239. 1580 

4270. 7759 

4270. 6639 

0.  1 14 

17. 5438 

8. 7718 

230. 8407 

230. 8385 

4049. 8977 

4049.  7837 

0.  116 

17. 2414 

8. 6206 

222.9497 

222. 9474 

3844. 0227 

3843.9067 

0.  118 

16. 9492 

8. 4745 

215.  4565 

2 15.4542 

3651. 8686 

3651. 7506 

0.  120 

16. 6667 

8. 3333 

208.3347 

208.3323 

3472. 3100 

3472. 1900 

0.  122 

16.3934 

8. 1967 

201. 5600 

201. 5576 

3304.3290 

3304. 2070 

0.  124 

16. 1291 

8. 0645 

195. 1109 

195. 1083 

3147. 0173 

3146. 8933 

0.  126 

15.  8730 

7.9364 

188. 9657 

188.9631 

2999. 5240 

2999.3979 

0.  128 

15. 6250 

7. 8124 

183. 1071 

183. 1044 

2861. 1180 

2860. 9900 

0.  130 

15. 3847 

7. 6923 

177. 5168 

177. 5140 

2731. 0977 

2730.9677 

0.  135 

14. 8148 

7.4074 

164. 6109 

164. 6079 

2438. 7537 

2438. 6187 

0.  140 

14. 2858 

7. 1428 

153. 0632 

153.0600 

2186. 6934 

2186. 5533 

0.  145 

13.7932 

6. 8965 

142. 6899 

142. 6864 

1968. 2148 

1968. 0698 

0.  150 

13. 3334 

6.6666 

133. 3360 

133.3323 

1777. 8949 

1777. 7449 

0.  155 

12.9033 

6. 4515 

124. 8725 

124.8685 

1611.3412 

1611. 1862 

0.  160 

12. 5001 

6. 2499 

117. 1905 

117. 1862 

1464. 9675 

1464.  8076 

0.  165 

12.  1213 

6.  0605 

110. 1957 

110. 1912 

1335. 7945 

1335. 6295 

0.  170 

11. 7648 

5.8823 

103. 8095 

103. 8047 

1221. 3795 

1221.2095 

.0.  175 

11.4287 

5. 7142 

97.9624 

97.9573 

1119.6639 

1119.4889 

0.  180 

11.  1112 

5. 5555 

92. 5962 

92. 5908 

1028.9436 

1028. 7636 

0.  185 

10.8109 

5.4053 

87. 6591 

87.6534 

947. 7650 

947. 5800 

0.  190 

10. 5265 

5.  2631 

83. 1066 

83. 1005 

874. 9079 

874. 7179 

0.  195 

10. 2566 

5.  1281 

78. 8997 

78. 8933 

809. 3321 

809. 1371 

0.  20 

10. 0002 

4.9999 

75.0043 

74.9976 

750. 1503 

749.9503 

0.  21 

9. 5240 

4.  7618 

68.0319 

68.0246 

648. 0355 

647. 8255 

0.  22 

9. 0911 

4.  5453 

61.9887 

61.9806 

563. 6514 

563.4314 

0.  23 

8. 6959 

4.  3477 

56. 7164 

56. 7076 

493.3093 

493. 0794 

0.  24 

8. 3336 

4.  1665 

52.0895 

52. 0799 

434. 2073 

433.9673 

0.25 

8. 0003 

3.9998 

48.  0066 

47.9962 

384. 1866 

383.9366 
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TABLE  2.  33-13.  (CONT)  (SHEET  2 OF  4) 


PL 

K1 

K2 

K3 

K4 

K5 

K6 

0.  26 
0.  27 
0.  28 
0.  29 
0.  30 
0.31 
0.32 
0.33 
0.34 
0.35 
0.36 
0.37 
0.38 
0.39 
0.40 
0.41 
0.  42 
0.43 
0.44 
0.45 
0.46 
0.47 
0.48 
0.49 
0.  50 
0.  51 
0.  52 
0.53 
0.  54 
0.  55 
0.  56 
0.  57 
0.58 
0.  59 
0.  60 

7. 6927 
7.4078 
7. 1433 
6. 8970 
6. 6672 
6.4522 
6. 2507 
6.0613 
5. 8831 
5. 7151 
5. 5565 
5. 4064 
5. 2642 
5. 1294 
5.0013 
4.8794 
4. 7634 
4.6527 
4. 5471 
4.4462 
4. 3497 
4. 2573 
4.  1688 
4.0839 
4.0024 
3.9241 
3. 8488 
3. 7764 
3.7067 
3. 6395 
3. 5748 
3. 5123 
3.4520 
3.3938 
3. 3375 

3. 8459 
3.7034 
3. 5711 
3.4479 
3. 3330 
3.2254 
3. 1245 
3.0298 
2.9406 
2.  8566 
2. 7771 
2. 7020 
2. 6308 
2. 5633 
2.4991 
2.4381 
2.3799 
2.3245 
2.2715 
2. 2209 
2. 1725 
2. 1262 
2.0818 
2. 0392 
1.9982 
1.9589 
1.9211 
1. 8847 
1. 8496 
1. 8158 
1.7832 
1. 7518 
1. 7214 
1. 6920 
1.6636 

44. 3859 
41.  1601 
38. 2737 
35. 6809 
33.3430 
31. 2278 
29. 3079 
27. 5599 
25.9640 
24. 5030 
23. 1621 
21.9285 
20. 7911 
19. 7401 
18. 7671 
17. 8644 
17.0256 
16. 2447 
15. 5164 
14. 8363 
14. 2001 
13. 6042 
13. 0452 
12. 5202 
12. 0264 
11. 5613 
11.  1230 
10. 7094 
10.3187 
9.  9491 
9. 5993 
9.2678 
8.9533 
8. 6548 
8.3712 

44.3747 
41.  1479 
38.  2607 
35. 6668 
33.3280 
31.2118 
29.2908 
27. 5418 
25.9447 
24.4826 
23. 1405 
21. 9057 
20. 7670 
19. 7148 
18. 7404 
17. 8364 
16. 9962 
16. 2138 
15.4842 
14.8026 
14. 1649 
13.5674 
13.0069 
12.4802 
11.9848 
11. 5180 
11.0780 
10. 6627 
10. 2701 
9. 8987 
9. 5470 
9.2137 
8.8973 
8. 5968 
8.3112 

341. 5695 
305. 0342 
273. 5341 
246.2304 
222.4478 
201. 6362 
183. 3460 
167. 2068 
152.9116 
140. 2046 
128. 8710 
118. 7305 
109- 6302 
101.4402 
94. 0496 
87. 3630 
81.  2989 
75. 7865 
70. 7646 
66. 1798 
61.9856 
58. 1415 
54. 6117 
51. 3647 
48.3729 
45. 6104 
43.  0583 
40. 6957 
38. 5055 
36.4721 
34. 5819 
32. 8226 
31. 1830 
29. 6531 
28.2241 

341. 3095 
304. 7642 
273. 2541 
245.9405 
222. 1478 
201. 3262 
183. 0260 
166. 8768 
152. 5716 
139.8547 
128. 5111 
118. 3605 
109.2503 
101.0503 
93. 6496 
86.9531 
80. 8790 
75.3566 
70.3247 
65.7299 
61. 5258 
57. 6716 
54. 1318 
50.8749 
47. 8731 
45. 1006 
42.5385 
40. 1659 
37. 9657 
35. 9224 
34.0222 
32.2529 
30. 6033 
29.0635 
27.6245 
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TABLE  2. 33-13.  (CONT)  (SHEET  3 OF  4) 


PL 

K1 

K2 

K3 

K4 

K5 

K6 

0.  61 
0.  62 
0.  63 
0.  64 
0.  65 
0.  66 
0.  67 
0.  68 
0.  69 
0.  70 
0.  72 
0.  74 
0.  76 
0.  78 
0.  80 
0.  82 
0.84 
0.86 
0.88 
0.90 
0.92 

0. 94 
0.96 
0.98 
1. 00 
1.05 

1.  10 
1. 15 
1.20 
1. 25 
1.30 
1.35 
1.40 
1.45 

3.2830 
3.2304 
3.1794 
3. 1300 
3.0822 
3.0358 
2. 9908 
2.9472 
2.9048 
2.8637 
2. 7849 
2.7105 
2. 6400 
2.  5732 
2. 5098 
2.  4495 
2.3923 
2.3377 
2.2857 
2.2361 
2.  1887 
2.  1435 
2. 1001 
2.0587 
2. 0190 
1.9267 
1.8434 
1. 7678 
1. 6991 
1.6365 
1. 5795 
1. 5273 
1.4795 
1.4357 

1.6361 
1.6095 
1. 5838 
1. 5588 
1. 5346 
1. 5111 
1. 4883 
1.4661 
1.4446 
1.4237 
1.3836 
1.3456 
1.3096 
1.2753 
1.2427 
1. 2117 
1. 1821 
L 1538 
1.  1267 
1. 1008 
1.0759 
1.0521 
1.0292 
1.0071 
0.9859 
0.9361 
0. 8904 
0.8482 
0. 8091 
0. 7727 
0. 7386 
0. 7066 
0. 6764 
0. 6477 

8. 1015 
7. 8448 
7.6003 
7.3673 
7. 1450 
6. 9328 
6. 7302 
6. 5365 
6.3512 
6. 1739 
5. 8415 
5.  5359 
5.2545 
4.9948 
4. 7546 
4. 5321 
4.  3256 
4. 1337 
3.9550 
3.  7884 
3.  6329 
3.4875 
3.3515 
3.2239 
3. 1043 
2.8360 
2. 6052 
2.4058 
2.2322 
2.0813 
1.9492 
1. 8333 
1. 7314 
1.6416 

8.0395 
7. 7808 
7. 5342 
7.2991 
7.0747 
6.8603 
6. 6555 
6.4595 
6.2720 
6.0924 
5. 7552 
5.4449 
5.1585 
4.8936 
4.  6482 
4.4204 
4.2084 
4.0109 
3.8265 
3.  6541 
3.4926 
3.3411 
3.  1988 
3.0649 
2.9388 
2.6538 
2.4056 
2. 1881 
1.9957 
1.8253 
1.6732 
1.5366 
1.4135 
1.3019 

26. 8876 
25. 6365 
24.4641 
23.3642 
22.3314 
21.3606 
20.4475 
19. 5876 
18. 7773 
18. 0131 
16. 6102 
15. 3565 
14. 2328 
13. 2229 
12.3128 
11.4908 
10. 7466 
10.0718 
9.4573 
8.8979 
8.  3874 
7.9206 
7.4930 
7. 1008 
6. 7405 
5.9598 
5.3209 
4. 7941 
4.3561 
3.9916 
3. 6859 
3.4286 
3.2113 
3.0271 

26.2781 
25.0170 
23. 8346 
22. 7248 
21. 6820 
20. 7013 
19. 7782 
18.9084 
18.0882 
17.3140 
15. 8913 
14.6178 
13.4742 
12.4445 
11. 5147 
10. 6729 
9.9089 
9.2139 
8. 5802 
8.0012 
7.4710 
6.9846 
6.5375 
6. 1258 
5. 7460 
4.9169 
4.2298 
3.6551 
3. 1697 
2. 7582 
2.4061 
2. 1029 
1.8402 
1. 6115 
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TABLE  2.  33-13.  (CONT)  (SHEET  4 OF  4) 


pL 

Ki 

K2 

K3 

K4 

K5 

K6 

1.  50 

1.  55 
1.60 

1.65 
1.70 

1. 75 
1.80 

1.85 
1.90 
1.95 
2.00 
2.05 

2.  10 
2.  15 
2.20 
2.25 
2.30 
2.35 
2.40 
2.45 
2.  50 
2.  55 
2.  60 

2.65 
2.  70 

2.75 
2.  80 

2.85 
2.  90 

1.3955 
1.3586 
1. 3247 
1. 2936 
1. 2651 
1.2389 
1.2149 
1. 1929 
1. 1727 
1. 1543 
1. 1376 
1. 1223 
1. 1084 
1.0959 
1.0845 
1.0742 
1.0650 
1.0567 
1. 0493 
1.0427 
1. 0368 
1.0316 
1.0270 
1. 0230 
1. 0195 
1.0165 
1.0138 
1.0115 
1.0096 

0. 6205 
0. 5945 
0.  5697 
0.  5458 
0.5229 
0.  5007 
0.4793 
0.4586 
0.4385 
0.4189 
0.3999 
0. 3814 
0.3634 
0.3459 
0. 3288 
0. 3121 
0.  2958 
0.2800 
0. 2646 
0. 2496 
0. 2350 
0. 2208 
0. 2071 
0. 1938 
0. 1809 
0. 1685 
0. 1565 
0. 1449 
0. 1338 

1. 5623 
1. 4923 
1.4303 
1.3755 
1.3269 
1.2840 
1. 2461 
1.2126 
1.  1831 
1. 1570 
1. 1341 
1.  1141 
1.0966 
1. 0813 
1.0680 
1. 0566 
1.0467 
1.0382 
1. 0310 
1. 0249 
1.0198 
1.0155 
1.0119 
1. 0090 
1.0067 
1. 0048 
1. 0033 
1. 0022 
1. 0014 

1.2004 
1. 1076 
1.0226 
0.9444 
0.8722 
0.8054 
0. 7435 
0. 6859 
0.6321 
0. 5819 
0. 5350 
0. 4911 
0.4500 
0.4114 
0.3751 
0.3411 
0. 3091 
0.2791 
0.2510 
0. 2246 
0.  1998 
0. 1766 
0.  1549 
0.  1347 
0.  1158 
0.  0982 
0. 0819 
0.  0668 
0. 0528 

2. 8707 
2. 7376 
2.6243 
2. 5276 
2.4452 
2. 3748 
2.3149 
2.2638 
2.2204 
2. 1835 
2. 1524 
2. 1261 
2.  1039 
2.0854 
2.0699 
2.0571 
2.0465 
2.  0379 
2.  0309 
2.0252 
2.  0207 
2.0172 
2.0144 
2.0123 
2.0108 
2.0096 
2.0088 
2. 0082 
2.0079 

1.4113 
1.2352 
1.0797 
0. 9418 
0.8192 
0. 7097 
0. 6118 
0.  5240 
0.4451 
0.3740 
0.3101 
0.2525 
0.2005 
0. 1536 
0. 1114 
0.0734 
0. 0392 
0. 0086 
-0. 0188 
-0.0433 
-0. 0649 
-0. 0841 
-0. 1009 
-0. 1155 
-0. 1281 
-0. 1389 
-0. 1479 
-0. 1553 
-0. 1613 

CS?-  f/&- 
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(c)  Special  Formulas 


Hampe  (Ref.  2-2)  gives  exact  solutions  for  cylinders,  based  on  linear 

bending  theory.  Tables  2.  33-14  and  2.  33-15  presents  the  influences 

caused  by  the  unit-edge  loadings:  M.R  = Q.fc  = 1,  forced  rotation  of 

the  edge  = 1 and  forced  displacement  of  the  edge  Ar.  = 1.  All  for- 

lie 

mulas  are  valid  for  long  and  short  cylinders. 

If  the  length  of  cylinder  is  such  that  L > 3.  1 y^RtT  the 
formulas  can  be  simplified.  The  simplification  is  also  considered  in 
Tables  2.33-16  and  2.33-17.  The  functions,  F.  and  F.  (£),  are  from 
Paragraph  2.42. 6. 
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*For  F factors,  see  paragraph  2.42.6 
Foe  k factors,  sec  paragraph  2.  33. 4 
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*For  F factors,  tee  paragraph  2.42.6 
For  k factors,  see  paragraph  2.33.4 


TABLE  2.  33-16.  LONG  CYLINDRICAL  SHELLS  — APPROXIMATE  SOLUTIONS 

FOR  UNIT-EDGE  LOADING  (REF  2-2)  1 


S>I.I12UI3H 


V&f  I *£  J° 

:p9xjsxiBS  aq 
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iFoc  F factors,  see  paragraph  2.42.6 
For  k factors,  see  paragraph  2.33.4 


TABLE  2.33-17.  CYLINDRICAL  SHELLS— APPROXIMATE  SOLUTIONS  FOR  UNIT-EDGE 
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For  F factors*  see  paragraph  2.42.6 
For  k factors*  see  paragraph  2.33.4 


2.33.5  Sal vadori* s Approximate  Method  for  Irregular  Shell 

Consider  a shell  of  revolution  of  any  meridional  shape  loaded  with 
axisymmetrical  loading  with  restricting  assumptions  as  stated  in  Para- 
graph 2.32.11. 

A.  Displacements 

The  following  simplified  formulas  for  displacements  are  given  by 
Salvadori  in  Ref.  2-6  (see  Table  2.33-18). 

TABLE  2.33-18.  IRREGULAR  SHELLS— UNIT  EDGE 
LOADING  SOLUTIONS 


289 


Ratio  t,/a  is  assumed  to  be  small  enough  for  displacements, 
rotations,  and  stresses  in  the  shell  to  be  approximated  by  the  same 
quantities  in  a cylinder  of  constant  thickness,  ts,  tangent  to  the  shell 
at  the  equator.  This  approximation  is  satisfactory  for  shells  whose 

ratio,  ts/a,  is  less  than  1/50  and  whose  thickness  near  the  edge  does 
not  change  abruptly. 

B.  Interaction 


Considering  displacements  of  the  primary  and  secondary  solutions, 
the  interaction  leads  to  the  following  formulas  for  discontinuity  forces: 


where 


mo  = 


(1  - x‘) 


V3  (1  + X2)2  + 2X3/2  (1  + X) 


q0  =7T/ 


(i  + x5/2i 


2^T(1  + X2)2  + 2X^(1  + 


3/2 


X) 


X = t /t 

8 C 


where 


t is  thickness  of  cylinder 

Sp  - factor,  dependent  on  loading,  see  Table  2.32-11. 


C.  The  Maximum  Values 

The  maximum  value  of  M may  be  larger  than  MQ;  consequently,  it 
has  to  be  determined.  It  was  shown  by  Salvadori  that  a maximum  value  of 
M appears  at  a distance  Xg,  in  the  bulkhead,  defined  as  follows: 


tan  (3  x 
rs  s 


m 


0 


This  distance  is  measured  along  the  meridian,  starting  from  the  discon 
tinuity  section.  In  a cylinder,  the  correspondent  distance  is  xc, 
defined  as  follows: 


ian  a 

c c qQ  + 2 •J  ^ 

Then,  for  both  bulkhead  and  cylinder,  special  values  Mfl  (bulkhead)  and 

M (cylinder)  have  to  be  determined.  The  larger  value,  MQ  or  M,  as 
c 

defined  above  represents  the  actual  maximum  moment. 

This  work  will  be  performed  using  Fig.  2.  33-11  and  the  formulas 
that  are  given  on  this  graph  for  M and  Q.  To  obtain  Mfl  or  Mc,  use  the 
formula  in  Fig.  2.33-11,  entering  ms  or  mc  or  m.  as  shown  in  the 

formula. 
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FIG.  2.33-11.  Graphical  Form  of  Data 

The  simplicity  of  the  results  obtained  allow  the  checking  of  shell 
design  for  boundary  moments  (the  most  dangerous  condition  in  most 
practical  cases)  without  any  difficulty  and  in  a routine  manner. 
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2.33.6  Conclusion 


The  influences  due  to  the  unit  edge  loadings  were  covered  in 
-this  section.  The  disturbing  influences  at  the  boundary  were  as 

follows: 

Unit-edge  loadings:  moments  and  shears. 

Unit-edge  deformations:  horizontal  displacement  and  rotation. 

The  correspondent  disturbances  along  the  meridian  were  membrane 
stresses,  internal  moments,  shear,  and  rotation  and  deflections.  A 
combination  of  these  influences  with  the  influences  due  to  primary  load- 
ings lead  to  the  resulting  stresses  and  deformations,  if  the  interaction 
process  is  used  as  was  described  in  Paragraph  2.23.2. 
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2.  34  SUMMARY 


The  unit-load  method  was  presented  in  detail.  The  interaction 
process  between  shells  was  discussed  at  the  beginning,  and  then  the  pri- 
mary and  secondary  solutions  were  systematically  presented  for  use  in 
an  interaction  process.  It  was  shown  that  a large  family  of  axisymmetri- 
cally  loaded  shells  of  revolution  can  be  solved  using  this  method. 

Sometimes,  there  are  bulkheads  that  cannot  be  easily  approximated 
at  boundary  zone  with  the  spherical  or  cylindrical  shell  to  obtain  unit 
influences.  Fig.  2.  34-1  is  an  example  of  such  shells.  It  is  clear  that 
within  the  range  of  20  degrees,  the  shell  at  junction  with  the  cylinder  can- 
not be  approximated  with  the  sphere.  In  such  case,  however,  two 

spherical  shells  or  toroidal  and 
spherical  shell  will  be  needed  for  the 

U LX  HEAD 

approximation,  as  shown  in 
Fig*  2.  34-2.  The  determination 
of  discontinuity  stresses  will  be 

CYLINDER 

performed  with  the  more  compli- 
cated process  as  was  shown  with 
the  system  of  Eq.  2.23-3. 

FIG.  2.34-1.  Bulkhead,  Which 
Cannot  be  Approximated 
With  a Sphere  Alone 
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FIG.  2 . 34-2.  Combined  Bulkhead 

Up  to  this  point,  solutions  were  discussed  and  presented  for  the 
isotropic  material  and  homogeneous  section  of  constant  thickness  t. 

This  presentation  covers  the  most  common  shell  configurations;  however, 
the  presentation  would  not  be  complete,  unless  a brief  treatment  of  circular 
plates  and  rings  is  included,  because  the  more  complicated  configurations 
known  as  the  "multishells"  always  have  these  elements  as  interacting  parts. 
Also,  sometimes  it  is  simpler  to  use  already  collected  formulas  than  to  go 
into  the  interaction  process  for  the  most  used  simple  shells  with  different 
restrictions  on  the  boundaries.  That  is  the  subject  of  Section  2,  40. 
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2.  40  SPECIAL  SOLUTIONS 


2.41  INTRODUCTION 

The  "unit-loads"  method  for  obtaining  the  solutions  for  combined 
shells  has  been  discussed.  Problems  can  be  solved  in  the  same  manner, 
for  various  idealized  boundary  conditions  (such  as  simply  supported  or 
fixed)which  can  approximate  some  practical  conditions.  Consequently, 
the  following  definitions  can  be  made: 

The  "fixed"  (or  "built-in")  boundary  does  not  permit  any  displace- 
ments or  rotation  along  the  boundary. 

The  "pinned"  boundary  permits  rotation  of  support  but  not  displace- 
ment. A special  case  of  "pinned"  boundary,  (the  so-called  "simply 
supported"  edge  condition)  permits  the  movement  in  one  prescribed 
direction. 

All  of  the  aforementioned  supporting  conditions  may  be  considered 
during  the  interaction  process  to  obtain  the  solution.  In  order  to 
save  time,  Hampe's  method  (Ref.  2-2)  is  presented.  This  method, 
with  simple  formulas,  covers  all  possible  cases  of  circular  cylinders 
and  spheres  with  various  supporting  conditions  along  the  boundaries. 
Similarly,  the  abrupt  discontinuity  in  the  wall  thickness  may  be  covered 
by  this  method. 
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In  addition,  the  formulas  will  be  presented  for  circular  plates  (with 
and  without  a circular  hole  at  the  center)  under  different  loading  con- 
ditions. The  same  treatment  will  be  given  to  circular  rings.  Circular 
plates  and  rings  usually  are  the  common  interacting  elements  in  the 
multishells;- consequently,  they  can  not  be  omitted  in  a shell  manual. 
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2.  42  HAMPE  METHOD 


Hampe  (Ref.  2-2)  derived  a set  of  general  formulas  for  the  stresses 
and  deformations  of  cylindrical  shells  with  various  boundary  conditions  and 
loadings.  The  results  of  his  derivations  (based  on  classical  linear  bend- 
ing theory)  are  presented  in  tabular  form  in  this  section.  The  following 
constants  are  used: 

F and  F (£):  These  functions  of  geometry  are  presented  in 

Paragraph  2.42.6 

S:  These  factors  are  dependent  on  the  type  of  boundary  and 

loading.  (Tables  2.42-1  through  2.42-8.) 
w factors  for  particular  solution  of  differential  equations  are  as 
follows: 

Wp  = the  ordinates  of  the  deflection  line 

w'p  = inclination  of  deflection  line 

w"p  = the  second  derivative  of  the  deflection  line 

w"  'p  = derivative  of  the  deflection  line 

These  factors,  for  different  loadings,  are  tabulated  in  Table  2.42-8. 

The  scope  of  this  manual  does  not  permit  a breakdown  of  the  deri- 
vations or  a more  rigorous  explanation  of  the  method.  For  further  infor- 
mation refer  to  Hampe  (Ref.  2-2).  The  general  formulas  are  given  in  the 
following  text  for  the  factors  that  presented  in  the  tables. 


The  stresses  and  deformations  of  the  cylinder  with  any  fixity  at  the 
boundary  can  be  described  by  the  formulas  given  below. 

2. 42. 1 Stresses 
A.  General 

The  circumferential  load  is 


Et 

N0  " R l'  p 


jwp  (|)  + slF7  (i)  + s2f15  (I)  + s3f16  (I)  + s4f8  (J)| 

t 

The  location  (lN)  of  the  max  is  obtained  from  the  relation:  (N0)  =0 

w'  (£  ) 

S1F9(6N>  - S2F14(«n'  ‘ S3F13(6N>  + S4F10(5n'  ~ ^ = ° 


The  moment  is 


M = D 
x 


w 


>>  4 2k2  [-SjFgie)  4 s2f16(U  - s3f15(5)  4 s4f7(5)| 


The  location^,)  of  the  max,  M , is  obtainable  from  the  relation,M«x  - 0: 


Wp(eM>  _ 


S1F10(4m'  ■ S2F13UM>  + S3F14(5m'  + S4F9(6m' 


= 0 
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The  shear  is 


Q = -D 

x 


fit  3 r 

wp  <t>  + 2k  [-SjF^te)  + S2F13(|)  - S3F14(e,  - S4F9( 


B.  Special  Case:  kL  > 4 (Long  Cylinders) 

With  the  same  notation  as  before,  the  circumferential  force  is 


Ne=f-[V5)  + SiFi7<«,  + s2Fi8<«>l 


The  location^j^of  max  N is  determinable  with  relation  to 


W f | ^ j 

S1F19^N*  ' S2F20^N*  = 0 


The  moment  is 


M = D 
x 


w 


•’U)  t 2k2[SlF18U)  -S2F17<|)]J 


The  location  (£..)  of  max  M is  determined  by  the  relation 


wIM(.  j 

2k 


The  shear  is 


Q = -D 
x 


w 


;"(i)t2k3(siFM({M)  + S2FI9,4M,]j 
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2.42.2  Distortions 


A.  General 

The  deflection  line  is 

w = WpU)  + S^U)  + S2F15(e)  + S3F16($)  + S4F8<e) 

Inclination  of  the  tangent  of  the  deflection  line  is 

w'=  w'p<|>  + k|.SjF9U)  + S2F14(e)  + S3F13U)  + S4F10(S)J 

B.  Special  Case  kL  2 4 (Long  Cylinders) 

The  deflection  line  is 

w = wp(!)  + Sj  f17(|)  + s2f18(4) 

Inclination  of  the  deflection  line  is 

w'  = wpU)  + k[s1F19(4)  + S2F20{|)| 

2.42.3  Coefficients  and  Tables 

The  wp  to  w p coefficients  for  the  different  loadings  and  geometries 
are  presented  in  Table  2.42-1.  Si  coefficients  are  presented 
similarly  in  Tables  2.42-2  to  9. 

These  tables  are  prepared  for  different  kinds  of  distributed  loadings. 
For  hinged  edges  of  the  shell  (rotation  but  not  displacement  permitted, 
moment  = 0),  the  Si  coefficients  are  presented  in  Tables  2.42-4  and  5. 
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T able  2.42-6  presents  the  coefficients  for  cylinders  with  both 
boundaries  fixed.  The  coefficients  S*  are  presented  in  Table  2.42-7  for 
one  boundary  fixed  and  another  hinged. 

When  the  cylindrical  shells  are  loaded  with  nonuniform  loadings, 
bending  will  be  involved,  and  the  membrane  theory  will  not  be  adequate 
to  solve  the  shell  problem  even  if  the  edges  are  free  to  rotate  and 
deflect;  therefore,  these  cases  are  tabulated  in  Tables  2.42-8  and  9. 
These  cases  are  assembled  for  the  free  boundary  conditions,  however 
S.  factors  are  determined  with  linear  bending  theory  in  most  of  the  cases. 
Dash  over  factors  (Table  2.  42-9)  indicates  that  the  length  of  the 
cylinder  is  such  that  the  supporting  condition  of  one  boundary  does  not 
effect  the  stresses  and  deformations  on  another  boundary. 
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For  k factor*.  *ee  paragraph  2.42.6 
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kfactotj,  tee  paragraph  2.42.6 
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^For  F fact.  and  F factors,  sec  paragraph  2.42.6 


TABLE  2.42-2.  (CONT) 


^or  F factori,  see  paragraph  2.42.6 
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TABLE  2.  42-2.  (CONT) 
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For  k factors,  see  paragraph  2.42.6 


TABLE  2.42-3.  Sj  AND  S2  COEFFICIENTS,  kL>4.  0 (Ref.  2-2)1 


JFor  k factors,  see  paragraph  2.42.6 
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TABLE  2.42-4.  Si  - VALUES,  kL-<4.  0 (REF.  2-2) 


^or  F factors,  see  paragraph  2.42.6 
For  k factors,  see  paragraph  2.42.6 
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TABLE  2.  42-4.  (CONT) 
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[For  F And  k f Actors,  tee  pATAgrAph  2.42.6 
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TABLE  2.  42-6.  Si- COEFFICIENTS  (REF.  2-2)1 
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TABLE  2.  42-6.  (CONT) 
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TABLE  2. 42-7.  Si-COEFFICIENTS,  kL  > 4.0  (REF.  2-2) 
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*Fof  F and  k factors,  see  paragraph  2.42.6 


TABLE  2.42-7  (CONT) 
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For  F and  k f acton,  tee  paragraph  2.42.6 


TABLE  2.  42-8.  Si— COEFFICIENTS,  kL<4.  0 (Ref.  2-2) 
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TABLE  2.42-8.  (CONT) 
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*For  F ind  k fact  on,  lee  paragraph  2.42. 6 


TABLE  2.  42-9.  Sx  AND  S2  COEFFICIENTS  kL  >4.  0 (Ref.  2-2)1 


Symmetrical 


About  Centerline 


PqrZ  4 (kL)4 
Et  a4  + 4 (kL)4 


PU)  = P„  *in 


o < kL 


Po*^  «3 
Et  2 (kL)3 


2 (kL) 


0 


3 


0 


s2 


*For  k factors,  see  paragraph  2.42.6 
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^For  k factors,  see  paragraph  2,42.6 
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TABLE  2.42-9  (CONT)1 
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2,42.4  Analysis  of  Cylinders  with  Rotationally  Symmetric  Discontinuities 
in  Geometry  or  Loading. 


Rotationally  symmetric  discontinuities  are  of  special  importance, 
especially  if  they  are  located  not  far  from  the  edges  of  the  cylinder. 

As  before,  the  tables  are  prepared  for  many  possible  disconti- 
nuity  types  (Ref.  2-2). 

Assume  that(T)represents  the  place  where  discontinuities  will 
occur.  Fig.  2.42-1  shows  the  designations  and  the  system  of  coordi- 
nates which  will  be  used. 


a.  SYSTEM  b.  THE  POSITIVE 

DEFINITION  OF  TRANSFER 
LOADS  Mi  AND  Qi 


FIG.  2.42-1.  Cylinders  with  Discontinuities 


The  imaginary  cut  at^^is  introduced,  and  an  attempt  is  made  to 
determine  discontinuity  loads  Mi  and  Qi.  This  is  a usual  problem 
of  interaction  and  it  will  be  solved  as  such;  the  following  formulas  will 
be  obtained: 
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M.  = 


2Dk 

4> 


Aw  + A 
P Mj 


Q.  = 

1 


2DkZ 

4> 


Aw  + <t> 

P m2 


where 


4>  = <t> 


M 


2 

2 


2 


The  values  $ are  given  in  the  Table  2.42-10.  Some  special 

cases  of  discontinuity  loads  Mj  and  are  presented  in  the  Table 
2.42-11. 
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Shell  Geometry 
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TABLE  2.42-11  DETERMINATION  OF  and  Qt  (REF. 
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^crFand  k factor*,  ttt  parapaph  2.42. 6 
For  Xp  coefficient,  lee  paragraph  2. 32.6(a) 


TABLE  2.42-11  (CONT) 
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*Fot  F and  k factors,  we  paragraph  2.42.6 
For  xp  coef  ficient,  see  paragraph  2.32.6fa) 


2.42.5  Spherical  Shell,  Any  Fixity  at  the  Lower  Bounda 


General  formulas  for  open  or  closed  spherical  shells  are  presented 
herein  in  the  same  manner  as  for  the  cylindrical  shell.  The  boundary 
conditions  along  the  lower  edge  can  be  assumed  to  be  "fixed"  or 
"pinned."  The  formulas  are  dependent  upon  certain  factors,  S^,  that 
are  the  functions  of  integration  constants,  C,  that  appeared  by  derivation 
of  formulas  {bending  theory).  For  the  "fixed"  lower  boundary 


1 2Rk 


(^ilL+(J  * M 

\sin  4>j  F^+2  Pm  k F^+2 J 


El  /Ar™.  p A 

IRk  \sin  <)>j  F^+2  m k Fj+^ 


ysin  <)>j  F^+2  pm  k F^+2y 


- — 0 — 

4 2Rk  Pm  k 

where  k and  F are  factors  as  shown  in  Paragraph  2.42.6. 

For  the  special  case  of  "closed"  spherical  shells,  the  only  constants  needed 


_ Et  / 2k\ 

= _2k2  Vm  Sin  *1  R/ 
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s 


2 


P 


m 


In  the  preceding  formulas  Ar  is  the  radial  movement  of  the  mem- 

m 

brane  and  p is  the  angle  or  rotation  of  the  membrane, 
m 

For  the  "pinned"  lower  boundary 


S 


1 


Ar  EtF, 
m 1 


2 sin  RkF . 
1 4 


S 


2 


Ar  Et 
m 

2 sin 


S 


3 


Ar  Et 
m 

2 sin  4>jRk 


S 


4 


Ar  Et  F„ 
m 2 

2 sin  d>,Rk  F. 
1 4 


For  the  special  case  of  the  "closed"  spherical  shell,  the  only  constants 
needed  are 


Ar 


si  ■ 


m 


Et 


2 sin  4>i  Rk 


S 


2 


Ar 

m 

2 sin  ^ 


Et 

Rk 
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With  these  indications  the  general  formulas  can  be  given. 

A.  General  Case  of  Open  Spherical  Shell,  Any  Boundary  at  Lower  Edge 


Longitudinal  Load: 


N. 


4> 


= NWmbr  + C°*  * [SlF7(al  " S2F15(Q)  + S3F16(a|  + S4F8<a,l 


Circumferential  Load: 


^8  ^flmembr 


-k 


■S^^a) 


* szFu'a) 


S3F13<“> 


+ S4F10(a> 


Shear: 


Q*  = SjF^a)  4 S2F15(a)  4 SjF^fa)  4 S^a) 

Moment  M, ; 

9 

■ -S-|-SlF10(a»  + S2F13<a>  • S3F14<a>  - Wl 


Moment  M 


8* 
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Deformations: 


Horizontal  Movements: 


Rk 

Ar  =-gr  sin  ♦ -SiF9(Q)  + S2F14<a)  + S3F13(a)  + S4F10(Q) 


Rotation  of  Meridian: 


S * -ir[-SlF8|a)tS2F16(“>-S3F15(a|  + S4F7(<‘)l 


B.  General  Case  of  Closed  Spherical  Shell,  Any  Boundaries  at  Lower 
Edge 

Longitudinal  Load: 

N4>  = N*membr  + | *1*17™  * S2F18<“>I 

Circumferential  Load: 


Ne=Wtk  KF19<a>  - S2F2oH 


Shear: 


Moment  M^: 


M 


-R 
4>  " 2k 


Moment  MqI 


Me  * 'ST 


!x(- 


cot  4> 


Fis(“>  ' FF20(a) 


cot  4* 


Fl7(a)  + jxF19(a)J 


Deformations: 


Horizontal  Displacement: 


Ar-E,ta+|SiFn‘a»*  VzH 


Rotation  of  the  Tangent  of  the  Meridian: 


P = 


- S2F17<“>I 


2.42.6  Definition  of  F-Factors 

The  general  solution  of  the  homogeneous  differential  equation. 


UK  4 

w + 4k  w = 0 
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can  be  represented  with  the  following  combination  of  trigonometrical 
and  hyperbolical  functions: 

cosh  kL£  cos  kL£  sinh  kL£  cos  kL£ 

cosh  kL£  sin  kL£  sinh  kL£  sin  kL£ 

where  kL  is  a dimensionless  parameter  and  £ is  a dimensionless 
ordinate.  Figs.  2. 42  -2  through  2,  42  -4  present  the  F -factors  that 
simplify  the  analysis.  As  a special  parameter  for  determining  the 
F-factorst  rj  is  considered  as  follows 


2 2 

F = F(rj)  i.  e.  , F^  = sinh  r\  + sin  r| 


For  a cylindrical  shell 


T = kL  or  n = kL£  and  k = 


. ^(IV 


v/rT 


For  a conical  shell 


r\  = kL  or  r>  = kL£  and  k = 


ysd-,2) 


yf 


txm  cot  "o 


For  a spherical  shell 


= k for  F. ; Tj  = ko  for  F^  (a);  and  k = (l 
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Definition  of  the  F-factors  is  given  in  Table  2.42-12.  If  the 
required  accuracy  is  high,  it  is  suggested  that  the  F values  be  cal- 
culated as  presented  in  Table  2.42-12.  If  the  required  values  are 
estimated  and  extreme  accuracy  is  not  required,  the  graphs  in 
Figs.  2.42-2  through  2.42-4  should  be  used.  These  graphs  also 

present  the  values  F.. 

l 
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TABLE  2.42-12.  F^)  AND  FACTORS,  (Ref.  2-2) 
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FIG.  2.42-2.  Fi  FACTORS  (i  = I,  2.  3,  4,  6,  12) 
(SHEET  1 OF  3) 


335 


336 


337 


Fi 


FIG.  2.42-3.  Fi  FACTORS  (i  = 7.  8,  9.  10,  13,  14,  15,  16) 

(SHEET  1 OF  3) 
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2.  43  APPROXIMATE  METHOD  FOR  DETERMINATION  OF  LOCATION 
AND  MAXIMUM  STRESSES  IN  CYLINDERS  (REF.  2-2) 

The  approximate  method  is  useful  for  preliminary  design. 

t and  £ are  nondimensional  values  that  represent  the  location  of 

b N M 

maximum  circumferential  stress  and  maximum  moment  due  to  any  linear 
loading,  characterized  with  py  and  \ . (See  Paragraph  2.  32.  6.)  Nmax  18 
the  maximum  circumferential  force,  and  ^maJ[  maximum  moment 

along  the  meridian.  QF  and  Mf  are  the  reactionary  forces  at  the  boundary 
(discontinuity  forces).  The  graphs  are  plotted  for  different  geometries 
of  cylinders  represented  with  parameter  kL  where  k = • There 

are  two  similar  sets  of  graphs:  one  for  the  fixed  lower  boundary  and  the 

other  for  pinned.  Consequently, 

Graphs  on  Fig.  2.  43-1  and  Fig.  2.  43-2  lead  to  determination  of  |N  and 


Nmax* 

Graphs  on  Fig.  2.  43-3  or  Fig.  2.  43-4  lead  to  determination  of  SM. 

Graphs  on  Fig.  2.  43-5  or  Fig.  2.  43-6  lead  to  determination  of  Mmax. 

Graphs  on  Fig.  2.  43-7  or  Fig.  2.  43-8  lead  to  determination  of  QF- 

Graphs  on  Fig.  2.  43-9  lead  to  determination  of  Mp. 

These  graphs  vyere  plotted  by  Hampe  and  are  based  on  his  method  which 
was  described  before  (Section  2.  42). 
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£ max 


FIG.  2.43-1.  DETERMINATION  OF  LOCATION  AND  VALUE  OF 
MAXIMUM  CIRCUMFERENTIAL  LOAD  IN  CYLINDERS  LOADED 
LINEARLY,  WITH  FIXED  BOUNDARY 


max 


FIG.  2.43-2.  DETERMINATION  OF  LOCATION  AND  VALUE  OF 
MAXIMUM  CIRCUMFERENTIAL  LOAD  IN  CYLINDERS  LOADED 
LINEARLY,  SIMPLY  SUPPORTED  AT  LOWER  BOUNDARY 
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FIG.  2.43-5.  DETERMINATION  OF  MAXIMUM  MOMENT  FOR  LINEARLY 
LOADED  CYLINDERS,  FIXED  AT  LOWER  BOUNDARY 


FIG.  2.43-6.  DETERMINATION  OF  MAXIMUM  MOMENT  FOR 
LINEARLY  LOADED  CYLINDERS,  SIMPLY  SUPPORTED 
AT  LOWER  BOUNDARY 


P v^p 


FIG.  2.43-7.  DETERMINATION  OF  SHEAR  AT  LOWER  FIXED  BOUNDARY 
OF  CYLINDERS  LOADED  WITH  LINEARLY  DISTRIBUTED  PRESSURE 
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FIG.  2.43-8.  DETERMINATION  OF  SHEAR  AT  LOWER  SIMPLY 
SUPPORTED  BOUNDARY  OF  CYLINDERS  LOADED  WITH 
LINEARLY  DISTRIBUTED  PRESSURE 
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FIG.  2.43-9.  DETERMINATION  OF  THE  FIXTY  MOMENT  AT  THE 
BOTTOM  OF  THE  FIXED  CYLINDERS  FOR  LINEAR  LOADING 


2.  44  CIRCULAR  PLATES 

A collection  of  solutions  for  circular  plates  with  different  axisym- 
metrical  loading  conditions  is  presented  in  this  section.  The  circular 
plates  with  and  without  a central  circular  hole  are  considered.  These 
solutions  can  be  used  individually  or  in  the  process  of  interaction  with 
more  complicated  structures.  The  following  nomenclature  will  be  used: 
w = deflection 


p = 

rotation 

E = 

Young’s  modulus 

H-  = 

Poisson’s  ratio 

t = 

thickness  of  plate 

D = 

Et3 

12(1-  p2) 

M = 

r 

radial  moment 

M(  = 

tangential  moment 

Q = 

r 

radial  shear 

Other  designations  are  indicated  in  tables  presented  in  this  section. 

The  formulas  presented  were  derived  by  using  the  linear  bending 
theory.  The  "primary"  solution  is  presented  first;  then  "secondary" 
solutions  are  presented  in  the  same  way  as  for  the  shells.  Finally#  spe- 
cial cases  (fixed  boundary  conditions)  will  be  given. 
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2.  44. 


1 Primary  Solutions 


Primary  solutions  are  assembled  in  Tables  2.  44-1  and  2. 
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TABLE  2.44-1.  SIMPLY  SUPPORTED  CIRCULAR  PLATES  (REF.  2-8) 
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TABLE  2.44-1.  (CONT) 
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TABLE  2.44-1.  (CONT) 
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TABLE  2.44-2.  SIMPLY  SUPPORTED  CIRCULAR  PLATES  WITH 
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2.  44.  2 Secondary  Solutions 


The  only  unit  edge  loading  of  importance  is  a unit  moment  loading 
along  the  edges  (Fig.  2.44-1).  Table  2.44-3  presents  solutions  for  this 
loading  for  different  cases  of  circular  plate  with  and  without  the  circular 
opening  at  the  center. 


M 


‘M 


M a' 


w = 


2D  (1  + P) 
Ma 

P=  D(l+  P)  * P 

Mr  = Mt  = M 
Qr  = 0 


(1-P2) 


a 

1 r = ap 

a 



a 

FIG.  2.44-1.  Formulas  of  Influences  for  a Simply  Supported  Circular 
Plate  Loaded  With  Equally  Distributed  End-Moment 
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44-3.  SIMPLY  SUPPORTED  CIRCULAR  PLATES  WITH 
CENTRAL  HOLE  (REF.  2-8) 
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2.44.3  Special  Cases 

Special  cases  and  solutions  for  circular  plates  that  occur  com- 
monly in  practice  are  presented  in  this  section.  The  geometry, 
boundary  conditions,  and  loadings  for  special  circular  plates  (with  and 
without  a central  hole)  are  shown  in  Tables  2.44-4  and  2.44-5.  The 
information  for  these  tables  was  obtained  from  Ref.  2-2.  and  2-8. 
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TABLE  2.44-4.  CIRCULAR  PLATE  WITH  CENTRAL  HOLE  (REF.  2-8) 
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TABLE  2.44-4.  (CONT) 


W < k5  ( -1  ♦ P - 2 • Inp) 

2D 

Mr  « - Mk5  [l  + K + < 1 -M)  j^J 

Mt  ■ - Mkj  Jl  ♦ I*  - (1 

Q,  - 0 
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TABLE  2.44-5.  CIRCULAR  PLATES  WITH  CLAMPED  EDGES  (Ref.  2-8) 
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TABLE  2.44-6.  CIRCULAR  PLATES,  STRESSES  IN  PLATES  DUE  TO  EDGE 

ELONGATION 
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NOTE 


2.  45  CIRCULAR  RINGS 


Circular  rings  are  important  structural  elements  which  often  inter- 
act with  shells.  The  theory  of  shells  would  not  be  complete  without  infor- 
mation about  circular  rings.  In  this  section,  such  information  are 
summarized  and  presented  for  symmetrical  loading  in  respect  to  the 
center  of  the  ring. 

Nomenclature  employed  is  as  follows: 

A = area  of  the  cross  section 


moment  of  inertia  for  the  centroidal  axis  in  the  plane  or 
normal  to  the  plane  of  the  ring 


J = torsional  rigidity  factor  of  the  section. 

Table  2.45-1  presents  the  solutions  for  different  loads  on  rings. 
This  information  was  obtained  from  Ref.  2-5. 
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TABLE  2.45-1.  SYMMETRICALLY  LOADED  CIRCULAR  RINGS  (Ref.  2-5) 
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LOADING  IS  NOT  IN  SELF- EQUILIBRIUM 


2.46  CONCLUSION 


In  this  section,  supplemental  information  on  the  unit-edge  loading 
method  was  presented  and  special  attention  was  given  to  the  cylinders  and 
spheres.  To  make  the  collection  of  formulas  more  complete  and  general, 
the  necessary  information  for  circular  plates  and  rings  was  provided. 
With  all  the  information  on  numerous  shell  plates  and  ring  elements,  two 
or  more  shells  can  be  combined  and  analyzed.  The  following  section  is 
devoted  to  this  subject. 
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2.50  MULTISHELL  STRUCTURES 
(Ref.  2-2) 


2.51  INTRODUCTION 

Up  to  this  point,  only  single -shell  systems  were  considered.  In 
the  introductory  sections  of  this  chapter,  instruction  was  given  for  the 
treatment  of  "combined  shells,  " i.e.,  shells  that  are  a combination  of 
two  or  three  shell  segments. 

This  section  presents  a simple  approach  for  dealing  with  the 
multishell  systems,  similar  to  that  shown  in  Fig.  2.52-l(a).  Such 
systems  usually  are  a combination  of  spherical,  cylindrical,  and  conical 
shells,  and  circular  plates  and  circular  rings  located  axisymmetrically . 

The  multishell  system  is  analogous  to  the  statically  indeterminate 
frame  system  and  can  be  handled  similarly.  The  shell  elements, 
however,  shall  be  high  enough  in  order  that  one  boundary  is  not  to  be 
influenced  by  disturbances  at  another  boundary. 

Several  known  methods  are  useful  for  this  purpose.  In  this 
chapter,  two  methods,  ( 1 ) the  force -method  and  (2)  the  displacement - 
method,  are  presented. 

Basically,  the  philosophy  is  similar  for  each  of  the  methods.  It 
is  clear  that,  if  the  deformation  is  known,  the  forces  at  each  section 
can  be  determined  and,  vice  versa,  if  the  forces  are  known,  the 
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displacement  can  be  determined.  Consequently,  there  is  no  basic 
difference  between  the  ways  in  which  the  loads  (moments)  or  deforma- 
tions as  statically  indeterminate  values  are  chosen,  but  in  some  cases 
one  or  the  other  way  may  be  preferred. 
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2.  52  FORCE  METHOD 


2.52.1  Introduction 

This  method  is  an  analog  to  the  method  employed  in  statics  for 
solving  rigid  frames,  which  is  called  the  Mforce  method”  and  which 
introduces  the  cuts  in  the  system  under  consideration  and  then,  in  order 
to  restore  the  integrity  of  the  structure,  applies  the  statically 
indeterminate  force. 

2 . 52 . 2 Analysis 

The  system  will  be  separated  into  the  elementary  shell,  plate,  or 
ring  elements  as  shown  in  Fig.  2.52-l(b). 
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Each  element  (Fig,  2.52-l(b))  is  statically  determinate,  and  is 
loaded  with  the  primary  loading  (pressurization)  and  with  the  secondary 
loadings  (unit-loadings)  in  order  to  restore  the  integrity  of  the  system, 
as  it  was  explained  in  the  introductory  section  of  this  chapter. 


Fig.  2.  52-2  shows  the  necess 
that  are  applied  at  each  point  of  scp 


integrity  of  the  system. 


FIG.  2.52-2.  Statically  Indeterminate 
Forces  Acting  on  the  Free-Body 
Diagram-System  With 
Statically  Determinate 
Elements 


ry  statically  indeterminate  loadings 
ration  in  order  to  restore  the 

The  following  sign  convention 
is  adapted  here: 

Call  the  values  on  the  right- 
side  positive,  as  noted: 

A.  Shell-Element 

(1)  Upper  Edge  of  a Shell  Element: 
Moment  in  the  clockwise  direc- 
tion. 

Horizontal  load  directed  outside. 
Vertical  load  directed  up. 

(2)  Lower  Edge  of  a Shell-Element: 
Moments  in  counterclockwise 
direction  of  rotation. 
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Horizontal  load  directed  in  inside  direction. 


Vertical  load  downward. 

B.  For  Circular  Plates. 

(1)  Inside  Edge  of  Circular  Plate  With  Hole: 

As  upper  edge  under  A(l) 

(2)  Outside  Edge  of  a Circular  Plate  With  or  Without  Holes: 

As  lower  edge  under  A(2) 

As  shown  in  the  introductory  portions  of  this  chapter  (Paragraphs 
2.  23.  2 and  2.  23.  3),  a system  of  linear  equations  can  be  written  for 
determining  the  statically  unknown  values  Xj. 

Two  cases  which  usually  are  considered  when  the  system  is  built 
up  from  the  statically  determinate  elements  (Fig.  2.52-2)  will  De 
distinguished.  The  next  paragraph  discusses  these  cases. 

2.  52.  3 System  Combined  From  Statically  Determinate  Elements 
A.  Case  1 

The  length  of  each  element  is  such  that  unit  influences  due  to  unit 
loading  will  overlap.  In  other  words,  stresses  due  to  unit  loading  will 
depend  in  every  joint  on  both  edge  unit  influence.  For  such  a case,  the 
matrix  for  determination  of  has  the  shape  shown  in  Fig.  2.  52-3. 
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FIG.  2.52-3.  The  Matrix  of  Unknowns  if  the  Boundary  Disturbances 
at  Opposite  Boundaries  are  Influencing  Each  Other.  (Force  Method, 
With  the  Statically  Determinate  Elements) 


B.  Case  2 

The  length  of  the  element  is  such  that  the  disturbances  caused 
by  the  unit  loadings  will  die  at  short  distance  from  the  edge  and  will  not 
overlap  with  the  disturbances  due  to  the  unit  loading  on  opposite  edge  of 
statically  determinate  shell  element. 

In  this  case  the  matrix  will  have  the  shape  shown  in  Fig.  2.  52-4. 
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FIG.  2.  52-4.  The  Matrix  of  Unknowns  if  the  Boundary  Disturbances  at 
Opposite  Boundaries  are  not  Influencing  Each  Other.  {Loads  Method 
With  Statically  Determinate  Elements) 

It  can  be  seen  that  case  2 can  be  split  into  four  independent 

systems  of  linear  equations.  The  solution  will  be  much  faster  and 

simpler  than  under  case  1. 

2.52.4  Structural  System  Combined  From  Statically  Indeterminate 
Elements 

In  reality,  the  separation  of  the  multishell  into  simpler  com- 
ponents does  not  necessarily  need  to  be  made  as  shown  in  Fig.  2.  52-l(b). 
The  separation  can  be  performed  as  shown  in  Fig.  2.  52-5, 
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but  then  the  elements  are  of  a 


FIG.  2.52-5.  Free -Body  Diagram. 
The  System  is  Divided  Into  the 
Statically  Indeterminate 
Elements 


M statically  indeterminate'1  type. 

It  does  not  change  the  philosophy, 
but  the  analysis  will  be  much  faster 
if  formulas  are  available  for  the 
statically  indeterminate  elements 
subjected  to  the  primary  and 
secondary  loadings,  because  fewer 
elements  will  be  present.  These 
influences  can  also  be  obtained  by 
calculation  if  the  collection  of 
formulas  does  not  cover  the 
particular  case.  As  before,  two 
cases  are  considered. 


A.  Case  1 

The  length  of  the  element  is  such  that  the  unit  influences  due  to 
the  unit  loads  on  opposite  edges  will  be  overlapped.  In  other  words, 
stresses  due  to  the  unit-loadings  will  depend,  in  every  point  of  the 
shell,  on  both  opposite  edge  unit -loadings.  For  this  case  the  corres- 
pondent matrix  is  shown  in  Fig.  2.  52-6. 
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FIG.  2.  52-6.  The  Matrix  of  Unknowns  if  the  Boundary  Disturbances  at 
Opposite  Boundaries  are  Influencing  Each  Other  (Loads  Method 
With  the  Statically  Indeterminate  Elements) 


B.  Case  2 

The  lengths  of  the  elements  are  such  that  the  unit  influences  due  to 
the  unit  loading  does  not  depend  on  unit  loading  of  the  opposite  edge. 

For  such  a case,  the  corresponding  matrix  is  shown  in  Fig.  2.52-7. 


FIG.  2.  52-7.  The  Matrix  of  Unknowns  if  the  Boundary  Disturbances  at 
Oppo  site  Boundaries  are  not  Influencing  Each  Other  (Loads  Method 
With  Statically  Indeterminate  Elements) 
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In  case  2,  the  system  of  four  linear  equations  will  be  split  into 
two  independent  systems  of  only  two  linear  equations  to  make  the  solution 
simpler.  Also,  use  of  the  externally  statically  indeterminate  elements 
greatly  reduces  the  number  of  the  statically  unknowns,  thus  making  the 
solution  much  simpler* 

The  method  of  handling  these  systems  was  extensively  explained, 
in  detail  in  Section  2.  23  of  this  chapter. 

2.  52*  5 Conclusion 

In  this  section,  analysis  of  a ’’multishell  system”  by  the  set  of 
linear  algebraic  equations  was  shown.  This  method  was  explained  in 
general,  since  a detailed  description  was  presented  in  the  Introduction 
of  this  chapter. 

To  simplify  the  application  of  the  method  described,  tables  are 
presented  in  Subsection  2.  54,  containing  the  formulas  for  the  edge- 
deformations  due  to  different  loadings  of  primary  and  secondary  nature. 

The  formulas  in  this  section  are  shorter  and  simpler  than  the  general 
formulas  given  in  Section  2.  30  because  they  cover  the  special  cases  of 
loads  and  displacements  at  the  edge  only.  Use  of  these  formulas  simplifies 
the  procedure. 
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2.53  DEFLECTION  METHOD 


2.  53.  1 Introduction 

The  deflection  method  is  applicable  to  the  solutions  of  statically 
indeterminate  structures.  To  make  simple  comparisons  between  the 
previous  method  and  this  method,  the  same  multishell  system  will  be 
used.  In  general,  if  the  deformations  in  any  section  of  the  shell  are 
known,  the  loads  at  this  section  are  also  known. 

2.  53.  2 Analysis 

Designate  the  edge  rotations  with  (3^  and  the  end  horizontal  move- 
ments with  Ar  Unknown  deformations  at  any  junction  of  statically 

determinate  shell  elements  are  shown  in  Fig.  2.53-1.  Note  that  6 . 

® vi 

(vertical  movements)  are  negligible  at  junctions  (3)  and  (4).  Also  note 
that  there  is  100-percent  fixity  at  support  in  junction  (1);  consequently, 
all  deformations  are  zero’s. 

The  following  deformations  are  unknown: 

Rotations:  , p3  , p4 

Horizontal  displacements:  6ou,  60„,  6... 

2 H 3H  4 H 

Vertical  displacements: 

Determination  of  the  unknowns  delineated  is  analogous  to  the 
known  ’’slope  deflection”  method  applicable  to  the  rigid  frames. 


380 


THE  VALUES  p1  = 6H1  = 6vl  = 0. 


FIG.  2.  53-1.  Multishell  With  Statically  Indeterminate  Deformations 


First,  a 100-percent  fixity  against  rotation  and  movement  of  each 
element  is  assumed.  This  can  be  determined  by  the  "fixed -end -moments” 
and  "fixed -end-loads , " which  are  designated  by  and  N \ In  reality, 
these  loads  do  not  exist,  and  correspondingly,  deformations  p^  and  6^ 
will  not  be  zero,  but  will  be  of  such  an  amount  to  make  M^  and  zero. 
For  example,  junction  (2)  will  be  rotated  by  some  angle  P2>  resulting  in 
the  following  moments  at  this  junction: 


M21  <P2>'  M22  <P2>'  M23  <P2> 


2H‘ 


Similarly,  junction  2 will  be  moved  horizontally  by  the  amout 
resulting  in  the  moments 


M21  (62H»’ 


M23  ’62H* 


(moment  M (6  ) was  neglected  here,  assuming  the  curvature  of  shell 

22  2H 

2-2  to  be  small). 
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Also,  junction  (2)  will  be  moved  vertically  to  the  amount  b^v9 
resulting  in  the  moment 

The  adjusted  junction  (3)  will  be  rotated  in  a similar  manner,  and 

will  influence  the  joint  (2)  by  delivering  (P^)  The  joint  (3)  also 

moved  horizontally  by  amount  6 , and  again  influenced  joint  (2)  by 

delivering  M ( 6^  ) to  it.  However,  because  of  equilibrium  which 

2 3 3H 

must  be  EM  , = 0,  this  can  be  expressed  algebraically  as 


M°  = M»3  + M 


22 


+ M 


21 


then 


M2  + M21(P2)  + M22(P2)  + M23 

+ M23  + M21  *&2H*  + M23  ^ 62H) 


+ M23  ^63H)  + M21  *62V*  = ° 


Similar  equations  can  be  derived  for  any  junction  (i),  leading  to 

the  system  of  linear  albegraic  equations.  Again,  as  in  the  previously 

described  methods,  two  possibilities  exist: 

1.  End-deformations  of  each  shell  element  mutually  influence 
each  other  (as  was  assumed  in  the  example  previously 
presented), 

2.  End -deformations  of  each  shell  element  are  independent  of 
each  other,  and  the  stresses  in  the  element  always  will  be 
the  function  of  only  one  end -deformation. 
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A corresponding  matrix  is  given  in  Fig.  2.  53-2  for  case  1,  and 
in  Fig.  2.  53-3  for  case  2.  Again,  it  can  be  noted  that  in  case  2,  the 
system  will  be  reduced  to  three  simple  independent  systems,  thus 
making  the  solution  faster. 
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Similarly,  as  before,  the  use  of  statically  indeterminate  elements 
will  reduce  the  number  of  equations  and,  consequently,  simplify  the 
solution.  The  tables  are  given  in  Section  2,  54. 

2.  53.  3 Conclusion 

In  this  section,  the  outline  of  the  special  procedure  for  deter- 
mining stresses  and  deformations  in  axisymmetrical  multishell 
structures  was  presented.  It  was  shown  that  the  suggested  procedure 
is  analogous  to  the  "slope -deflection"  procedure  usually  applicable  to 
the  rigid  frames.  As  soon  as  the  statically  indeterminate  values  are 
found,  the  stresses  and  deformations  in  any  point  of  the  structure  can 
be  determined  in  the  usual  manner. 

A set  of  formulas  was  assembled  by  Hampe  (Ref.  2-2)  for  faster 
determination  of  influences  at  the  edges.  These  formulas  are  presented 
in  the  tables  included  in  Section  2.  54. 
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2.  54  TABLES  FOR  MULTISHELL  ANALYSIS 

Tables  2.  54-1  through  -12  contain  the  formulas  for  the  edge- 
deformations  due  to  different  loadings  of  primary  and  secondary  nature. 
The  formulas  are  shorter  and  simpler  than  those  given  in  Section  2.  30 
because  they  cover  the  special  cases  of  loads  only  at  the  boundary. 

Use  of  these  formulas  shortens  the  calculation.  These  tables  present 
formulas  for  cylinders,  cones,  and  spheres  with  different  boundary 
conditions. 
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TABLE  2.  54-1.  CYLINDRICAL  SHELL  WITH  FREE  EDGES.  EDGE 
DISTORTION'S  DUE  TO  PRIMARY  LOADINGS  (Ref.  2-2) 1 
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TABLED.  54-2.  CONICAL  SHELL,  FREE  EDGES.  EDGE  DISTORTIONS 

DUE  TO  PRIMARY  LOADINGS  1 
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*For  F f acton,  sec  paragraph  2.42.6 
For  k factors,  see  paragraph  2.42.6 


TABLE  2.  54-3.  CONICAL  SHELL  WITH  FREE  EDGES.  EDGE 
DISTORTIONS  DUE  TO  PRIMARY  LOADINGS 
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TABLE  2.54-4.  (CONT) 
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TABLE  2.  54-5.  CONICAL  SEGMENT  WITH  FREE  EDGES.  EDGE 
DISTORTIONS  DUE  TO  SECONDARY  LOADINGS  (Ref.  2-2)1 
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Foe  F f acton,  sec  paragraph  2.42. 6 
For  k factors,  see  paragraph  2.42.6 


TABLE  2.  54-6.  SPHERICAL  SHELL  WITH  FREE  EDGES.  EDGE 
DISTORTIONS  DUE  TO  PRIMARY  LOADING  (Ref.  2-2) 
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TABLE  2.  54-7.  SPHERICAL  SEGMENT  WITH  FREE  EDGES.  EDGE 
DISTORTIONS  DUE  TO  PRIMARY  LOADINGS  (Ref.  2-2) 
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TABLE  2.54-8.  SPHERICAL  SEQUENT.  FREE  EDGES-EDGE  DISTORTIONS 
DUE  TO  SECONDARY  LOADINGS  (Ref.  2-2) 1 
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^or  F and  k factors,  lee  paragraph  2. 42. 6 


TABLE  2.  54-9.  CYLINDRICAL  SHELL  WITH  ONE  EDGE  FREE, 
OTHER  EDGE  FIXED.  EDGE  DISTORTIONS 
DUE  TO  PRIMARY  LOADING  (Ref.  2-2)  * 
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TABLE  2.  54-10.  CYLINDRICAL  SHELL  WITH  ONE  BOUNDARY  SIMPLY 
SUPPORTED  OTHER  FREE.  EDGE  INFLUENCE  DUE 
TO  PRIMARY  LOADING  (Ref.  2-2)1 


JFor  F and  k factors,  see  paragraph  2.42.6 
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TABLE  2.  54-11 


DISTORTIONS  DUE  TO  SECONDARY  LOADINGS  (Ref.  Z-zO 


1For  F and  k factors,  see  paragraph  2.42.6 
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For  F factors,  see  paragraph  2,42.6 
For  k factors*  see  paragraph  2,42.6 


TABLE  2.  54-12  (CONT) 
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^orF  and  fc  factors.  Me  paragnph  2.42.6 


TABLE  2.  54-12.  (CONT) 
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*Forp,  and  k factors,  tee  paragraph  2.42.6 


2.55  SUMMARY 


In  this  section,  the  two  basic  methods  used  to  solve  multi- 
shells were  described,  and  tables  were  presented  for  simple  and  fast 
operation.  If  the  matrixes  are  large,  computer  programs  can  be  used 
to  solve  the  systems  of  linear  algebraic  equations.  In  most  cases, 
however,  the  systems  can  be  solved  manually  by  using  a slide  rule  if 
certain  methods,  such  as  "iteration,  " are  applied. 

Preceding  sections  have  presented  methods  of  analyzing  multi- 
shells characterized  with  the  axisymmetrical  geometry  and  loading. 

By  using  the  extended  interaction  process  (as  shown  in  this  section) 
many  cases  can  be  analyzed  with  discontinuity  in  loading  (Fig.  2.55-1); 
or  with  discontinuity  in  wall  thickness  (Fig.  2.  55-2);  different  com- 
binations of  shells  with  other  shells,  with  rings  (foundations),  or  with 
plates  (Fig.  2.55-3). 


FIG,  2.55-1.  Discontinuities  Due  to  the  Loadisg 
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FIG.  2.  55-2.  Discontinuities  in  the  Wall  Thickness 


FIG.  2.55-3.  Common  Interactions  of  Shell 
(Slab,  Ring)  Elements 

However,  to  this  point,  the  limitation  exists  regarding  the  condi- 
tion that  the  material  must  be  isotropic.  In  the  logical  process  of  gen- 
eralization of  the  method,  the  next  step  is  to  consider  the  possible 
anisotrophy.  The  shells  may  be  reinforced  with  the  circumferential 
or  longitudinal  stiffeners  or  may  be  represented  by  some  kind  of 
sandwich.  Such  cases  will  be  discussed  in  the  following  section. 


2.60  COMPOSITE  SHELLS 


2.61  INTRODUCTION 

Up  to  this  point,  only  homogeneous,  isotropic  monocoque  shells 
have  been  considered. 

It  is  known  that  certain  rearrangements  of  the  material  in  the 
section  increase  the  rigidity  and,  consequently,  less  material  is  needed, 
and  this  effects  the  efficiency  of  design.  Consequently,  in  order  to 
obtain  a more  efficient  and  economical  structure,  the  material  in  the 
section  should  be  arranged  to  make  the  section  most  resistant  to 
certain  stresses  that  are  predominant  in  this  section. 

Chapter  4.  00  deals  with  the  minimum  weight  design.  This 
approach  will  only  be  mentioned  here.  The  minimum  weight  design  should 
not  be  confused  with  the  known  economical  design  of  structural 
members,  which  is  commonly  used  for  heavy  constructions.  The  latter 
method  leads  to  the  proper  selection  of  different  materials  from  which 
the  corresponding  section  will  be  made  to  obtain  minimum  cost.  In 
some  cases,  the  minimum  cost  design  actually  corresponds  to  the  mini- 
mum weight  design,  but  not  necessarily.  In  aerospace  structures, 
weight  is  usually  a governing  factor,  even  if  the  "minimum  weight" 
structure  costs  more. 
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If  the  section  is  stressed  axially,  excluding  the  stability  consid- 
erations (Chapter  3.  00),  the  distribution  of  material  does  not  affect  the 
stresses  if  the  material  is  arranged  symmetrically  with  respect  to  the 
center  of  gravity  of  the  cross-section  of  the  member* 

If  the  structural  member  is  under  a bending  load,  con- 
sideration should  be  given  to  the  material  in  the  two  flanges,  which  will 
be  stressed  approximately  axially  (one  flange  stressed  in  tension,  the 
other  in  compression)  and  will  absorb  most  of  the  moment.  This 
arrangement  is  shown  in  Fig.  2.  61-1.  A small  amount  of  material  is 


FLANGE 


«\\\v 


flangeJ 


FIG.  2.61-1. 
Concept  of  I-Beams 


used  for  the  ,lwebn  which  contrib- 
utes very  little  to  the  resistance  to 
the  moments;  however,  it  absorbs 
most  of  the  shear.  The  simplifying 
scheme  of  structural  action  of  these 
elements  is  as  follows:  The 
moments  are  absorbed  entirely  by 
the  flanges;  the  shear  is  absorbed 
entirely  by  the  web.  The  weight 
savings  in  comparison  with  the  mon- 
ocoque  section  is  very  significant*, 
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Based  on  the  principle  explained,  the  stiffened  structures  were 
developed.  The  philosophy  previously  described  is  applied  mostly  in 
stiffened  and  sandwich  constructions. 
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2.62  STIFFENED  SHELLS 


2.62.1  General 

Stiffened  shells  are  commonly  used  in  the  aerospace  and  civil 
engineering  fields.  The  shell  functions  more  efficiently  if  the  merid- 
ional, circumferential,  or  a combination  of  both  systems  of  stiffeners 
is  used.  The  meridional  stiffeners  usually  have  all  the  characteristics 
of  beams  and  are  designed  to  take  the  compressional  and  bending 
influences  more  effectively  than  the  monocoque  section.  The  circum- 
ferential stiffeners  provide  most  of  the  lateral  support  for  the  meridional 
stiffeners.  However,  circumferential  stiffeners  are  capable  of  with- 
standing the  moments,  shears,  and  axial  stresses. 

Basically,  two  approaches  are  possible.  If  the  stiffeners  cover 
considerable  cross-sectional  area  and  are  arranged  at  a wide  spacing, 
the  whole  construction  can  actually  be  interpreted  as  a three-dimensional 
frame.  The  plates  between  the  stiffeners  distribute  and  transfer  loading 
to  the  frame,  which  will  be  analyzed  accordingly  as  a space  frame. 

This  problem  is  beyond  the  Bcope  of  this  manual. 

If  the  stiffeners  are  located  closer  together,  it  appears  more 
logical  to  replace  the  stiffened  section  with  an  equivalent  monocoque 
section  with  the  corresponding  ideal  modulus  of  elasticity.  Then  the 
shell  can  be  analyzed  as  a monocoque  shell.  More  details  on  this 
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approach  will  be  given  later*  The  geometry  included  is  for  cylindrical, 
spherical,  and  conical  shells. 

2.62.2  Cylindrical  Shell 

This  shell  may  have  longitudinal  stiffening,  circumferential  stif- 
fening, or  both.  Stiffening  may  be  placed  on  the  internal  side  or  the 
external  side  of  the  surface,  or  it  may  be  located  on  both  sides.  If  cut- 
outs are  needed,  they  will  usually  be  located  between  the  stiffeners. 

2.62.3  Spherical  Shell 

This  shell,  if  stiffened,  will  usually  be  stiffened  in  both  merid- 
ional and  circumferential  directions.  The  problem  may  be  slightly 
more  complicated  in  the  meridional  direction  because,  obviously,  the 
section  that  corresponds  to  this  direction  will  decrease  in  size  toward 
the  apex.  This  leads  to  the  nonuniform  ideal  thickness. 

2.62.4  Conical  Shell 

This  configuration  is  structurally  between  cases  1 and  2. 

2.62.5  Approach  for  Analysis 

The  approach  of  the  analysis  is  similar  for  all  shells.  If  only 
circumferential  stiffening  exists,  the  structure  can  be  cut  into  simple 
elements  consisting  of  cylindrical,  conical,  or  spherical  elements  and 
rings  as  shown  in  Fig.  2,62-1  and,  considering  the  primary  loading, 
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the  interaction  will  be  performed  as  shown  in  Section  2.50.  If  only 
longitudinal  stiffeners  are  present,  interaction  of  cylindrical  panels 
with  longitudinal  beams  (stiffeners)  will  be  performed,  as  shown  in 


Fig.  2.  62-2. 


FIG.  2.62-1. 


SHELL 


■ 1 STIFFENER 

CJ  M- 

((CIRCUM- 
FERENTIAL) 


Circumferentially  Stiffened  Shell 


FIG.  2.  62-2.  Longitudinally  Stiffened  Shell 
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If  both  circumferential  and  longitudinal  stiffeners  are  present,  the 
panel  will  be  supported  on  all  four  sides.  The  ratio  of  circumferential 
to  longitudinal  distances  between  the  stiffeners  is  very  important.  These 
panels  loaded  with  pressure  (external  or  internal)  will  transmit  the 
reactions  to  the  circumferential  and  the  longitudinal  stiffeners.  It  is 
significant  to  note  the  analogy  of  the  rectangular  plate  loadings  equally 
distributed  over  the  plate  surface  and  perpendicular  to  the  middle  sur- 
face. Plates  with  the  ratio  of  side  equal  to  one  are  most  effective;  they 
transmit  one  half  of  the  load  in  one  direction  and  the  other  half  in 
another  direction.  If,  however,  the  ratio  of  sides  is  equal  or  greater 
than  two,  for  all  practical  purposes,  the  whole  loading  can  be  considered 
to  be  carried  by  one  shorter  direction.  The  reader  is  referred  to  the 
Markus  (Ref.  2-10)  method  for  analysis  of  such  plates.  Curved  panels 
react  similarly  but,  due  to  increased  curvature,  these  panels  deviate 
more  from  the  plates.  The  curved  span  under  pressurization  usually 
deflects  less  than  the  noncurve d span;  consequently,  more  loading  will 
be  carried  by  the  curved  direction.  The  system  of  beams  (stiffeners) 
will  be  analyzed  as  a three-dimensional  frame.  Such  analysis  belongs 
to  the  theory  of  frames;  consequently,  no  further  discussion  on  this 
subject  will  be  provided  here. 
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There  are  no  fixed  formulas  in  existence  for  the  case  previously 
discussed  or  for  stiffened  shells  in  general.  As  was  previously  men- 
tioned, if  the  stiffeners  are  positioned  close  together,  the  structure  can 
be  analyzed  as  a shell  (not  as  a spaceframe).  Then  the  stiffened  section, 
for  the  purpose  of  analysis,  should  be  replaced  with  the  equivalent  mono- 
coque  section,  which  is  characterized  with  the  equivalent  modulus  of 
elasticity.  This  replacement  has  to  be  done  for  both,  meridional  and 
circumferential  direction.  Both  sections  will  possess  ideal  monocoque 
properties,  the  same  thickness , but  different  ideal  moduli  of  elasticity. 
This  leads  to  the  idea  of  orthotropic  material.  The  concept  of 
orthotrophy  will  be  studied  in  detail  in  a later  section,  and  a proper 
analysis  procedure  will  be  suggested, 

2.  62.  6 Method  of  Transformed  Section 

This  approximate  method  covers  all  variations  of  stiffened  (and 
sandwich)  construction,  regardless  of  the  kind  of  elements  that  make  up 
the  section.  This  method  shows  how  the  combined  section  can  be  sub- 
stituted with  an  equivalent  monocoque  section  of  the  same  stiffness. 

This  idealized  section  should  be  determined  for  the  circumferential  and 
meridional  directions  of  the  shell.  Then  the  analyst  deals  with  an 
orthotropic,  monocoque  shell.  The  analysis  of  orthotropic  shells  is 
similar  to  the  analysis  of  monocoque  shells  discussed  previously,  if 
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certain  corrections  are  entered  into  the  previous  formulas.  The 
analysis  for  the  shells  where  the  shear  distortions  cannot  be  neglected 
is  more  complicated,  as  will  be  explained  in  detail  in  the  following 
sections. 

Assume  a composite  section  (stiffened,  sandwich,  or  composite) 
which  consists  of  different  layers  of  material,  as  shown  in  the 
Fig.  2.62-3.  Each  layer,  (i) , is  characterized  by  a modulus  of 


FIG.  2.62-3.  Original  Composite  Section 
elasticity,  E^,  and  a cross-sectional  area,  A^.  First  select  one  con- 
venient modulus  of  elasticity,  E*,  as  a basis  for  the  equivalent  mon- 
ocoque  section  which  will  be  established.  Accordingly,  all  layers  will 
be  modified  and  reduced  to  one  equivalent  material  which  is  character- 
izedwithE*.  In  this  manner,  the  ideal  transformed  section  (Fig.  2.62-4) 
is  determined.  It  should  be  noted  that,  for  the  convenience  of  design. 
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the  thickness,  tif  of  individual  layers  was  not  changed,  but  areas  Aj 
become  A*.  The  same  modulus  of  elasticity,  E*.  now  corresponds  to 
every  A*,  thus  making  the  entire  section  homogeneous. 

The  necessary  computations  are  presented  in  Table  2.62-1. 
Designations  are  given  on  the  sketch  included  in  the  table. 


<L 


I A5* 

FIG.  2.  62-4.  Transformed  Section 


The  computations  lead  to  the  determination  of  the  moment  of 
inertia  of  equivalent  section.  The  ideal  monocoque  rectangular  section 
can  be  determined  as  having  the  same  bending  resistance  as  the 
original  section.  For  example,  if  the  section  is  symmetrical  about 
the  neutral  axis,  the  thickness,  t,  can  be  found  for  the  new  monocoque 
rectangular  section  of  the  same  resistance  as  follows: 

ht3 

I =— — = I*;  t = 2.29 

12 

where  b is  the  selected  width  of  the  new  section. 
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TABLE  2.  62-1.  TRANSFORMED  SECTION  METHOD 
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2.  63  SANDWICH  SHELLS 


2.  63.  1 Introduction 

The  basic  philosophy  which  the  analyst  applies  to  a sandwich 
structure  is  precisely  the  same  as  would  apply  to  any  structural  element. 
This  procedure  consists  of  determining  a set  of  design  allowables  against 
which  the  set  of  applied  loads  is  compared. 

In  the  analysis,  external  loads  are  applied  to  a configuration  and 
a set  of  internal  loads  is  computed.  These  loads  apply  to  the  internal 
substructural  elements  such  as  columns,  plates,  shells,  tension 
elements,  etc.  The  precise  computation  of  internal  loads  will  not  be 
considered  herein  except  to  mention  that  additional  complication  might 
be  introduced  by  the  use  of  sandwich  because  of  the  additional  lag  in  the 
distribution  of  load  between  facings  caused  by  the  relatively  low  shear 
modulus  of  the  core. 

2.  63.  2 Modes  of  Failure  of  Sandwich  Elements 

Generally,  two  types  of  allowable  data  exists.  The  first  type  is 
determined  by  simple  material  tests  and  is  associated  with  material 
more  than  with  geometry;  the  second  type  is  dependent  on  the  geometry 
of  the  element.  If,  in  a sandwich  construction,  the  materials  of  con- 
struction are  considered  to  be  the  core,  the  facings,  and  the  bonding 
media,  the  basic  material  properties  would  be  associated  with  the 
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properties  of  these  three  independent  elements.  Table  2.63-1  presents 
a list  of  some  of  the  important  structural  material  properties  of  these 
three  materials. 

TABLE  2.  63-1.  BASIC  PROPERTIES  OF  SANDWICH  MATERIALS 

FACINGS 

Compressive  yield  strength 

Tensile  yield  strength 
Tensile  ultimate  strength 
Shear  yield  strength 
Shear  ultimate  strength 
Modulus  of  elasticity 
Poisson's  ratio 
CORE 

Shear  strength 
Shear  modulus 

Flatwise  compressive  strength 
Flatwise  compressive  modulus 
Flatwise  tensile  strength 
Flatwise  tensile  modulus 
Bending  rigidity  (if  present) 

BOND  MEDIA 
Shear  strength 

Shear  modulus 
Tensile  strength 
Peel  strength 
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In  general,  there  are  properties  which  are  unaffected  by  the  con- 
figuration of  the  sandwich  element  as  a whole,  but  are  present  regard- 
less of  the  configuration.  If  the  yield  strength  of  the  skins  is  exceeded, 
yielding  will  take  place  regardless  of  whether  the  sandwich  is  in  the 
configuration  of  a flat  plate,  a column,  or  a cylinder.  Similarly,  the 
core  shear  strength  is  independent  of  geometry,  etc. 

The  second  class  of  allowable  data  is  those  which  are 
dependent  on  configuration  as  well  as  the  basic  properties  of  the  facings, 
core,  and  bond  media.  This  class  of  failure  modes  may  be  further 
subdivided  into  modes  of  failure  that  include  the  entire  configuration, 
and  those  that  are  localized  to  a portion  of  the  structure  but  still  limit 
the  overall  load -carrying  capacity. 

The  most  important  local  modes  of  failure  are  dimpling,  wrinkling, 
and  crimping.  These  modes  of  failure  are  dependent  on  the  local 
geometry  and  on  the  basic  properties  of  the  materials  of  the  sandwich. 
The  general  modes  of  failure  generally  are  associated  with  the  buckling 
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strength  of  sandwich  structural  elements.  Excessive  deflections  or 
flexibility  of  the  element  might  govern  for  specific  designs,  but  these 
factors  are  generally  specific  for  a particular  application.  This  factor 
will  be  discussed  in  Chapter  3.  00. 

Another  local  mode  of  failure  which  may  occur  is  associated 
with  failure  at  local  details  such  as  edge  members  and  close-outs 

or  at  points  of  introduction  of  concentrated  loads.  Unfortunately, 
exact  analysis  of  all  these  many  types  of  "foreign"  elements  that  must 
be  introduced  into  the  sandwich  by  the  design  requirements  is  seldom 
possible.  As  a consequence,  the  analyst  must  either  determine  the 
allowables  experimentally  or  must  make  simplifying  conservative 
analytical  approximations. 

The  comparison  between  the  allowable  and  the  applied  loads  is  a 
basic  function  of  the  analyst.  The  importance  of  this  comparison 
cannot  be  overemphasized.  In  order  to  be  able  to  apply  sandwich  con- 
struction on  a logical  basis,  it  is  imperative  that  the  modes  of  failure 
be  identified  and  analyzed.  Then  the  applied  stresses  (or  loads)  can  be 
compared  with  the  allowable  stresses  (or  loads)  and  a margin  (or  factor) 
of  safety  can  be  computed. 

2.63.3  Structural  Function  of  Sandwich 

Basically,  many  of  the  structural  reasons  for  the  use  of  sandwich 
construction  are  related  to  attempts  at  achieving  a high  bending  rigidity- 
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to-weight  ratio.  From  a structural  standpoint,  the  minimum  weight 
arrangement  of  material  in  a bending  or  compression  element  would  be 
two  membranes  separated  by  nothing,  this  nothing  being  capable  of 
transferring  shear  between  the  membranes  and  allowing  the  membranes 
to  bend  about  a common  neutral  axis.  Although  this  Utopia  has  not  been 
reached,  attempts  have  been  made  to  come  as  close  as  possible.  In  a 
beam,  the  I-beam  is  a good  example  in  which  the  engineer  attempts  to 
place  as  much  material  as  far  away  as  possible  from  the  neutral  axis. 
The  weight  of  the  web  member  is  reduced  further  in  a tension  field  beam 
in  which  the  web  may  buckle  (Ref.  2-14). 

In  a surface  application,  the  structure  analogous  to  the  I-beam 
is  the  sandwich.  In  the  case  of  the  sandwich,  we  replace  the  Utopian 
nothing  with  a core  and  bond  media.  It  should  be  pointed  out  that  the 
minimum  weight  tension  element  is  composed  of  the  highest  strength-to- 
weight  material  available  and  is  independent  of  the  cross-section  shape. 
As  a consequence,  sandwich  is  inefficient  as  a tension  element  because 
the  core  and  bond  may  not  add  materially  to  the  tensile  strength.  In  a 
sandwich,  then,  the  facing  sheets  perform  much  as  membranes 
(although  the  bending  rigidity  of  the  facings  about  their  own  neutral  axis 
may  become  an  important  factor  for  some  sandwich  designs),  and  the 
core  acts  principally  to  transmit  shear  through  the  facings,  thereby, 
allowing  the  facings  to  act  about  a common  neutral  axis* 
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In  practice,  the  achievement  of  a high  bending  rigidity  is  used 
structurally  in  problems  in  which  stability  may  govern  (Chapter  3.00) 
or  in  which  stress  or  deflection  limitation  may  govern.  A high  bending 
rigidity  can,  of  course,  be  achieved  without  recourse  to  sandwich 
construction.  However,  some  very  simple  calculations  of  the  bending 
rigidity  of  a sandwich  as  contrasted  to,  for  instance,  a flat  sheet 
readily  indicate  the  important  weight  advantage  of  the  sandwich-type 
construction.  Conventionally  stiffened  structures  are  more  competitive 
than  unstiffened  sheet  with  respect  to  a weight/strength  comparison 
with  sandwich. 

In  addition  to  the  structural  reasons  for  the  use  of  sandwich, 
there  may  be  a number  of  other  reasons  for  which  sandwich  construction 
might  be  used,  in  spite  of  the  fact  that  it  may  weigh  more  or  cost  more 
than  some  other  configuration.  It  may  be  advantageous  from  a tempera- 
ture control  standpoint  to  utilize  sandwich.  It  is  obviously  advantageous, 
in  some  cases,  to  use  sandwich  construction  to  achieve  some  particular 
architectural  effect.  It  may  be  also  advantageous  in  some  designs  to 
be  able  to  design  into  the  structure  large  areas  or  volumes  which  are 
uninterrupted  by  support  members.  Additionally,  there  is  the  advan- 
tage of  being  able  to  design  with  fewer  parts. 
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1.  63.4  Types  of  Sandwich  Cores 


As  far  as  the  analyst  is  concerned,  the  core  is  a basic  material  of 
the  sandwich  and  is  treated  as  a material.  It  has  a shear  strength,  a 
shear  modulus,  a flatwise  tensile  and  compressive  strength  and  modulus, 
and  it  may  have  some  bending  strength. 

Cores  may  be  classified  either  by  their  properties  or  by  their 
geometrical  configuration.  Analytically,  cores  are  generally  categor- 
ized by  their  properties  in  the  xz  and  yz  planes.  Cores  in  which  the 
properties  on  these  two  planes  are  equal  are  termed  isotropic  cores, 
whereas  those  with  different  properties  in  the  two  planes  are  termed 
orthotropic  cores.  Cores  may  be  orthotropic  with  respect  to  bending 
and/or  shear  rigidity  and  strength  parameters.  The  foam-type  cores 
generally  are  isotropic,  at  least  in  the  xz  and  yz  planes.  (The  prop- 
erties in  the  third  plane,  xy  plane,  may  be  different.)  The  honeycomb- 
type  cellular  cores  are  generally  nearly  isotropic  with  respect  to  shear 
(about  3-to-l  ratio  maximum)  although  there  are  some  configurations  in 
which  efforts  are  made  to  increase  properties  in  one  of  the  two  planes. 
The  corrugated  cores  are  highly  orthotropic,  having  orthotropic  prop- 
erties both  with  respect  to  strength,  bending  rigidity,  and  shear  rigidity. 

Practically  speaking,  there  are  three  types  of  cores  which  are 
commercially  available.  There  are  the  solid  cores,  the  cellular  cores. 
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and  the  corrugated  cores.  Solid  cores  are  typified  by  the  balsa  wood  or 
plywood  cores  in  which  the  core  can  be  used  by  itself  as  a structural 


member.  Such  cores  generally  have  bending  and  shear  rigidities  and 
strengths  in  three  planes.  Consequently,  the  properties  of  the  resulting 
sandwich  may  be  greater  with  the  same  facing  sheets  than  one  in  which 
one  of  the  cellular  cores  is  used. 

Actually,  there  are  two  types  of  cellular  cores.  The  first  type 
consists  of  materials  like  cellular  cellulose  acetate  in  which  a mass  of 
bubbles  has  been  solidified.  These  cores,  of  course,  were  widely  used 
in  the  inception  of  the  very  low  density  core  materials.  The  more 
recently  developed  cellular  core  is  the  honeycomb-type  core.  In  this 
material,  the  core  has  a regular  geometrical  pattern  which,  in  the 
case  of  at  least  one  common  product,  has  the  appearance  of  the  cross- 
section  of  a beehive.  Actually,  any  geometrical  pattern  of  closed  cells 
with  the  axis  of  the  cell  perpendicular  to  the  surface  could  be  considered 
of  this  type.  There  are  a multitude  of  such  cores,  each  with  somewhat 
different  properties.  It  is  pointed  out  that  when  the  core  has  bending 
rigidity  in  either  plane,  it  accepts  bending  loads  and  stresses  and  must 
be  checked  to  determine  allowable  bending  stresses.  This  is  especially 
true  when  different  facing  and  core  materials  are  used. 
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The  corrugated  cores  are  orthotropic,  both  with  respect  to  bending 
and  to  shear  properties.  Both  the  bending  and  the  shear  properties  of 
the  corrugated  core  are  many  times  greater  in  the  plane  parallel  to  the 
axis  of  the  corrugations  than  in  the  plane  perpendicular  to  the  corruga- 
tions. As  a consequence,  different  analyses  are  generally  required  for 
the  corrugated  core  sandwiches  than  for  the  cellular  core  sandwich. 

The  most  important  thing  to  remember  about  cores  in  design  of 
sandwich  is  that,  analytically,  they  have  basic  properties  similar  to 
those  of  the  facing  sheets.  Some  of  these  properties  are  included  in  the 
basic  analytical  parameters  of  the  entire  sandwich  and  govern  the  behavior 
of  the  resulting  sandwich  in  stability,  stress,  and  deflection  applications. 

2.  63.  5 Design  Requirements  for  Inspection  and  Structural  Test 

One  of  the  easily  overlooked,  but  important  aspects  of  a sandwich 
design  is  a requirement  for  inspection  of  the  completed  production  parts 
and  for  structural  testtoverify  design  and  analysis  assumptions. 
Unfortunately,  all  is  not  known  about  the  local  modes  of  failure  and 
detail  analysis  of  local  inserts,  edge  members,  closeouts,  etc.  As 
has  been  indicated,  the  best  the  analyst  can  do  is  work  with  experi- 
mental data  which  give  some  of  the  basic  allowables.  In  the  case  of 
wrinkling,  for  instance,  neither  theory  nor  test  has  yet  yielded  a 
reliable  method  of  analysis.  As  a consequence,  for  structures  in  which 
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the  design  margins  are  low,  the  analyst  should  request  a structural 
test.  Although  the  structural  test  may  not  be  of  any  significance  for  the 
overall  stability  or  deflection  analysis,  it  may  uncover  difficulties  in 
local  detail. 

The  acceptance  of  a structural  part  is  somewhat  difficult  in  a 
sandwich  structure.  Only  recently  have  electronic  and  x-ray  techniques 
become  reasonably  reliable.  The  analyst  should  play  a contributing  role 
in  a decision  as  to  the  type  of  acceptance  test  because  he  is  versed  in  the 
areas  which  are  critical  from  the  analysis  standpoint. 

2.  63.  6 Analysis  of  Sandwich  Shells 

The  similarity  between  the  sandwich  and  stiff  .led  shells  was 
mentioned  previously.  The  analysis  of  most  instability  (general  and 
local)  is  presented  in  Chapter  3.  00  of  this  manual.  Here  the  general 
design  of  sandwich  shells  under  pure  static  conditions  will  be  presented. 
Two  fundamental  cases  will  be  recognized; 

1.  Shear  deformations  can  be  neglected.  In  may  cases,  shear 
deformations  may  be  neglected  if  deformations  appear  to  be 
extensive,  and  the  core  cannot  take  the  shear.  In  such  a case 
the  core  must  be  substituted  with  another  core  which  is 
heavier,  stronger,  and  correspondingly  will  be  sufficient  to 
resist  extensive  shear  stresses.  In  this  case,  however,  the 
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deformation  of  such  a core  will  be  usually  small  and  not 
entered  into  the  analysis. 

2.  Shear  deformations  are  extensive;  however,  shear  can  be 
taken  by  the  core.  The  shear  deformations  must  be  con- 
sidered in  the  analysis.  The  primary  analytical  difference 
between  the  behavior  of  a sandwich  element  and  a homogeneous 
isotropic  element  is  the  necessity  of  accounting  for  the  shear 
deformation.  No  new  basic  theories  are  required  for  the 
analysis  of  sandwich  structural  elements,  only  the  application 
of  established  theory.  Once  the  shear  deformation  is 
properly  included  in  the  analysis,  the  analysis  is  complete. 

2.  63.  7 Conclusion 

Section  2.  63  basically  was  taken  without  change  from  Ref.  2-11. 

In  this  section,  the  physical  concepts  of  sandwich  were  reviewed  and 
difficulties  that  are  connected  with  the  exact  analysis  of  sandwich  shells 
were  listed.  Although,  any  analysis  still  is  only  an  approximation. 
Assuming  the  reader's  familiarity  with  the  basic  sandwich  concepts, 
the  following  sections  will  continue  to  put  forth  the  theory  for  the 
approximate  sandwich  analysis.  The  first  most  logical  approximation 
would  be  to  replace  actual  sandwich  with  orthotropic  material.  The 
concepts  of  orthotropy  actually  may  cover  not  only  large  family  of 
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sandwiches  but  also  other  materials,  such  as  stiffened  shells  (if 
stiffeners  are  very  closely  spaced),  corrugated  shells,  etc. 

To  give  a systematical  description  of  orthotropic  analysis, 
attention  will  again  be  directed  to  the  mathematical  structure  of  the 
analytical  formulas  for  the  monocoque  shells  presented  previously  in 
this  manual.  This  will  make  clear  what  kind  of  modifications  can  be 
made,  in  order  to  apply  the  same  formulas  (that  were  derived  for 
monocoque  material)  to  the  orthotropic  shells. 
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2.  64  ORTHOTROPIC  SHELLS 


2.  64.  1 Introduction 

A material  is  orthotropic  if  the  characteristics  of  the  materials 
are  not  the  same  in  two  mutually  orthogonal  directions  (two  dimensional 
space).  Such  material  has  different  values  for  E,  G,  and  p for  each 
direction.  The  Poisson  ratio  p also  may  be  different  in  the  case  of 
bending  and  axial  stresses.  In  the  majority  of  cases  this  difference  is 
negligible  but  in  order  to  distinguish  one  from  another  p'  will  be  desig- 
nated for  the  Poisson  ratio  which  corresponds  to  the  bending,  and  p for 
axial  stresses.  The  behavior  of  the  shell  under  loading  is  a function  of 
certain  constants  that  depend  on  the  previously  mentioned  material 
constants  and  geometry.  The  special  case  of  orthotrophy  is  isotrophy 
(the  material  characteristics  in  both  directions  of  two  dimensional  space 
are  the  same).  In  order  to  see  the  dependence  of  stresses  and  deforma- 
tions in  shells  from  previously  mentioned  constants,  a short  review  of 
isotropic  concepts  of  shells  is  provided.  These  constants  are  desig- 
nated with  strain  and  bending  rigidities. 

2.  64.  2 Extensional  and  Bending  Rigidities  in  Shells  Theory  (Ref.  2-15) 

In  the  past  only  isotropic  monocoque  shells  were  considered,  and 
numerous  formulas  were  presented.  For  isotropic  shells  the  following 
definitions  hold. 
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Strain  rigidity 


Et 

"TV 

Bending  rigidity 

Et3 

D= r 

12  (1  -p  ) 

B and  D have  appeared  in  many  previous  formulas. 

The  following  characteristic  stress -formulas  apply  for  rotationally 
symmetric  thin  shells. 

N$  = B + H*e) 
n4»  = B («e  + 

The  bending  loads  are 

= ' D a|  + ''-Re  cot^ 

Me=  D(jkc°‘*  S?) 

The  final  stresses  can  be  obtained  as  follows: 


(2.64-1) 
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For  monocoque  section  of  rectangular  shape 


N0  M0 
* = ~ T 


ISL  M 

e o 


(2. 64-2) 


The  physical  meaning  of  D and  B is  obvious  if  Eqs.  (2.  64-1)  and 
(2.64-2)  are  compared. 

The  componental  stresses  due  to  membrane  forces  are 
EN.  „ , 2 Nrf  N„ 


i °e  = 
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N 1 " ^ - 
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, 2 

Ne  Et 
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A 

where 

A = 1 x t 

It  is  convenient  to  chose  the  width  of  the  section  strip  that  is  equal  to  unity. 
The  componental  stresses  due  to  bending: 

M0Z  E ,,  E 12(1-  n2)  U M0*  M0Z 

4V>2)  E«3  lx«3'  1 


2°0  D 


E _ E 12(1-  l*2).  12M8'  . 

,V  8V,2>  E«3  ' l«t3  ' 1 


where 


1 x t' 
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Evidently,  if  stiffened  or  sandwich  shell  is  being  dealt  with,  a modified 
B and  D shall  be  used  in  the  equations,  then  all  previously  derived 
equations  for  monocoque  shells  may  be  used  for  stiffened  and  sandwich 
shells.  If  the  values  from  the  "transformed  section"  are  used,  then 


A * E * 

i-,2 


I*  E* 


In  the  preceding  formulas  p'  * p is  assumed. 


2.  64.  3 Orthotropic  Characteristics 

Now  the  orthotropy  is  defined  if,  for  two  mutual  orthogonal  main 
directions,  1 and  2,  the  following  constants  are  known  or  determined: 

Dr  Br  ^ r K i and  shear  ri8iditY  dQi 

D2’  B2'  ^ z*  ^ 2 and  shear  ri8iditY  I>Q2 

In  order  to  use  the  previously  given  formulas  (for  the  isotropic 
case)  for  the  analysis  of  the  orthotropic  structures,  the  formulas  must 
be  modified.  For  this  purpose,  a systematical  modification  of  the 
primary  and  secondary  solutions  will  be  provided  in  the  following  sec- 
tion in  order  to  make  possible  the  use  of  the  unit  edge  loading  method 
for  the  orthotropic  case.  In  the  analysis  of  monocoque  shells,  the 
shear  distortions  usually  are  neglected.  With  sandwich,  in  most  cases, 
such  neglect  is  justified.  The  previously  collected  formulas  for  the 
isotropic  case  do  not  include  the  shear  distortion.  Consequently, 


430 


orthotropic  analyses  which  neglect  the  shear  distortions  will  be 
examined  first.  Later,  additional  study  will  be  presented,  which  con- 
siders the  distortions  due  to  the  shear. 

2.  64.  4 Orthotropic  Analysis,  If  Shear  Distortions  are  Neglected 
A.  Primary  Solutions 

It  was  previously  stated  that  in  most  cases,  the  primary  solutions 
are  membrane- solutions.  For  the  purpose  of  interaction,  the  following 
set  of  values  is  needed  (considering  axisymmetrically  loaded  shells  of 
revolution). 

N - membrane  load  in  circumferential  direction 

d 

- membrane  load  in  meridianal  direction 

0 

u - displacement  in  the  direction  of  tangent  to  the  meridian 

w - displacement  in  the  direction  of  the  normal- to- the- middle 
surface. 

Actually,  having  u and  w,  any  componential  displacements  can  be 
obtained  from  the  pure  geometric  relations  if  only  the  axisymmetrical 
cases  are  considered.  Consequently,  for  this  purpose,  it  will  be 
adequate  to  investigate  u and  w. 

To  determine  N and  Nrf  all  formulas  that  were  presented  for  the 
isotropic  case  can  be  used,  because  the  membrane  is  a statically 
determinate  system  and  does  not  depend  on  the  material  properties. 
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When  PF  and  PF  are  obtained,  u and  w can  be  obtained  in  the 

0 0 

following  manner*  (See  Ref.  2-15.) 

First  determine  the  strains  components  and  €q.  For  the 
isotropic  case,  the  correspondent  formulas  are 

‘ t - IT  *N0  ' H Ne* 

*8  ■ 4i  <N8  - “N0> 

For  the  orthotropic  case  the  same  formulas  may  be  written 

1 
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0 V1  - ^0 


7 (N„  - |i._N  ) 
) ' 0 rQ  0' 
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Note:  D = B 


12 


Displacement  can  now  be  obtained  frofn  the  following  differential 
equation: 

du 


(call) 


, ‘ jj  - u cot  0 — R . € . — R c _ 

d0  10  20 


The  solution  of  the  above  equation  is 

m 


= f(0) 


u“sin0(/^jd0+c) 
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where  C is  the  constant  of  integration  to  be  determined  from  the  condi- 
tion at  the  support.  Then,  the  displacement  w is  obtained  from  the 
following  equation: 


t 

6 


w 


Consequently,  for  every  symmetrically  loaded  shell  of  revolution  the 
stresses  and  deformations  are  determined  for  the  orthotropic  case. 

B.  Secondary  Solutions  (Ref.  2-15) 

To  obtain  the  secondary  solutions,  the  formulas  that  were  derived 
for  the  isotropic  case  can  be  used  and  then,  using  the  substitution  of 
proper  constants,  they  can  be  transformed  into  formulas  for  the 
orthotropic  case.  Generally,  due  to  any  edge  disturbance  (unit  loading) 
the  formulas  give  direct  solutions  for 

V No'  M0’  M0*  Q*  P’  Ar 

in  the  form  of 

Solution  = (Edge  disturbance)x  (Function  of  Significant  Constant) 
x (Function  of  Geometry) 

The  most  important  geometries  of  the  orthotropic  shells  are  spherical, 
conical  and  cylindrical.  Any  other  geometry  in  the  majority  of  the  cases 
can  be  approximated  with  these  three  types,  as  was  shown  in  Section 2.34. 
The  significant  constants  which  appear  in  Section  2.  33  are 

k,  p , X. , B and  D 
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These  constants,  in  order  to  transform  the  "isotropic"  formulas  into 
"orthotropic,  " should  be  modified,  as  will  be  shown  in  the  following 
discussion,  except  for  those  modifications  that  are  self  evident. 

Spherical  Shell  (See  Fig.  2.  64-  1).  The  discussion  here  makes 
reference  to  the  analysis  for  the  isotropic  case.  To  make  the  trans- 
formation into  the  orthotropic  case  factor 


will  be  replaced  with  the  similar  factor  where  the  orthotropy 

k4  = 3(l-  ^>(4)* 

is  considered.  Then,  to  make  the  discussion  shorter,  for  both  unit 


edge  loadings,  M and  H,  the  com- 
bined formulas  obtained  are 


FIG.  2.64-1.  Spherical  Shell 
Loaded  With  Unit  Edge 
Loadings 
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•H=4 


where  and  are  the  constants.  These  constants  are  different  for 


unit  moment  and  unit  shear  loadings: 
M 


0 


R - -ko  . 
C^e  sin 


k \FZ 


(ka  + C2+  i) 


M = u M. 

0 ^00 

Displacements  are  given  by  the  following  formulas: 
R < i rw  « “ko 


A r = - 


^sin(0^-o)kN/2Cje  a sin  ^ko  + 
sin(0j  - o)k  sTZC^e 


< 1 ■ **  1 ^2*  * 


iin  (k  ft  + c2  - j-) 


P =-  •^-C1e'k“co.(ko*C2l 


24  k 


t D (1-n^) 


C e cos(ka-  + C,) 

ii.  1 2 


(a)  Special  Case,  M = 1 all  around.  Then, 
C = 2kM/R  ; C = 0 

X M 
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The  correspondent  deformations  at  the  edge  are 


P = 


Ar  = 


4k3M 

ERt 


2k^sin  0 . 
Et 


48  k3  M 


24k  s in  0 


M = 


1 


M 


To  obtain  N^,  N^,  Q^#  enter  and  into  general  formulas 

that  were  presented  before. 

(b)  Special  Case  H = 1 all  around  the  edge.  Then, 

2 H sin  0. 


ci =- 


C = - — 
2 4 


n/2 


The  correspondent  deformations  at  the  edge  are 


P = 


2 k^  s in  0 
Et 


H = 


24  k^  sin  0^ 

'"V1  - ^ 


H 


2 „ 

2Rksin  0, 


Ar  - - 


Et 


H = 


-24Rk  sin^  0j 


H 


To  obtain  N^,  N^,  Q^,  enter  Cj  and  in  the  preceding 

general  formulas.  Table  2.  64-1  presents  a modification  of  Table  2.  33-2 
in  above- described  manner.  Similar  modifications  may  be  obtained 
for  the  formulas  presented  in  Tables  2.  33-3  through  2.  33-7. 
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TABLE  2.64-1.  ORTHOTROPIC  SPHERE-UNIT  EDGE  LOADING  SOLUTIONS 
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*See  Table  2.33-2. 


Conical  Shell.  In  the  same  manner  the  formulas  previously  given 
for  the  isotropic  case  of  conical  geometry  may  be  modified  to  be  useful 
for  the  orthotropic  case.  The  following  constants  shall  replace  those 
previously  given.  (See  Paragraph  2.  32.  5.  ) 


/tx  cot  Q /tx  cot  a 
v m o v m o 

Then  the  previously  given  formulas  can  be  used* 

It  shall  be  noted,  that  since  the  formulas  presented  before, 

came  from  different  sources,  in  Table  2.  33-8,  instead  of  k as  shown 

above,  includes  k as  follows: 


k = 


V3(l  - K2) 
2 


y/Rt  sin 0 

The  modification  in  this  case  is  the  same  (p^  is  replaced  with 
In  this  way,  all  formulas  given  in  Tables  2.33-8  through  2.  33-10  can 
be  modified  to  be  useful  for  the  orthotropic  case.  Tables  2.  64-2  and 
2.64-3  are  such  modifications  of  Table  2.33-9. 
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C/¥\) 
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TABLE  2.64-3.  ORTHOTROPIC  CONE-UNIT  SHEAR  EDGE  LOADING  SOLUTIONS 
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*See  Table  2.33-9. 

For  F facbn,  we  paragraph  2.42.6 


Cylindrical  Shell.  All  formulas  given  in  Tables  2.33-11  and 
2.  33-  12  and  Tables  2.  33-  14  through  2.  33-17  can  be  modified  if  the 
following  replacement  is  made: 


Table  2.  64-4  is  a correspondent  modification  of  that  previously  given 
for  the  orthotropic  case  Table  2.  33-11. 


441 


G 


TABLE  2.64-4.  LONG  ORTHOTROPIC  CYLINDER-UNIT  EDGE  LOADING 

SOLUTIONS  1 
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*See  Table  2. 33-U. 


2.  64.  5 Orthotropic  Analysis,  If  Shear  Distortions  are  Included 
For  this  more  complicated  case,  the  solution  may  be  found 
in  Ref.  2-12,  which  was  considered  as  the  basis  for  the 
Paragraphs  2.  64.  5 and  2.  64.  6.  Cylinders  and  spheres  only  are 
considered  herein. 

A.  Cylindrical  Shell 

In  the  case  of  a cylinder  constructed  from  a sandwich  with  a 
relatively  low  traverse  shear  rigidity,  the  shear  distortion  may  not 
be  negligible;  therefore,  an  analysis  is  presented  which  includes  shear 
distortion  for  a symmetrically  loaded  orthotropic  sandwich  cylinder. 
The  following  nomenclature  is  used: 

D , D = Beam  flexural  stiffnesses  per  inch  of  width  of  ortho- 
x y 

tropic  shell  in  axial  and  circumferential  directions, 
respectively,  in-lb. 

Dn  = Shear  stiffness  in  xz  plane  per  inch  of  width,  lb/in. 

^ x 

B , B = Extensional  stiffnesses  of  orthotropic  shell  in  axial 

x y 

and  circumferential  directions,  respectively,  lb/in. 

G = Core  shear  modulus  inxz  plane,  psi. 

c 

M = Moment  acting  in  the  x direction,  in- lb/in. 
x 

Q = Transverse  shear  force  acting  in  xz  plane,  lb/in. 
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Fx*  H - Poisson's  ratio  associated  with  bending  in  x and  y 
directions,  respectively. 

i t 

p x»  M-y,  = Poisson's  ratio  associated  with  extension  in  x and  y 
directions,  respectively. 

The  derived  solutions  are  tabulated  in  Tables  2.  64-5  and  2.  64-6. 

B.  Half- Spheres 

Based  on  Beckler's  assumption  for  the  half-sphere,  all  formulas 
derived  for  cylinders  can  be  adapted  for  the  spherical  shell,  too. 
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TABLE  Z.  64-5.  INFLUENCE  COEFFICIENTS  DUE  TO  EDGE  LOADING 
ORTHOTROPIC  CYLINDERS,  SHEAR  DISTORTIONS  CONSIDERED 
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Formula  modifications  are  presented  in  Table  2.64-7, 


TABLE  2. 64-6.  INFLUENCE  COEFFICIENTS  DUE  TO  EDGE  LOADING  Q 


446 


formula  modification!  are  presented  in  Table  2. 04-7, 


Z.  64.  6 Influence  of  Axial  Forces  on  Bending  in  Cylinder 

Usually  it  is  assumed  that  the  contribution  of  the  axial  force  N0  to 
the  bending  deflection  is  negligible;  however,  for  a cylinder  with  a 
relatively  large  radius,  the  axial  force  may  significantly  contribute 
to  the  bending  deflection.  Therefore,  the  preceding  analysis  was 
extended  by  the  same  author  {Ref.  2-12)  to  include  the  effect  of  the 
axial  force  on  the  deflections.  This  leads  to  the  modification  of  the 
formulas  (Tables  2.  64-5  and  2.  64-6)  in  the  manner  as  shown  in 
Table  2.  64-7.  The  constants  are  slightly  modified; 


1/2 
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TABLE  2.64-7.  MODIFICATION  OF  TABLES  2.  64-5  AND  -6  TO  INCLUDE 
THE  EFFECTS  OF  AXIAL  FORCES  ON  BENDING  (REF.  6-12) 


Formula 


Quantitie  s: 

(Formulas  in  tables  6,64-5  and  -6) 


Substitute 


6 

9 

10 

11 

12 


(4a2  - A\) 
(A  | . 4a2) 


Whole  formula 


2aZM  x 
o 


Whole  formula 

V 

V 

Whole  formula 
Whole  formula 


(4a2  - Af) 
(Aj  - 4a2) 


(4Y2  - Af) 
(A|  - 4y2) 


m2M_ 


= TW  'X  [(SZ  + Y")  C°*  PX  + f (y2  + P2)  iin  ** 


s 

s 


WX  - o " (•  “o'zvd)  (2®2  + pZ  - 2v2) 


ISL.o-Kp2/  vn)P  + P2) 


(4y2  - Af) 
(Af  - 4y2> 


15 

Whole  formula 

w ■ i»  («”  - -«*>•] 

18 

Whole  formula 

Q0e-,x  fY2  1 

w * 2VD  [-p*lnPx-  Sco.  Pxj 

19 

V 

s 

20 

V 

s 

1 

21 

Whole  formula 

(-<Vzvd)  (”2  * P2) 

22 

Whole  formula 
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2.  65  CONCLUSION 


In  this  section  the  necessary  methods  and  formulas  were  pre- 
sented for  the  analysis  of  stiffened  and  sandwich  shells.  Such  shells 
are  analyzed  in  the  same  manner  as  the  monocoque  shells  with  minor 
modifications  of  previously  given  formulas,  except  if  shear  distortions 
must  be  considered.  For  this  case,  the  additional  formulas  are  given. 
Actually,  more  often,  the  stiffened  and  sandwich  shells  must  be 
analyzed  in  respect  to  stability.  Chapter  3:00  describes  the  methods 
for  the  stability  analysis  of  shells.  Also  in  Chapter  3:00  B^f  and 
and  |if.  values  are  given  for  the  most  common  types  of  sandwich 
section,  and  this  information  is  useful  for  stress  design  also.  (See 
Section  3.32.) 
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2.70  UNSYMMETRICALLY  LOADED  SHELLS 


2.71  INTRODUCTION 

Until  now,  the  axisymmetrical  cases  have  been  treated  in  respect 
to  the  geometry,  material,  and  loading.  The  "unit  load  method"  was 
exclusively  used  for  the  solution.  In  Chapter  1:00,  the  most  commonly 
used  procedures  for  solving  different  shell  systems  have  been  dis- 
cussed. It  was  shown  that  the  most  complex  solutions  are  applied  to 
the  shells  without  symmetry,  loaded  unsymmetrically.  The  first  level 
of  simplification  of  the  complex  procedures  would  be  the  usage  of 
axisymmetric  shell  loaded  unsymmetrically* 

The  scope  of  this  manual  does  not  permit  presentation  of  the 
actual  derivations,  but  solutions  for  the  most  commonly  appearing 
cases  in  engineering  will  be  presented  in  the  following  tables* 

The  shells  are  assumed  to  be  thin  enough  in  order  to  use  the 
membrane  theory.  The  following  tables  of  solutions  also  provide  the 
necessary  information  about  the  loading  and  geometry* 


2.72  SHELLS  OF  REVOLUTION 


The  first  level  of  simplification  of  the  complex  procedures  would 
be  axisymmetric  shells  loaded  unsymmetrically.  Similarly,  sym- 
metrical shells  may  have  unsymmetr ical  boundaries,  which  will  make 
the  symmetrical  loading  not  be  symmetrical  any  more. 

Table  2.72-1  presents  some  solutions  for  certain  loadings  for 
spherical,  conical,  and  cylindrical  shells  loaded  unsymmetrically. 

Table  2.72-2  presents  the  solutions  for  spherical  shell  with  non- 
symmetrical  boundaries. 
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TABLE  2.72-1.  SPHERE,  CONE,  AND  CYLINDER  LOADED  BY  WIND  LOADING 
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(No  Opening) 


TABLE  2.7  2-2.  SPHERICAL  SHELLS  WITH  UNSYMMETR1CAL  BOUNDARIES 
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2.73  SHELLS  OF  BEAM  SYSTEMS 


Presented  herein  are  some  solutions  collected  for  the  thin  shells 
of  different  beam  systems;  i.e.,  cantilever  beam,  simple  beam,  and 
continuous  beam.  The  loadings  considered  are  the  dead-weight,  the 
equally  distributed  loading  over  the  base,  end-moments,  concentrated 
loads,  etc.  The  shells  are  cylindrical,  conical,  and  curved  panels 
(circular,  elliptical,  cycloidal,  parabolical,  catenary). 

2.73.  1 Cantilever  Cylindrical  Shell 

Tabulated  solutions  for  cantilever  cylindrical  shells  under  dif- 
ferent loading  conditions  are  presented  herein.  The  only  exception  is 
the  shell  loaded  torsionally  (Table  2.73-1.)  which  can  be  regarded  as  a 
cantilever,  or  simple  beam  system.  The  solutions  are  presented  in  the 


Tables  2.73-1  and  2.73-2 


TABLE  2.73-1  CANTILEVERED  AND  FREE  CYLINDERS  LOADED 
IN  TORSION  REF.  2-9 


Ct<!Gii'iAL  PAGE  «S 

OF  POOR  QUALITY 
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TABLE  2.73-2.  CYLINDER  LOADED  BY  WIND  LOADING  (REF.  2-9) 
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2.73.2  Cantilevered  Conical  Shell 


The  configuration,  geometrical  data,  and  loading  are  presented  ir 
Fig.  2.73-1.  A set  of  such  thin  conical  shells  was  analyzed,  and  the 
corresponded  curves,  representing  the  solutions,  were  obtained. 

Solutions  are  presented  in  following  charts  (Figs.  2.73-2  to  10). 
The  charts  should  be  useful  for  the  following  ranges  of  several 
parameters. 


FIG.  2.73-1. 

30*  <a<90# 

•7  in.  < t < 2 in. 

4 


Structural  System  and  Loading 

10  in.  < L < 500  in. 

50  in.  < R . < 200  in. 

min 
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Extrapolation  beyond  indicated  ranges  is  not  recommended.  The 
results  given  in  the  charts  are  the  maximum  values  at  9 = 0 degrees. 

If  values  at  some  other  circumferential  angle  are  desired,  simply 
multiply  the  corresponding  chart  value  by  cos  0,  where  0 is  the  angle 
of  interest. 

The  following  is  an  example  problem: 

Suppose  one  wished  to  find  an  approximate  value  for  the  maximum 
normal  deflection  of  a cantilevered  conical  shell  frustum  with 
a - 45  degrees,  L = 300  inches,  t = 1 inch,  and  Rmin  = 150  inches. 
Suppose  the  loading  is  of  the  type  shown  in  Fig.  2.  73-1  with  p = 2 psi 
and  E = 30  x 10®  psi;  then, 

-P— - = 6.  67  x 10”®  in. 

Et 

Since  the  case  described  does  not  correspond  exactly  to  any  given  in 
the  charts,  interpolation  will  be  necessary.  The  required  computations 
are  summarized  in  Table  2.73-3,  where  the  approximate  maximum 
deflection  for  the  example  problem  is  found  as  0.  073  inches.  Obviously, 
a problem  requiring  fewer  interpolations  should  yield  more  correct 
results. 
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TABLE  2.  73-3.  METHOD  OF  INTERPOLATION  TO  SOLVE 

EXAMPLE  PROBLEM 


Case 

a (deg) 

Rmin  (in.  ) 

L (in.  ) 

w 

max 

Comment 

i 

30 

100 

100 

1.  6 x 10“^ 

Read  from 
Fig.  2.73-4 

2 

30 

200 

100 

3. 0 x 10"2 

Read  from 
Fig.  2.73-4 

3 

30 

150 

100 

2.3  x 10"2 

Interpolated  from 
cases  1 and  2 

4 

30 

100 

500 

2.  2 x 10"1 

Read  from 
Fig.  2.73-4 

5 

30 

200 

500 

2.7  x 10"1 

Read  from 
Fig.  2.73-4 

6 

30 

150 

500 

2.  45  x 1C-1 

Interpolated  from 
cases  4 and  5 

7 

30 

150 

300 

0.  134 

Interpolated  from 
cases  3 and  6 

8 

60 

100 

100 

2.3  x 10  ^ 

Read  from 
Fig.  2. 73-7 

9 

60 

200 

100 

5.7  x 10-3 

Read  from 
Fig.  2.73-7 

10 

60 

150 

100 

4.0  x 10-3 

Interpolated  from 
cases  8 and  9 

11 

60 

100 

500 

1.  57  x IQ'2 

Read  from 
Fig.  2.73-7 

12 

60 

200 

500 

2.33  x 10"2 

Read  from 
Fig.  2.73-7 

13 

60 

150 

500 

1.95  x 10'2 

Interpolated  from 
cases  1 1 and  12 

14 

60 

150 

300 

0.0117 

Interpolated  from 
cases  10  and  13 

IS 

45 

150 

300 

0.073 

Interpolated  from 
cases  7 and  14 
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max 


FIG.  2.  73-2.  MAXIMUM  MERIDIONAL  STRESS  FOR  a = 30 


p/t  (lb/in3> 
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FIG.  2.73-3. 


MAXIMUM  CIRCUMFERENTIAL  STRESS  FOR  o-  = 30* 
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max 


FIG.  2.  73-6.  MAXIMUM  CIRCUMFERENTIAL  STRESS  FOR  & = 60 


3-2-  0-4  1.0  2.0  4.0  10. 0 

p/t  (lb/in^) 
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max 


FIG.  2.73-9.  MAXIMUM  CIRCUMFERENTIAL.  STRESS  FOR  a = 90* 
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max 


FIG.  2.73-10.  MAXIMUM  NORMAL  DEFLECTION  FOR  a - 90° 
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2.73.3  Simple  and  Fixed  Beam  Cylindrical  Shell 


Table  2.  73-4  presents  the  solutions  for  cylindrical  shells  of  a 
simple  beam  and  fixed  beam  system  under  different  loading  conditions 
(Ref.  2-9). 
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TABLE  2.  73-4.  CYLINDRICAL  SHELL  LOADED  AS  A BEAM  {Ref.  2-9) 
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TABLE  2.73-4  (Ref.  2-4)  (CONT) 
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2.73,4  Continuous  Cylindrical  Shell  Under  Dead  Weight  (Ref.  2-9) 

Fig.  2.73-11  shows  the  loaded  cylindrical  shell. 

The  system  is  symmetrical  and  externally  statically  indeterminate. 
For  the  statically  indeterminate  value,  select  the  moment  above  the 
middle  support.  For  solution,  combine  the  case  of  simple  beam 
loaded  with  dead  weight  (call  case  1)  and  simple  beam  loaded  with  the 
end  moment  (call  case  2).  For  reference,  see  Table  2,73-4. 


FIG.  2.73-11.  Continuous  Cylindrical  Shell  Loaded  with  Dead  Weight 
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For  X2  = 0 (case  1),  EtuQ  = y^R  ^ " 6 K R ^ co8* 


For  X,  = +1  (case  2),  Etu 


= — l— [l2  + 6(1  + H)  R2]  cos  4> 

1 2 _ _ 


3R  ttL 


where  u is  deflection. 

Because  of  symmetry  at  x = 0.  lt;  follows 


u = u0  + Xl"l  = 0 


Consequently, 


xi  = 


? 2 , _ 2 

u0  _ qR*L2  f-  -6KR 


u 


1 


4 L2  + 6 (1  + h)  R2 


If  p = q 2ttR  = weight  for  1 foot  of  cylinder  is  introduced  and  p = 0, 
finally, 

2 1 


v pL,  

X’  = ““ F~  1 + 6 (R/L)2 


1 


for 


and  for 


R/L  — 0 ...  X = - p 

1 8 


R/L  — co  . . . Xj  = 0 
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The  null-point  of  shear  corresponds  to 


x 


0 


L 5 L2  + 6 (4  + 3 n)R2 
8 l}  + 6 (1  + p)R2 


For  the  longitudinal  stress,  Nx  will  be  the  null-point  located  at 

2 2 
L L -6|ir 

xi  = T 1 2 

L,  + 6 (1  + p)lC 

Other  continuous  systems  under  different  loading  conditions  can  be 
solved  in  a similar  manner. 
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2.  73.  5 Curved  Panels  (Barrel  Vaults) 


This  paragraph  presents  the  collection  of  different  solutions  for 
curved  panels  of  simple  beam  system.  The  geometry  of  curved  panels 
is  circular,  elliptical,  cycloidal,  parabolical,  catenary,  and  special 
shape.  The  solutions  for  different  loadings  are  tabulated  in  Tables 
2.73-5  to  -7.  The  shells  under  consideration  are  thin,  and  linear 
theory  was  the  basis  for  the  derived  formulas. 


J 
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TABLE  2.73-5.  CURVED  CIRCULAR  PANELS— BARREL  VAULTS  (REF.  2-9) 
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Elliptical  panel,  Deadweight  Loading  I Cycloidal  Panel,  Deadweight  Loading 
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TABLE  2.  73-7.  BARREL  VAULTS  (REF.  2-4)  (SHEET  1 OF  4) 
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TABLE  2.  73-7  (Sheet  2 of  4) 
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TABLE  2.  73-7  (Sheet  3 of  4) 


X 
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uimimlwjiiiiiif 


TABLE  2.  73-7  (Sheet  4 of  4) 
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2.74  SUMMARY 


This  section  primarily  presented  the  individual  solutions  for 
different  type  of  unsymmetr ically  loaded  shells  or  shells  with  nonsym- 
metrical  geometry.  This  section  has  a secondary  significance  because 
Chapter  2.00  mainly  deals  with  the  axisymmetrical  shells  of  revolution 
located  axisymmetrically.  Since  there  were  few  solutions  for  unsym- 
metrical  cases,  it  was  reasonable  to  include  them  in  this  chapter. 
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**£?&**':*  **  * 


1 ijk 


Z.  80  MARGIN  OF  SAFETY 


2.81  GENERAL 

Methods  have  been  shown  to  determine  the  state  of  stresses  and 
deformations  in  different  kind  of  shells;  however,  this  is  not  the  final 
step  in  shell  design.  It  must  be  proven  that  the  determined  stresses 
and  deformations  can  be  withstood  by  the  material  from  which  shell  is 
made.  The  following  definitions  are  common  in  engineering: 

Failing  stress  = stress  under  which  failure  occurs 

(rupture,  buckle) 

Limit  stress  = stress  due  to  the  limit  load  (also  called 

actual  stress) 

Limit  load  (or  applied  load)  = load  which  has  to  be  taken  by 

structure 


Ultimate  stress  = limit  stress  x factor  of  safety 


Margin  of  safety  = 


failing  stress 
ultimate  stress 


-1 


failing  stress 

limit  stress  x factor  of  safety 


allowable  stress 
calculated  stress 


483 


The  material  will  fail  if  a certain  combination  of  stresses  reaches 
a certain  level,  which  is  called  failing  stress.  The  uniaxial  failing  stress 
is  usually  known  for  materials.  Multiaxial  failing  stress  cannot  be 
determined  in  general  at  the  present  time  because  of  technical  difficulties. 
This  program  will  be  discussed  later  in  this  section.  Analysis  of  shells 
is  usually  restricted  to  the  elastic  range  or  in  a range  where  the  stresses 
can  be  assumed  to  be  elastic. 
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2.82  DEFINITIONS 


In  the  uniaxial  case,  the  allowable  stress  is  the  limiting  stress, 
such  that  the  maximum  actual  stress  <r  max  < cr  allow.  Instead  of  using 
allowable  stress,  in  many  instances,  the  analyst  is  operating  with  the 
margin  of  safety,  which  is  related  to  the  allowable  stress  as  was  shown 
above.  When  the  allowable  stress  is  established,  the  margin  of  safety 
has  to  be  larger  or  equal  to  zero.  If  the  margin  of  safety  is  negative, 
the  configuration  must  be  revised  in  order  not  to  exceed  prescribed  limit, 
unless  there  is  additional  justification.  The  allowable  stress  is 
defined  as 


<r  * for  ductile  materials 


cr  **  for  brittle  materials 


where 


cr*  = the  stress  which  corresponds  to  the  elastic  limit  of 

materials  of  plastic  characteristics.  However,  depending 
on  requirements  and  specifications  which  are  usually 
different  for  various  designs,  the  definition  of  <r  * may  be 
modified  and  designated  as  the  stress  at  which  the  plastic 
deformations  (that  do  not  disappear  after  deloading)  reach 
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some  amount,  which  is  satisfactory  to  the  design  require* 
ments  in  first  time  of  loading,  (i.  e.  , 0.  001  to  0.  003  percent), 
or**  = the  stress  which  corresponds  to  the  ficticious  elastic  limit 
of  materials  of  brittle  characteristics.  Such  materials 
usually  have  no  elastic  limit;  consequently,  when  the  ficticious 
elastic  limit  is  introduced,  the  remaining  deformation  will 
not  exceed  2 percent,  or  thereabouts, 
n = safety  factor,  which  can  be  also  designated  with  F.  S. 
Similarly,  allowable  shear  stress  t ajjow  > t max  is  introduced, 
where  Tmax  is  the  largest  shear  stress.  As  before, 

_ T 

allow  n 

where  t is  an  artificial  value  accepted  irl  the  correspondence  with  the 
used  material  and  design  (Ref.  2-18). 

Determination  of  allowable  stresses  or  margins  of  safety  does  not 
present  any  difficulty  for  the  uniaxial  case,  as  was  evident  from  the 
above  discussion.  It  is  wrong,  however,  to  compare  the  stresses  for 
multiaxial  case  against  uniaxial  allowables.  If  such  a comparison  is 
made,  then  not  the  stresses,  but  certain  c ombinations  of  such  may  be 
compared  with  the  uniaxial  tensional  allowables,  as  will  be  shown  in 
the  following  paragraph. 
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2.83  THREE-DIMENSIONAL  FIELD  OF  STRESSES 

Considerable  difficulty  exists  if  the  stress  is  not  uniaxial, 
because  then  it  is  not  clear  what  shall  be  used  for  allowable  stresses. 
Consequently,  the  equivalency  of  multiaxial  with  the  uniaxial  state  of 
stresses  must  be  established  so  that  the  allowable  uniaxial  tensile 
stress  can  be  used.  Several  existing  theories  attempted  to  relate  the 
multiaxial  and  uniaxial  stresses,  but  only  theories  that  are  justified 
by  test  can  be  considered. 

2.83.1  Maximum  Stress  Theory 

According  to  this  theory,  the  two  state  of  stresses  are  considered 

equivalent  if  their  principal  stresses  are  equal.  Consequently,  if 

uniaxial  principal  stress  of  system  (a)  is  <r  1 and  principal  stress  of 

multiaxial  stress  system  (b)  is  cr  p for  equivalency  must  beer1  = <r  . Then 

(r  ! < cr  where  cr  , is  the  allowable  stress  for  uniaxial  system  (a). 

1 allow,  allow 

2.  83. 2 Maximum  Strain  Theory  (Mariotte) 

According  to  this  theory,  two  states  of  stress  are  equivalent  if 

their  maximum  linear  strains  are  equal: 

t 

€ = € 
max  max 

For  an  uniaxial  system,  assume 


i 


max  E 
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For  a multistress  system 


max 


1 

“E 


O'  - u(  O'  + (T  ) 

1 2 3 


Consequently, 


cr  - u ( o\  + crA  < o'  for  uniaxial  case, 

1 ^ 2 3 allow 


2.  83, 3 Maximum  Shear  Theory  (Kulon) 

According  to  this  theory,  two  states  of  stress  (a)  and  (b)  are 
equivalent  if  their  maximum  shear  stresses  are  equal: 


1 

T 

r 

max 

max 

Since 


max 


for  uniaxial 


then 


Consequently, 


T 


t 

max 


*1 

2 


t 


a 

1 


- or 

3 


* 3 £ ^ anow  (for  uniaxial  case) 
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2.83.4  Maximum  Strain  Energy  Theory  (Beltrami) 

According  to  this  theory,  two  states  of  stress  are  equivalent  if 
the  strain  energies  are  equal:  U'  = U. 

, i 2 , 

U = (<r  j)  / 2E 

for  the  uniaxial  case. 


U = 


2E 


ai  +<r2  + ^3  " 2ti(<rl°2  + <r2(r3  + ‘W 


for  the  multistress  field.  Consequently, 


4 


tri+°2+Cr3"  2tl(<rl(r2  + *2*3  " a3  vl]  ' allow  (for  uniaxial 


stress  field) 

where  (Tj,  cr^,  and  0-3  are  principal  stresses* 

Unfortunately,  the  experimental  data  do  not  agree  with  this  theory. 
Consequently,  Huber  suggested  this  correction:  two  states  of  stresses 

are  equivalent  if  the  distortion  energies  are  equal.  After  similar 
reasoning,  this  leads  to  the  following  criterion: 


4 


2,2  2 

o'+o'+o"  - c cr  - cr  -or  0*  <o* 

1 2 3 12  23  31  allow 


or 


■Ji  \J^1 


V)2  + (<r2  - + <*3  - 


where  <rj,  0-3,  and  o' 3 are  principal  stresses. 

This  theory  holds  for  the  ductile  materials  only,  as  will  be  shown  later. 
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2.83.5  Mohr*s  Theory 


Where  all  previously  mentioned  theories  may  be  useful  for  the 
ductile  materials.  Mohr  provided  a suitable  theory  for  brittle  materials. 
According  to  Mohr's  assumption,  different  states  of  stress  are  equivalent 
if  all  correspondent  Mohr's  circles  have  the  same  envelope,  as  shown 
in  Fig.  2.  80-1.  Only  two  main  stresses  are  considered.  Disregard 
of  the  third  main  stress  introduces  only  a negligible  difference. 

If  the  allowable  stress  for  uniaxial  compression  and  tension  is  known, 
two  Mohr  circles  can  be  drawn  as  shown  in  Fig.  2.  80-2.  The  first  two 

circles  in  Fig.  2.80-2  represent  reduced  Mohr  circles  corresponding 

to  the  safety  factor  of  limiting  compressional  and  tensional  stresses. 
Consequently,  the  third  circle  also  represents  the  same  for  the 
biaxial  stress.  This  leads  to  the  following  criteria: 

all  fft  _ 

m;  <r,  - m <r,S  „ 

all  °c 

For  the  ductile  materials,  usually 

all^t 

= 1;  a 

all  *c 


1 all  t 


L ”3  “'’allow,  (for  uniaxial  case) 
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2.  84  CONDITIONS  OF  PLASTICITY  (HENCKY— VON  MISES,  AND  TRESCA) 
Recently,  the  third  and  fourth  theory  found  extensions  in  connec- 
tion with  the  theory  of  plasticity.  According  to  the  assumption  of  Hencky 
and  von  Mises,  the  material  stressed  with  three-dimensional  field 
stresses  behaves  elastically  if  the  intensity  of  stresses  does  not 
exceed  the  elastic  limit  for  uniaxial  stress.  According  to  Huber  (see 
the  theory  of  change  of  geometry), 

= 'S 

or 


^yTlZZ+  T23+  T31  = °s 

This  equation  represents  ellipsoid  if  both  sides  of  equation  are  squared. 
If  the  actual  state  of  principal  stresses  (orj,  <t2,  0-3)  is  within  this 
ellipsoid,  the  material  is  still  in  the  elastic  range* 

For  two-dimensional  state  of  stresses  (assume  = 0), 

("l  ■ + "l  + = 2's 


This  represents  an  ellipse  inclined  to  45  degrees  to  the  axis  <rj  and 

°2  as  shown  in  Fig.  2.  80-3  and  is  called  the  ellipse  of  Hencky-von  Mises, 
or  von  Mises  yield  surface. 
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It  is  important  to  note  that  the  inter- 
section points  of  the  ellipse  with  frj  and 
cr^-axis  are  located  from  the  origin  of 

I1 

^ coordinates  with  Every  two- 

dimensional  state  of  stresses  ( 
can  be  interpreted  as  a point.  If  this 
is  within  the  area  of  ellipse,  the  state  of 

FIG.  2.80-3,  Ellipse  of 

Hencky-von  Mises  stresses  is  elastic. 

According  to  the  assumption  of  Kulon  (See  Paragraph  2.  83.  3) 
and  later  San-Venant,  the  plastic  stage  begins  when  maximum  shear  is 
equal  to  some  constant  value  Tg.  For  three-dimensional  state  of  stress, 
maximum  stress  is  the  largest  of  the  following: 


For  two-dimensional  state  of  stress  (assume 
be  the  largest  of  the  following  values: 


0)  t will 

maximum 


°i " °2 


J. 

2 9 


_2_ 

2 


a l ”2 

If  and  cr^  have  the  same  sign,  the  max  t = or  — . This 


corresponds  to  uniaxial  tension  or  compression.  Consequently,  in 
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the  first  or  third  quadrant  of  the  ellipse,  the  condition  t 
be  represented  with  two  lines: 


will 


<r  = ± <r  ; <r_  = ± <r 

1 s 2 s 


In  the  second  and  fourth  quadrant  t 


*1  - a2 


, and  the  condition 


Tmax  “ Ts  wil1  be  represented  with  the  straight  lines,  that  are  parallel 
to  the  bisectrix  between  o~l  and  These  lines  can  be  found  in 

Fig.  2.  80-3.  The  hexagon  inscribed  into  von  Mises'  ellipse  is  known  as 
Tresca  yield  surface.  For  the  two-dimensional  surface, 


ax+  <\ 


( o - <r  )“ 

-V  y + r 2 

2 xy 


These  approaches  help  to  determine  whether  or  not  the  certain  state 
of  stresses  ( fj,  is  still  in  elastic  range. 

Fig.  2.80-4  shows  a point  (square)  representing  a (cr^,  er^)  stress 
**■2  1 1 condition  that  is  considerably  less 

th“"  the  » «i  and 

are  known  to  be  proportional,  the 
I true  margin  of  safety  is  found  by 

J*!  ~s\  projecting  from  the  original  through 

y'  / s'  I the  point  (cTj,  o-  ) to  intersect  the 

/ / allowable  boundary.  Then,  in 


~0~j^  ' *- accordance  with  Fig.  2.80-4, 

''  MS. 

FIG.  2.80-4.  Margin  of  Safety  (Ref.  2-20). 
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2.85  TWO-DIMENSIONAL  FIELD  OF  STRESSES 


Shells  usually  are  stressed  by  two-dimensional  fields  of  stress. 
Consequently,  assuming  cr2  = 0,  the  results  of  previously  listed  theories 
can  be  simplified  as  follows! 

Maximum  Stress  Theory 


Maximum  Strain  Theory 


°"l  ^ ^allow 


or,  - p <tr  „ 
13  allow 


Maximum  Shear  Theory 

Maximum  Strain  Energy 
Theory 


Mohr's  Theory 


where  the  principal  stresses  are: 


a.  - ir,<  j 
1 3 allow 


\M 


+ <r  - <r,  or  < c 

3 13  allow 


°1  m <r3<  allow  (tens.  ) 


<r  T a. 


1.  3 


4 


— \/(  <r_  - + 4 T 


(T  " <T 

z y 


2 ^ . 2 

+ 4 T 

zy 


/(<r  - cr  ) + 4t 

1 z y zy 


Tl,3  = 2>/ 

With  consideration  of  these  two  formulas,  the  previous  theories  lead 
to  the  following  formulas: 


Maximum  Stress  Theory: 


a + a 

I 


2 2 

a ) + 4 r <<r 

y zy 


Maximum  Strain  Theory: 


•LBu  + „ ) + 

2 z y 


*/+4T-~sr 


zy 


all. 


all. 
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Maximum  Shear 
Theory; 


{<rz  _(ry)2  + 4TzyScrall 


Maximum  Strain 
Energy  Theory: 


4 cr  cr  f 3 t < cr 

z Y zy  all  tens 


Mohr's  Theory: 


1 - m 

7 _ + cr  ) + 

£ z y 


1 + m 
2 


+ 4t 


2 

Zy 


allow 

tension. 


where  ( <ry . «rz,  Tzy,  t yz)  is  a two-dimensional  field  of  stress,  related 
to  the  (z,  y)  system  of  coordinates. 
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2.  86  COMPARISON  OF  RESULTS 

The  results  can  be  easily  compared  if  a one-dimensional  element 
(bar)  will  be  considered  under  uniaxial  loading  or  bending.  All  theories 
for  the  middle  of  the  cross-section  (t  = 0)  leads  to  the  same  result: 

* allow. 

However,  if  the  bar  is  loaded  with  pure  shear  (torsional  loading),  then 
<r  = 0.  Shear  t,  however,  will  differ  according  to  the  theory  used: 


Maximum  Stress  Theory: 
Maximum  Strain  Theory: 
Maximum  Shear  Theory: 


t<  <r  „ 

allow 

1.  3t<  <r 


allow 


2t  < cr 


allow 


Maximum  Strain  Energy 
Theory: 


yflr  < 


allow 


Mohr' s Theory: 


( 1 + m)  t < <r 


allow 


The  first  two  theories  do  not  lead  to  results  that  tests  can 
justify.  The  third  theory  leads  to  the  satisfactory  result  (t  = 0.  )• 

The  fourth  theory  leads  to  t » 0.  ^(rauow*  which  is  excellent  according 
to  the  tests.  The  fifth  theory  gives  the  following  satisfactory  result: 


(allow.  <r  ) • (allow  o*  ) 
t c 


T = 


allow  cr  + allow  <r 
t c 

Consequently,  the  distortion  energy  theory  is  recommended  for  ductile 
materials;  and  Mohr's  theory  is  recommended  for  brittle  materials. 
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2.87  FAILURE 


If  design  is  limited  by  the  established  allowable  stresses  (and 
corresponding  margin  of  safety),  the  structure  is  safe  and  will  not  fail. 
However,  in  reality,  the  structure  can  be  loaded  even  further  beyond 
the  elastic  limit.  If  this  is  permitted,  it  is  important  to  find  the 
ultimate  condition  for  the  multiaxial  state  of  stresses. 

The  theory  of  shells  as  presented  in  this  chapter  is  based  on  the 
theory  of  elasticity.  Consequently,  the  stress-strain  relation  must 
be  linear,  which  is  what  would  actually  exist  if  <ranowable  ia  based  on 
elastic  limit. 

In  some  cases,  design  can  be  still  carried  without  difficulty  in  the 
plastic  range.  This  is  the  case  of  all  pressurized  membranes.  Since  the 
membrane  is  a statically  determinate  system,  there  are  no  material 
constants  involved;  consequently,  derived  theories  may  still  be  used. 
Otherwise,  the  stress- strain  diagram  will  be  needed  for  the  multiaxial 
case  to  determine  what  relation  between  stresses  and  strains  exists. 

Numerous  tests  proved  that  the  stress-strain  curves  and 

^ i~  «i  *or  uniaxial  and  multiaxial  case  are  identical  in  elastic  range  and 


only  slightly  different  in  the  plastic  range.  The  meaning  of  these  symbols 
is  as  follows: 

a 1 = uniaxial  tensile  stress 

e*  = uniaxial  strain  in  direction  of  <r  1 


Consequently,  if  the  uniaxial  stress-strain  diagram  is  known, 


the  multiaxial  stres s- strain  diagram  is  also  known.  This  is  correct  if  the 
corresponding  strain  is  needed  for  certain  combinations  of  stresses. 
However,  this  relation  is  not  valid  for  determination  of  the  ultimate 

stress  for  multiaxial  state  of  stresses. 

Certainly  on  diagram  €,~or1,  the  point  which  corresponds  to  the 

failure  can  be  found.  Assume  that  the  failure  is  occurring  at  certain 

stress  cr  . This  does  not  mean  that  the  same  stress  will  be  stress  of 
u 

failure  for  multiaxial  case  on  diagram  €.~o\.  For  example,  assume 
the  element  which  is  stressed  with  the  uniform  tension  in  all  three 
directions: 

rl  = *2  = *3  = r 
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then 


o\  = 0 

i 

At  some  level  c r = cr  £ will  occur  failure;  however,  <j  ^ will  remain 
zero,  and  the  point  of  failure  on  € ^ diagram  will  correspond  to  the 

origin  of  system  of  coordinates. 

The  problem  of  determining  ultimate  stresses  in  multiaxial  case 
has  not  yet  been  solved  (Ref.  2-19). 

At  present,  critical  combinations  (several)  that  correspond  to 
the  points  of  failure  (several)  can  be  discussed.  The  test  shows  that 
the  failure  predominantly  occurs  due  to  normal  or  tangential  stresses. 
Further  study  of  plastic  range  is  not  covered  in  this  chapter. 
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2.88  CONCLUSION 


The  distortion  energy  theory  (or  von  Mises-Tresca  method)  18 
recommended  for  ductile  materials  and  Mohr's  theory  for  brittle  materials 

For  ductile  materials: 


-i  A2T  2 
% - y 


- <r  cr 


+ 3 t < 


z^y  ' zy  <r  allow 


(uniaxial) 


For  brittle  materials: 


i 1 4"  m / 2 2 

o ^ + °y^  + 2 V(  r z " °V^  + 4 Tzy  “‘’allow  (tensile) 


Margin  of  Safety: 

allowable  stress  i>n 

x/f  c - 1 - u 

* * calculated  stress 

where: 

for  ductile  materials:  <r  = o'p* 

for  brittle  materials:  o s (r^. 

If  the  ellipse  of  von  Mises  or  hexagon  of  Tresca  are  to  be  used,  then 
the  point  (o^,  o 2)  must  be  within  the  areas  limited  by  ellipse  or  hexagon. 

The  corresponding  margin  of  safety  will  be  determined  as 
described  in  the  Section  2.84. 
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The  use  of  presented  theory  of  thin  shells  would  be  incorrect  in 
plastic  range,  except  for  pressurized  membranes.  If  the  state  of 
stress  in  plastic  range  is  known,  the  correspondent  deformation  can  be 
determined  from  similarity  of  <r.  . and  <r'  ~ t'  diagrams.  At  present, 

ultimate  stresses  in  multiaxial  case  cannot  be  determined. 

For  more  detailed  study  of  this  subject  Refs.  2-17  to  2-21  are 


recommended* 


2.  90  SUMMARY  AND  CONCLUSION 


In  this  chapter  a method  was  outlined  for  the  analysis  of  shells  and 
multishells  of  revolution  exposed  to  axisymmetrical  loading,  of  isotropic 
and  nonisotropic  characteristics.  To  make  the  analysis  simple  for 
usage,  numerous  formulas  for  stresses  and  deflections  for  different 
elementary  shells  subjected  to  different  loadings  were  collected  and 
systematically  presented  in  the  form  of  formulas,  charts,  and  tables. 

At  the  end  of  the  chapter  the  collection  of  known  formulas  for  other 
kinds  of  shells  (non symmetrical  loading,  nonsymmetrical  geometry) 
was  presented.  The  suggested  procedure  is  generalized  and  presented 
in  the  form  of  a flow  diagram  (Table  2.  90-1)  to  make  the  application  of 
the  described  procedures  as  simple  as  possible.  This  concludes  the 
discussion  on  the  statics  of  shells. 
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TABLE  2.  90-1.  FLOW  DIAGRAM  FOR  STATIC  ANALYSIS  OF  SHELLS 


O 


Dafina: 

Loodlng,  Gaomatry,  Mots  rial  Constants, 
Allowabias  and  Boundary  Conditions  of  tha  Shall 


If  tha  Problem  ii  Static 


If  tha  Probiam  U in  tha  oraa  of  Stability 


If  shall  ii  not  axifymmatric 


Go  to  Chaptar  3.00 


0«rin«  Nacassary  Rigldltfot  and 
Constants.  D,ft,k,  *tc. 

Saction  2, 60  ond  3. 32 


© 


Chock  if  o raody  formuio  for 
this  shell  con  ba  found  in 
Sacrfon  2.70 
ifYw  f~ 


© 


Split  tha  dial  I Into  alamantary  intaroctirvg  alamants. 

Writ*  tha  systam  of  linaor  aqua  flora  for  detarm  loot  ion 
of  discontinuity  forcM.  S**  Sact ion  2.50  and 
Section  2.23.  Estoblidi  how  many  ond  which  unit 
load  coaffic i*nti  will  b*  n#ad»d  for  tha  solution  of 
tha  wrlttan  lystam  of  aquation*. 

If  r»«or  dUtofligniOf.  IQ  b.  cofM>d.r.d  j If  d-.»or  diltortiom  or.  lo  b.  n»9Uct*d 


© 


If  shall  is  munocuqu* 


Analyst  tha  dial!  | 

' •[ 

© 


1 


Chock  if  tom*  of  fha  sKistlr^ 
computar  programs  con  ha  Ip. 
So#  CSoptar  5.  00 


If  Yas 


If  I 


Usa  it  to  obtain 
o solution 


© 


For  odvica 
So*  Chaptar  I 


If  dial]  Is  Orthotropic 


0 


To  find  tha  unit  lood  coafficiantt 
box  (?)  numaticolfy , chooaa  from  tfta 
colfoctlon  of  monocoqua  cosa  formulas  tha^ 
moat  oppropriota  formula*. 

For  prknory  •cautions  m*  Sactton  2.32. 

For  sacondory  solution*  saa  Sac f Ion  2,33. 
Also  saa  Sactlon  2.40 


O 


With  voluat  from  boa  (J)  modify  tha  corresponding 
formulas  for  tha  monocoqua  cos*  as  was  axploinad 
In  Saction  2.64.4 

For  prlmory  solution*  saa  Sactlon  2.32. 

For  sacondory  solutions  saa  Sactlon  2,33. 

Or,  usa  olraody  modiflad  formulas  as  glvan  In 
Sactton  2.64.4  (a)  end  (b).  In  this  way 
datarmina  tha  numarlcol  volua*  for  tha  unit 
Influancat  naadad  In  boa  (?) 


O 


Axiol  aFfact  on  banding  coratdarad  I No  Ax  lot  affact  on  banding  to  ba  cons  Id*  rad 

-tzzzzzr^”^ — rzznzi 


To  obtain  fh#  nianaricol  unIMnfl  lood 
coafficiants  naadad  fn  boa  (2)  contldor 
Saction  2,  64.6  ond  usa  tha  correspond)!^ 
modiflad  formulas  as  glvan  In  Sactlon 
2.64.5 


O 


To  obtain  tha  numarloal  unit  It 
coafflciant  naadad  In  box  (j)  u 
formulas  In  Sactlon  2,64.5 


Entar  tha  numarlcol  volua*  for  unit 
load  coafTic  fonts  iota  tha  yystam  of 
linaor  aquations  mantfonad  In  ben  (2) 
and  datarmina  fh#  discontinuity  forea* 


O 


t , 

Having  tha  discontinuity  Korea*  fro**  bo*  OJ 
th#  who  I*  shall  bacoma*  tfottcolty 
datarmlnot*  and  tha  atresias  ervd  daflacffon* 
at  avary  point  of  tha  dial  I ccm  bo  fourW. 
Datarmina  tha  max krxxn  iftftt  and 
da  ftac  flora 

, 

O' 


Chack  tha  Margin  of  Sofaty 
roqulromants  oa  por 
Sactlon  2.80 


IfM.S,  Ii  not  aotlsfoctory 


KM.S,  h sotbfectary 


©I 


Modify 

tho 


poomatry  and  reooot  I 
com  bom  stop  0 I 


T>»o  rao/lti  obtalnod  In 
b*  0 or®  ora  Anal 
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3.00  PROCEDURES  FOR  STABILITY  ANALYSIS 


3.10  GENERAL 

If  a shell  structure  is  subjected  to  a given  compressive  load  and 
an  infinitesimal  increase  in  the  load  results  in  a large  change  in  the 
equilibrium  configuration  of  the  shell,  the  applied  load  is  defined  as 
the  buckling  load*  The  change  in  equilibrium  configuration  is  usually  a 
large  increase  in  the  deflections  of  the  shell,  which  may  or  may  not  be 
accompanied  by  a change  in  the  basic  shape  of  the  shell  from  the  pre- 
buckled  shape.  Occasionally,  the  given  definition  of  buckling  is  difficult 
to  apply  to  an  actual  structure.  The  change  in  the  configuration  of  the 
shell  may  be  gradual,  and  the  actual  buckling  point  is  rather  arbitrary. 
However,  for  most  types  of  shells  and  loading  conditions,  the  buckling 
load  is  quite  pronounced  and  easy  to  identify. 

The  load  carrying  capability  of  the  shell  may  or  may  not  decrease 
after  buckling.  This  depends  on  the  type  of  loading,  the  geometry  of  the 
shell,  the  stress  levels  of  the  buckled  shell,  etc.  Only  the  buckling 
load  will  be  discussed  in  this  chapter  because  the  information  available 
on  collapse  loads  is  quite  limited.  In  general,  the  buckling  load  and 
collapse  load  are  nearly  the  same  and,  if  they  are  different,  the  defor- 
mations prior  to  collapse  are  often  very  large. 
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For  columns  and  flat  platesg  the  classical  small  deflection 
theory  predicts  the  buckling  load  quite  well  and,  in  general,  the 
theoretical  buckling  load  is  used  as  the  design  allowable  buckling  load. 
Therefore,  the  structure  will  usually  buckle  at  approximately  the 
design  buckling  load.  In  general,  this  method  of  design  analysis  can- 
not be  used  for  shell  structures.  The  buckling  load  for  some  types  of 
shells  and  loadings  may  be  much  less  than  the  load  predicted  by  classi- 
cal small  deflection  theory  and,  in  addition,  the  scatter  of  the  test  data 
may  be  quite  large.  For  example,  if  a set  of  ten  nominally  identical 
thin-walled  cylinders  of  the  same  geometry  were  fabricated  from  a 
particular  metal,  none  of  the  cylinders  would  fail  at  the  same  axial 
compressive  load.  In  fact,  the  scatter  of  results  may  range  to  500  per- 
cent at  a given  time,  and  the  average  buckling  load  may  be  one  eighth 
of  the  theoretical  buckling  load.  An  explanation  for  this  discrepancy 
is  presented  in  Chapter  1.00.  When  sufficient  data  exist,  a statistical 
reduction  of  the  test  data  may  be  useful  in  determining  a design  allow- 
able buckling  load.  This  method  has  been  used  to  determine  most  of 
the  design  curves  for  unstiffened  curved  panels  and  cylinders  presented 
in  this  chapter.  A discussion  of  the  statistical  methods  used  is  given 
in  Refs.  3-1  and  3-2. 
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A best  fit  curve  is  determined  for  a given  set  of  data,  and  the 
standard  deviation  of  the  test  data  is  established.  Using  this  informa- 
tion and  small  sample  theory,  a design  curve  is  obtained  at  a certain 
probability  level.  The  probability  level  used  for  the  statistical  design 
allowable  curves  presented  in  this  chapter  is  90  percent;  that  is,  if  a 
shell  is  subjected  to  the  design  allowable  buckling  load,  the  chances  are 
nine  out  of  ten  that  the  shell  will  not  buckle.  The  load  at  which  the  shell 
may  be  expected  to  buckle  is  the  load  which  corresponds  to  the  best  fit 
curve*  Best  fit  curves  have  not  been  presented  in  this  chapter  because, 
in  design  analysis,  the  load  at  which  the  shell  will  not  buckle  is  the 
primary  interest,  and  approximately  half  of  the  shells  would  buckle  at 
loads  less  than  the  load  corresponding  to  the  best  fit  curve* 

One  of  the  primary  shortcomings  of  this  method  of  obtaining 
design  curves  is  that  the  test  specimens  and  boundary  conditions  used 
to  obtain  the  design  curves  may  not  be  typical  of  the  particular 
structure  which  the  design  curves  are  being  used  to  analysis.  However, 
until  additional  information  on  shell  stability  is  obtained,  a 
statistical  analysis  has  been  used  whenever  possible  to  obtain  design 
curves* 

Whenever  sufficient  data  do  not  exist  to  obtain  a statistical  design 
allowable  buckling  load,  design  recommendations  have  been  made  on 
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available  information.  In  general,  this  involved  recommending  cor- 
rection factors  to  reduce  the  theoretical  buckling  loads.  Due  to  the 
lack  of  data  for  some  types  of  shells  and  loading  as  well  as  the  question 
of  over  what  range  the  theory  is  applicable,  the  recommendation  may  be 
too  conservative  for  some  cases.  Further  theoretical  and  experimental 
investigations  are  necessary  to  justify  raising  the  design  curves. 

Most  analysis  procedures  presented  in  this  chapter  are  for  shells 
with  simply  supported  edges.  For  most  applications,  simply  supported 
edges  should  be  assumed  unless  test  results  are  obtained  which  indi- 
cate the  effects  of  the  actual  boundary  condition  of  the  design.  An 
attempt  was  made  to  indicate  over  what  range  of  the  parameters 
clamped  edges  give  approximately  the  same  buckling  load  as  simply 
supported  edges.  In  this  chapter,  the  edge  of  a shell  is  assumed  to 
be  simply  supported  if  at  the  edge  the  radial  and  circumferential 
displacements  are  zero  and  there  is  no  restraint  against  translation  or 
rotation  in  the  axial  direction.  For  clamped  edges,  the  rotation  of  the 
edge  is  zero. 

An  attempt  has  been  made  to  simplify  the  analysis  procedure 
so  that  the  design  allowable  buckling  loads  may  be  obtained  from  hand 
computations  and  graphs.  The  analyses  which  have  been  presented  are 
sometimes  quite  long  (orthotropic  cylinders,  for  instance)  but,  in 
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general,  results  can  be  obtained  quickly  with  a few  simple  computations. 
In  many  cases  more  sophisticated  approaches  are  available,  but  com- 
puter programs  are  necessary  to  obtain  results.  It  is  not  in  the  scope 
of  this  chapter  to  present  an  analysis  method  which  requires  a computer 
solution.  The  references  that  discuss  the  more  complicated  analysis 
procedure  should  be  obtained  if  a more  detailed  investigation  is 
warranted. 

As  more  information  on  shell  buckling  becomes  available,  this 
chapter  will  be  revised.  However,  the  analyst  should  attempt  to  keep 
abreast  with  changes  in  the  state  of  the  art  because  significant  changes 
may  result  from  recent  theoretical  and  experimental  investigations. 
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3.  20  UNSTIFFENED  SHELLS 


3.21  GENERAL 

Design  allowable  buckling  stresses  for  shells  have  been  estab- 
lished only  for  the  more  common  loading  and  edge  support  conditions# 
The  design  curves  that  have  been  presented  in  this  section  for  unstif- 
fened homogeneous  isotropic  curved  plates  and  cylinders  (Ref.  3-4) 
have,  in  most  cases,  been  obtained  statistically  from  test  data.  The 
method  of  statistically  reducing  test  data  to  design  information  is 
discussed  briefly  in  Section  3.  10. 

Ref.  3 -3  presents  a bibliography  of  the  theoretical  and  experi- 
mental investigations  available  on  the  general  instability  of  cones.  In 
general,  the  design  information  on  unstiffened  cones  which  is  presented 
in  this  section  uses  the  equivalent  cylinder  approach.  The  buckling 
load  of  the  cone  is  obtained  from  the  buckling  stress  or  load  of  an  equiv- 
alent cylinder.  The  definition  of  the  length  and  radius  of  the  equivalent 
cylinders  depends  on  the  types  of  loading.  The  available  test  data  for 
cones  verify  this  method  of  obtaining  design  curves. 

Design  information  is  also  presented  in  this  section  for  spherical 
caps  subjected  to  external  pressure.  The  analysis  procedure  is 
primarily  based  on  test  results  of  shallow  spherical  caps.  Although 
a method  is  presented  for  analyzing  deep  spherical  caps,  more 
information  is  needed  in  this  area. 
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3.  22  CURVED  PANELS 


3.  22.  1 Axial  Compression,  Curved  Panels 
A.  Unpressurized 

The  design  allowable  buckling  stress  for  unpr 
panels  subjected  to  axial  compression  is  given  by 
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in  which  b is  the  width  of  the  panel  in  the  circumferential  direction. 
Design  values  of  the  buckling- stress  coefficient  Kc  are  given  in 
Fig.  3.22-1.  For  simply  supported  curved  panels  having  a curvature 
parameter  Z >30  and  for  fixed-edge  curved  panels  having  a Z > 50, 

Fig,  3.  22-2  may  be  used  instead  in  Fig.  3.  22-1  to  compute  the  critical 
stress.  The  design  allowable  buckling  stress  is  then  given  by 

Jcr  Et 

n c r 

in  which  design  values  of  Cc  are  given  in  Fig.  3.  22-2.  For  elastic 
buckling,  r|  =1.0.  For  inelastic  buckling,  the  critical  stress,  o"cr,  may 
be  found  by  using  curves  Ej  in  Section  3.  62  on  plasticity  correction. 
Note  that  the  design  curves  in  Fig.  3.  22-1  or  3.22-2  are  valid  only 
for  a/b>0.  5. 
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B.  Pressurized 


The  design  allowable  buckling  stress  of  curved  panels  under 
internal  pressure  and  axial  compression  may  be  determined  by  using 
Fig,  3.  22-3  in  conjunction  with  Figs.  3.  22 - 1 or  3.  22-2.  A curve  is 
presented  in  Fig.  3.  22-3  that  allows  the  calculation  of  the  increase  in 
buckling  stress  as  a function  of  pressure  and  geometry  only.  To  cal- 
culate the  axial- compres sive  buckling  stress  of  a pressurized  curved 
panel,  the  unpressurized  critical  stress  must  first  be  computed  from 
the  de sign' curve s in  Fig.  3.22-1  or  3,22-2.  Then,  the  incremental 
buckling  stress  caused  by  internal  pressure  is  computed  by  using 
Fig.  3.22-3,  and  this  stress  is  added  to  the  unpressurized  value. 

The  pressurized  curved  panel  is  capable  of  resisting  a total 
axial-compressive  load  which  is  the  sum  of  the  unpressurized  buckling 
load,  the  incremental  buckling  load  caused  by  internal  pressure,  and 
an  external  load  sufficient  to  balance  the  longitudinal  internal-pressure 
tensile  load  in  the  skin.  Note  that  the  design  curves  in  Fig.  3.22r3 
are  valid  only  for  a/b  > 0.  5.  In  addition,  the  curved  panels  must  fall 
in  the  domain  defined  by  the  straight-line  portion  of  the  design  curves 
shown  in  Fig.  3.22-1,  For  inelastic  buckling,  the  critical  6tress  may 
be  found  by  using  curves  Ej  of  Section  3.  62.  The  total  stress  field 
should  be  considered  when  the  plasticity  correction  is  determined. 
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.22-1.  BUCKLING- STRESS  COEFFICIENT,  Kc,  FOR  UNPRESSURIZED 
CURVED  PANELS  SUBJECTED  TO  AXIAL  COMPRESSION 


FIG.  3.22-2.  BUCKLING- STRESS  COEFFICIENT,  Cc,  FOR  UNPRESSURIZED 
CURVED  PANELS  SUBJECTED  TO  AXIAL  COMPRESSION 
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3. 22.  2 Shear,  Curved  Panels 


A,  Unpressurized 

The  design  allowable  buckling  stress  for  unpressurized,  rec- 
tangular curved  plates  subjected  to  shear  is 
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in  which  the  buckling- stress  coefficient  Kg  is  given  in  Figs.  3.  22-4 
and  3.22-5.  For  elastic  buckling,  r)  = 1 , For  inelastic  buckling,  the 
relation  between  Tcr/r]  and  Tcr  may  be  determined  from  the  cr cr/r| 
versus  <rcr  curves  in  Section  3.  62  on  plasticity  corrections  by  using 
one  of  the  theories  for  failure  of  materials.  There  is  evidence  that 
the  shearing  stress  at  which  inelastic  action  occurs  in  pure  shear  in 
ductile  materials  is  related  to  the  analogous  tensile  stress  in  pure 
tension  by  the  equation 
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The  calculated  Tcr/q  may  then  be  converted  to  the  corresponding 
^cr/l  by  multiplying  by  n/3;  *cr  may  be  read  from  the  o*cr/r|  versus 
o’er  curve;  and  & CT  may  be  converted  back  to  Tcr  by  dividing  %/3.  For 
curved  plates  in  shear,  curve  A in  Section  3.  62  is  suggested* 
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B.  Pressurized 


The  design  allowable  buckling  shear  stress  for  pressurized  curved 
panels  may  be  determined  by  using  Fig.  3.  22-6  with  Fig.  3.  22-4  or 
3.22-5.  The  curves  in  Fig.  3.  22-6  allow  the  calculation  of  the  increase 
in  shear  buckling  stress  as  a function  of  pressure  and  geometry  only. 

To  calculate  the  shear  buckling  stress  of  a pressurized  curved  panel, 
two  quantities  must  be  computed.  The  unpressurized  buckling  stress 
must  first  be  computed  from  the  design  curves  in  Fig.  3.  22-4  or  3.  22-5. 
Then,  the  incremental  buckling  stress  caused  by  internal  pressure  is 
computed  and  added  to  the  unpressurized  value. 

The  design  curves  should  be  used  for  the  loading  condition  in 
which  the  axial  tensile  load  caused  by  internal  pressure  is  not  balanced. 
For  inelastic  buckling,  the  critical  stress  may  be  found  by  the  procedure 
recommended  for  unpressurized  curved  panels  subjected  to  shear.  The 
total  stress  field  should  be  considered  when  the  plasticity  correction 
is  determined. 
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FIG.  3.22-4.  BUCKLING  STRESS  COEFFICIENT,  Kg,  FOR  UNPRESSURIZED 
CURVED  PANELS  SUBJECTED  TO  SHEAR 
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FIG.  3.22-5.  BUCKLING  STRESS  COEFFICIENT.  Ks.  FOR  UNPRESSURIZED 
CURVED  PANELS  SUBJECTED  TO  SHEAR 
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3.  22.  3 Bending,  Curved  Panels 


Test  data  are  not  available  on  the  allowable  buckling  stress  of 
curved  plates  in  bending.  However,  at  low  values  of  the  curvature 
parameter,  Z,  the  buckling  coefficient  for  a long,  curved  plate  should 
approach  that  for  a long,  flat  plate  in  bending  and,  at  high  values  of  Z, 
it  should  approach  that  for  a long  cylinder  in  bending  (Section  3.  23), 
These  extremes  are  plotted  in  Fig.  3.  22-7  with  smooth  curves  faired 
between.  The  coefficients  are  to  be  used  with  the  equation 
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For  elastic  buckling,  rj  = 1.  For  inelastic  stresses,  use  the  correction 
suggested  for  curved  panels  subjected  to  axial  compression* 
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FIG.  3.  22-7.  CRITICAL  BUCKLING  STRESS  COEFFICIENTS  FOR 
LONG  CURVED  PANELS  SUBJECTED  TO  BENDING 
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3.  22.  4 External  Pressure,  Curved  Panels 


There  is  little  information  available  on  the  buckling  of  rectangular 
plates  with  single  curvature  subjected  to  external  pressure.  In  thin- 
walled  cylinders,  external  lateral  pressure  causes  buckling  by  pro- 
ducing a circumferential  compressive  stress.  It  is  probable  that  a 
curved  panel  which  is  not  shallow  may  be  designed  by  assuming  that  it 
will  buckle  at  a circumferential  compressive  stress  equal  to  the 
critical  circumferential  stress  of  a thin-walled  cylinder  of  the  same 
proportions.  The  design-allowable  buckling  pressure  for  cylinders 
subjected  to  only  lateral  pressure  is  given  in  Section  3.  23.  While  edge 
stiffeners  will  have  generally  a stabilizing  effect,  the  panel  may  be 
less  stable  than  a geometrically  similar  cylinder  if  the  stiffeners  are 
torsionally  weak  and  the  circumferential  load  in  the  skin  is  not  applied 
to  the  stiffeners  near  their  shear  center. 

3.  22.  5 Combined  Loading,  Curved  Panels 

An  interaction  curve  for  buckling  of  rectangular  curved  plates 
under1  combined  compression  and  shear  is  shown  in  Fig.  3.  22-8.  <rcr 
is  found  from  Paragraph  3.  22.  1 and  Tcr  from  Paragraph  3.  22.  2.  To 
use  the  curve  given  in  Fig.  3.22-8,  a straight  line  is  drawn  through  the 
origin  with  slope  Rs/Rc,  and  Rs  or  Rc  is  read  at  the  intersection  of 
this  line  with  the  given  curve. 
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FIG.  3.  22-8.  BUCKLING  STRESS  INTERACTION  CURVE  FOR 
RECTANGULAR  CURVED  PLATES  UNDER  COMBINED 
SHEAR  AND  COMPRESSION 
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3.23  CYLINDERS 


3#  23.  1 Axial  Compression,  Unstiffened  Cylinders 

A.  Unpressurized 

The  design-allowable  buckling  stress  for  a circular  cylinder  sub- 
jected to  axial  compression  is  given  by 

°cr  ^ Et 
n “ C R 

For  simply  supported  cylinders  with  the  curvature  parameter  Z >25  and 
for  clamped-edge  cylinders  with  Z>80  (i.  e.  , in  the  long- cylinder 
domain),  the  design  curve  of  Fig.  3.23-1  presents  the  buckling-stress 
coefficient,  CQt  for  an  unpressurized  cylinder  in  axial  compression  as  a 
function  of  the  radius-to-thickness  ratio,  R/t.  For  elastic  buckling, 

H = 1 is  used.  In  the  inelastic  range,  the  critical  stress,  <rcr,  may  be 
found  by  using  curves  E^  in  Section  3.  62.  Very  long  cylinders  must  be 
checked  for  Euler-column  buckling. 

B.  Pressurized 

The  buckling  stress  of  long  cylinders  under  internal  pressure  and 
axial  compression  may  be  determined  by  using  Fig.  3.23-2  in  conjunc- 
tion with  Fig.  3.23-1.  Fig.  3.  23-2  presents  a curve  that  allows  the 
calculation  of  the  increase  in  buckling  stress  as  a function  of  pressure 
and  geometry  only. 
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The  design  allowable  buckling  stress  is 
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where  C is  obtained  from  Fig.  3.  23-1,  and  ACc  is  obtained  from 
c u 

Fig.  3.23-2.  For  inelastic  buckling,  the  critical  stress  may  be  found 
by  using  curves  of  Section  3.62.  The  total  stress  field  should  be 
considered  when  determining  the  plasticity  correction.  The  pressur- 
ized cylinder  is  capable  of  resisting  a total  compressive  load9  P ' » 
which  may  be  obtained  from  the  equation 

2 

P = 2tr  R a t + irR  p 
cr  cr 

It  should  be  noted  that  the  pressurized  design  curve  in  Fig.  3.23-2  is 
valid  only  for  long  cylinders.  Very  long  cylinders  must  be  checked  for 
buckling  as  Euler  columns. 
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FIG.  3.23-1.  BUCKLING-STRESS  COEFFICIENT,  Cc,  FOR  UNSTIFFENED  UNPRESSURIZED 
CIRCULAR  CYLINDERS  SUBJECTED  TO  AXIAL  COMPRESSION 


530 


FIG.  3.23-2.  INCREASE  IN  AXIAL-COMPRESSIVE  B UCKLING-STRESS 
COEFFICIENT  OF  CYLINDERS  DUE  TO  INTERNAL  PRESSURE 
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3.  23.  2 Shear  of  Torsion,  Unstiffened  Cylinders 
A.  Unpressurized 

The  design-allowable  shear  buckling  stress  of  thin-walled 
circular  cylinders  subjected  to  torsion  is  given  by 


Tcr  Et 


in  which  the  shear  buckling-stress  coefficient,  Cg,  is  given  in 
Fig.  3.  23-3  for  simply  supported  and  fixed-edge  cylinders  with  a 
curvature  parameter  Z >100.  For  elastic  buckling,  the  plasticity  cor- 
rection term  q = 1.0  is  used.  For  inelastic  buckling,  the  critical  shear 
stress,  Tcr,  may  be  found  by  the  procedure  outlined  in  Paragraph  3.  22.  2. 
B.  Pressurized 

The  shear  buckling  stress  of  long  thin-walled  cylinders  subjected 
to  internal  pressure  and  torsion  may  be  determined  by  using  Fig.  3.23-4 
in  conjunction  with  Fig.  3.  23-3.  Fig.  3.  23-4  presents  curves  that  allow 
the  calculation  of  the  increase  in  buckling  stress  as  a function  of  pres- 
sure and  geometry  only. 

The  design-allowable  shear  buckling  stress  is  given  by 


* <c. + ac,> 


where  Cg  is  obtained  from  Fig.  3.  23-3  and  ACg  is  obtained  from 
Fig.  3.23-4. 
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Two  curves  are  presented  in  Fig.  3.  23-4  for  calculating  the 
increment  in  critical  stress  caused  by  pressurization.  One  curve, 
labeled  "No  External  Axial  Load/'  should  be  used  for  calculating  the 
critical  stress  of  a cylinder  subjected  to  torsion  and  internal  pressure 
only.  The  second  curve,  labeled  "External  Axial  Load  Balances 
Longitudinal  Pressure  Load,"  should  be  used  to  calculate  the  critical 
stress  of  a cylinder  subjected  to  torsion  and  internal  pressure  plus  an 
external  axial  compression  load  equal  to  the  internal  pressure  load 
ttR  p#  acting  on  the  heads  of  the  cylinder.  It  should  be  noted  that  the 
pressurized  design  curves  of  Fig.  3.  23-4  are  valid  only  for  long 
cylinders.  For  inelastic  buckling,  the  critical  shear  stress  maybe 
obtained  by  following  the  procedure  outlined  in  Paragraph  3.  22.  2.  The 
total  stress  field  should  be  taken  into  consideration  when  the  plasticity 
correction  is  determined. 
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FIG.  3.23-3.  BUCKLING-STRESS  COEFFICIENT,  C8,  FOR  UNSTIFFENED 
UNPRESSURIZED  CIRCULAR  CYLINDERS  SUBJECTED  TO  TORSION 
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FIG.  3.23-4.  INCREASE  IN  TORSIONAL  BUCKLING- STRESS  COEFFICIENT  OF 

CYLINDERS  DUE  TO  INTERNAL  PRESSURE 


3.  23.  3 Bending,  Unstiffened  Cylinders 


A.  Unpressuri^ed 

The  design- allowable  buckling  stress  for  a thin-walled  circular 
cylinder  subjected  to  bending  is  given  by 


cr  Et 

11  = d R 


where  the  buckling- stres s coefficient,  C^,  is  given  in  Fig.  3.  23-5  for 
simply  supported  cylinders  having  a curvature  parameter  Z > 20  and 
for  clamped  edge  cylinders  with  Z > 80.  max^murn  stress 

due  to  the  bending  moment  (e.  g.  , the  outer  fiber  stress).  For  elastic 
buckling,  the  plasticity  correction  term  r\  - 1.  0 is  used.  For  inelastic 
buckling,  the  critical  stress,  <r  Cr,  may  be  found  by  using  curves  Ej  in 
Section  3.  62.  If  the  stresses  are  elastic,  the  allowable  moment  is 

M = tt  R^  <r  t 
cr  cr 


B.  Pressurized 

The  buckling  stress  of  long  cylinders  subjected  to  internal  pres- 
sure and  bending  may  be  determined  by  using  Fig.  3.  23-6  in  conjunction 
with  Fig.  3.23-5.  Fig.  3.  23-6  presents  curves  that  allow  the  calcu- 
lation of  the  increase  in  Critical  stress  as  a function  of  pressure  and 
geometry  only.  The  design-allowable  buckling  stress  is 


f ■ <cb + ac„>  f 

where  Cfa  is  obtained  from  Fig.  3.  23-5  and  ACb  is  obtained  from 
Fig.  3.23-6. 
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Two  curves  for  calculating  the  increment  in  critical  stress  caused 
by  pressurization  are  presented  in  Fig.  3.  23-6.  The  curve  labeled  "No 
External  Axial  Load"  should  be  used  to  calculate  the  critical  stress  of  a 
cylinder  subjected  to  bending  and  internal  pressure  only.  The  curve 
labeled  '’External  Axial  Load  Balances  Longitudinal  Pressure  Load” 
should  be  used  to  calculate  the  critical  stress  of  a cylinder  subjected  to 
bending  and  internal  pressure  plus  an  external  axial  compression  load 
equal  to  the  internal  pressure  load,  it  R2p,  acting  on  the  heads  of  the 
cylinder. 

If  the  curve  for  no  axial  load  is  used  and  the  stresses  are  elastic, 
the  design-allowable  moment  is 

M =ttR2  L t+^ 
cr  l cr  2 

It  should  be  noted  that  the  pressurized  design  curves  in  Fig.  3.  23-6  are 

valid  only  for  long  cylinders.  For  inelastic  buckling,  the  critical  stress, 

vcr,  may  be  found  by  using  curves  Ej  in  Section  3.  62.  The  total  stress 

field  should  be  taken  into  consideration  when  determining  the  plasticity 

correction. 
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FIG.  3.23-5.  BUCKLING-STRESS  COEFFICIENT,  Cb,  FOR  UNSTIFFENED 
UNPRESSURIZED  CIRCULAR  CYLINDERS  SUBJECTED  TO  BENDING 


FIG.  3.23-6.  INCREASE  IN  BENDING  BUCKLING-STRESS  COEFFICIENT 
OF  CYLINDERS  DUE  TO  INTERNAL  PRESSURE 
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3.  23.  4 External  Pressure,  Unstiffened  Cylinders 


If  a cylindrical  shell  with  simply  supported  edges  is  subjected  to 
uniform- external  pressure,  p,  the  design-allowable  buckling  stress  in 
the  circumferential  direction  is 


cr 


= K 


ir  E 


P 12(l-p  ) 


,(i) 


The  buckling  coefficient,  K^,  and  a definition  of  the  geometrical  param- 
eters is  given  in  Fig.  3.  23-7.  For  elastic  buckling,  r|  = 1 is  used.  For 
moderate  length  cylinders  (100  < Z < 11  R2/t2)  in  the  inelastic  range. 
Ref.  3-6  recommends 


.hJEfTi  iM 

E V \E  / \4  + 4 E ) 
' a'  \ s/ 


where 


E = secant  modulus 

B 

E^  = tangent  modulus 


For  inelastic  stresses,  c r may  be  obtained  for  the  E curves  of 

cr  X 

Section  3.  62  because,  for  most  materials,  the  value  of  r)  for  the  Ej 
curves  does  not  vary  appreciably  from  the  value  obtained  from  the 
preceding  formula.  For  short  cylinders  (Z<10),  the  C curves  of 
Section  3.  62  should  be  used.  For  10<Z<100,  a linear  interpolation 
between  the  E^  and  C curves  with  the  Z parameter  is  probably 
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sufficiently  accurate.  For  long  cylinders,  (e.  g.  , L.  /R  >11  R/t)the 
design-allowable  buckling  stress  is 

acr  V E / t \ 2 
1 4 (1-fi2) 

The  factor,  Y , was  introduced  to  reduce  the  theory  to  a design 
value.  Ref.  3-6  recommends  Y = 0.  9.  For  inelastic  buckling. 

Ref.  3-7  recommends 


Sufficiently  accurate  values  of  <rcr  may  be  obtained  by  using  the 
E curves  of  Section  3.  62. 

The  design- allowable  pressure  may  be  obtained  from  the  formula 


The  pressure,  pcr.  is  the  design-allowable  pressure  for  complete 
buckling  of  the  shell  (e.  g.  , when  buckles  have  formed  all  the  way  around 
the  cylinder).  For  some  values  of  the  parameters  (large  R/t  and/or 
large  initial  imperfections),  single  buckles  will  occur  at  pressures  less 
than  pcr,  but  complete  buckling  will  occur  at  higher  pressures.  There- 
fore,  for  some  applications  these  results  should  be  used  with  caution. 
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The  plasticity  correction  factors  recommended  in  this  section 
were  obtained  primarily  for  the  case  of  lateral  pressure,  but  they  are 
probably  sufficiently  accurate  for  the  case  of  lateral  and  axial  pressure 
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FIG.  3.23-7.  BUCKLING  COEFFICIENTS  FOR  CIRCULAR  CYLINDERS 


3.  23.  5 Combined  Loading,  Unstiffened  Cylinders 

The  criterion  for  structural  failure  of  a member  under  combined 

loading  is  frequently  expressed  in  terms  of  a stress-ratio  equation, 
x y z 

Rl+R2+R3  = 1*  The  subscripts  denote  the  stress  due  to  a particular  kind 
of  loading  (compression,  shear,  etc.),  and  the  exponents  (usually 
empirical)  express  the  general  relationship  of  the  quantities  for  failure 
of  the  member.  The  stress-ratio,  R,  is  most  easily  understood  if  it 
is  defined  first  for  a particular  loading  condition.  In  combined  compres- 
sion and  torsion  loading  (R  + R =1),  the  stress -ratio,  R , is  defined 

C 8 Q 

as  the  ratio  of  compressive  stress  at  which  buckling  occurs  under  the 
combined  loading  to  the  compressive  stress  at  which  buckling  occurs 
under  compression  alone.  In  general,  the  stress-ratio  is  the  ratio  of 
the  allowable  value  of  the  stress  caused  by  a particular  kind  of  load  in 
a combined  loading  condition  to  the  allowable  stress  for  the  same  kind 
of  load  when  it  is  acting  alone.  A curve  drawn  from  such  a stress- 
ratio  equation  is  termed  a stress -ratio  interaction  curve.  In  simple 
loadings,  the  term  "stres s -ratio"  is  used  to  denote  the  ratio  of  applied 
to  allowable  stress, 

A.  Combined  Torsion  and  Axial  Loading 

A semi-empirical  interaction  curve  for  circular  cylinders  under 
combined  torsion  and  axial  loading  is  given  in  Fig.  3.  23-8.  <rcr  is  found 
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from  Paragraph  3.  23.  1 and  Tcr  from  Paragraph  3.  23.  2.  In  Fig.  3.  23-8, 
the  curves  for  R/t  ratios  of  600,  800,  and  1000  were  determined  by  test 
data  in  Ref.  3-8.  Curves  for  R/t  of  1500  and  2000  were  drawn  by  extra- 
polation. 

B.  Bending  and  Torsion 

Test  results  shown  in  Ref.  3-7  indicate  that  a conservative 
estimate  of  the  interaction  for  cylinders  under  combined  bending  and 
torsion  may  be  obtained  from  Fig.  3.  23-9;  rcr  is  found  from 
Paragraph  3.  23.  3 and  rcr  from  Paragraph  3.  23.  2. 

C.  Axial  Compression  and  Bending 

The  test  data  presented  in  Ref.  3-7  and  3-9  indicate  that  the 
linear  interaction  for  the  case  of  cylinders  under  combined  axial  com- 
pression and  bending,  shown  in  Fig.  3.  23-10,  may  be  used.  The 
buckling  6tress  due  to  bending  alone  may  be  found  from  Paragraph  3. 23.  3, 
and  the  buckling  stress  under  axial  compression  alone  may  be  found  in 
Paragraph  3.  23.  1. 

D.  Axial  Compression  and  External  Pressure 

The  limited  test  data  from  Ref.  3-9  for  cylinders  subjected  to 
axial  compression  and  external  lateral  and  axial  pressure  indicate  that 
the  linear  interaction  curve  presented  in  Fig.  3.  23-11  may  be  used  for 
design.  (rcr  is  found  from  Paragraph  3.  23.  1 and  pcr  from  Paragraph  3.23.4. 


545 


FIG.  3.  23-JJ,  BUCKLING  STRESS  INTERACTION  CURVE  FOR  UNSTIFFENED  CIRCULAR 
CYLINDERS  UNDER  COMBINED  TORSION  AND  AXIAL  LOADING 
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FIG.  3.  23-10.  BUCKLING  STRESS  INTERACTION  CURVE  FOR  UNSTIFFENED  CIRCULAR 
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3.  24  CONES 


3.  24.  1 Axial  Compression,  Unstiffened  Cones 
A.  Unpressurized 

The  equivalent  cylinder  approach  recommended  in  Ref.  3-9  will 
be  used  for  determining  the  buckling  stress  for  a circular  right  cone  sub- 
jected to  axial  compression.  The  statistical  reduction  of  experimental 
cone  data  presented  in  Ref.  3-10  indicates  that  the  equivalent  cylinder 
approach  may  be  conservative  for  large  radius -to -thickness  ratios,  but 
the  results  of  Ref.  3-10  would  be  unconservative  for  small  cone  angles 
(e.  g,  , cones  that  are  almost  cylinders).  The  design-allowable  buckling 
stress  may  be  obtained  from  the  formula 


<r  is  the  stress  at  the  small  end  of  the  cone.  The  buckling  stress 
cr 

coefficient,  C^,  and  a definition  of  the  geometrical  parameters  is  given 
in  Fig.  3.  24-1  as  are  the  limitations  of  the  buckling  equation.  The 
curve  of  versus  R^/t  given  in  Fig.  3.  24-1  for  cones  is  the  same 
curve  given  in  Fig.  3.  23-1  for  cylinders.  For  elastic  buckling,  rj  = 1 
is  used.  In  the  inelastic  range,  the  critical  stress  <r ^ may  be  found  by 
using  curves  in  Section  3.  62.  The  design-allowable  total  compres- 
sive load, P , may  be  obtained  from  the  equation 

2 

P = 2 tt  R o-  t cos  a 
cr  e cr 
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B.  Pressurized 


The  design-allowable  buckling  stress  for  cones  under  internal 
pressure  and  axial  compression  may  be  determined  by  using  Fig.  3.  24-1 
in  conjunction  with  Fig.  3.  24-2.  Fig.  3.  24-2  presents  a curve  that 
allows  the  calculation  of  the  increase  in  buckling  stress  as  a function 
of  pressure  and  geometry  only.  The  design-allowable  buckling  stress 
may  be  obtained  from  the  formula 


+ AC  ) 
c 


Et 

R 

e 


where  C is  obtained  from  Fig.  3.  24-1,  and  AC  is  obtained  from 
c c 

Fig.  3.  24-2.  For  elastic  buckling,  r\  = 1 is  used.  In  the  inelastic 
range,  the  critical  stress,  crcr,  may  be  found  by  using  curves  in 
Section  3.62.  The  total  stress  field  should  be  taken  into  consideration 


when  determining  the  plasticity  correction*  The  pressurized  cone  is 
capable  of  resisting  a total  compressive  load,  ^cr»  which  may  be 
obtained  from  the  equation 


2 2 2 

P = 2 tt R <r  t cos  a + ttR  p coi  a 
cr  e cr  e 


The  P found  for  pressurize  cones  subjected  to  axial  compres- 
cr 

sion  may  be  conservative  for  certain  values  of  the  parameters  because 
it  has  been  shown  both  theoretically  and  experimentally  that  internal 
pressure  increases  the  buckling  load  of  cones  more  that  it  increases 
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the  buckling  load  of  cylinders.  However,  test  data  for  pressurized 
cones  is  too  limited  to  determine  an  empirical  design  curve  based  on 
parameters  from  the  theoretical  buckling  analysis  of  pressurized  cones. 
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FIG.  3.24-2.  INCREASE  IN  AXIAL -COMPRESSIVE  BUCKLING-STRESS 
COEFFICIENT  OF  CONES  DUE  TO  INTERNAL  PRESSURE 
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3#  24.  2 Shear  or  Torsion,  Unstiffened  Cones 


A.  Unpressurized 

The  equivalent  cylinder  approach  recommended  in  Ref.  3-11  will 
be  used  to  determine  the  buckling  stress  for  a circular  right  cone 
subjected  to  torsion.  The  design-allowable  buckling  stress  is 


cr 


R 


R 


2 Cs 

1 


Et 


R Z 
e 


1/4 


t is  the  shear  stress  at  the  small  end  of  the  cone. 


The  buckling  stress 


cr 

coefficient,  C , and  a definition  of  the  geometrical  parameters  are  given 
8 

in  Fig.  3.24-3,  as  are  the  limitations  of  the  buckling  equation.  The 

curves  of  C versus  R /t  given  in  Fig.  3.24-3  for  cones  is  the  same  curve 
0 6 

given  in  Fig.  3.23-3  for^cylinder  s.  For  elastic  buckling,  the  plasticity 
correction  term  r\  - 1.  0 is  used.  For  inelastic  buckling,  the  critical 
shear  stress,  t , may  be  found  by  using  the  procedure  recommended  in 
Paragraph  3.  22.  2.  The  design  allowable  torque,  Tcr,  may  be  obtained 
from  the  equation 


cr 


= 2tt  R t t 

1 cr 


B.  Pressurized 

The  theoretical  results  and  the  test  results  of  Ref.  3-12  show 
that  internal  pressure  will  increase  the  torsional  buckling  load  of  cones, 
but  simple  design  formulas  for  computing  this  increase  are  not  available. 
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FIG.  3.24-3.  BUCKLING-STRESS  COEFFICIENT.  C8,  FOR  UNSTIFFENED 
UNPRESSURIZED  CIRCULAR  CONES  SUBJECTED  TO  TORSION 
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3.  24.  3 Bending,  Unstiffened  Cones 


A.  Unpressurized 

The  equivalent  cylinder  approach  recommended  in  Ref.  3-9  will 
be  used  to  determine  the  buckling  stress  of  a circular  right  cone  sub- 
jected to  bending.  The  design-allowable  buckling  stress  is 

acr  Et 

n b R 

e 

where  <r  is  the  maximum  stress  at  the  small  end  of  the  cone.  The 
cr 

buckling  coefficient,  C^,  and  a definition  of  the  geometrical  parameters 
are  given  in  Fig.  3.24-4.  The  curve  of  versus  R/t  given  in 
Fig.  3.  24-4  for  cones  is  the  same  curve  as  thatgivenin  Fig.  3.  23-5  for 
cylinders.  For  elastic  buckling,  rj  = 1 is  used.  In  the  inelastic  range, 
the  critical  stress,  c r , may  be  found  by  using  curves  E j in  Section  3.  62* 
If  the  stresses  are  elastic,  the  allowable  moment  may  be  obtained  from 
the  formula 

2 

M - it  R <r  t coi  a 
cr  1 cr 

B.  Pressurised 

An  estimate  of  the  design-allowable  buckling  stress  for  a cone 
under  internal  pressure  and  axial  compression  may  be  determined  by 
using  Fig.  3.  24 -4  in  conjunction  with  Fig.  3.24-5.  Fig.  3.24-5 
presents  a curve  that  allows  the  calculation  of  the  increase  in  buckling 
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stress  as  a function  of  pressure  and  geometry  only.  The  design* 
allowable  buckling  stress  may  be  obtained  from  the  formula 


cr 

n 


(cb + ACb>  fr 

e 


where  is  obtained  from  Fig.  3.  24-4  and  AC^  is  obtained  from 

Fig.  3.24-5.  For  elastic  buckling,  r\  = 1 is  used.  In  the  inelastic 

range,  the  critical  stress,  or  , may  be  found  by  using  curves  E.  in 

cr  l 

Section  3.62.  The  total  stress  field  should  be  taken  into  consideration 
when  the  plasticity  correction  is  determined.  If  the  stresses  are 
elastic  and  no  external  axial  load  is  applied,  the  allowable  moment  may 
be  obtained  from  the  formula 


M 


t cr 

cr 


cos  a +irp 
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FIG.  3.24-4.  BUCKLING-STRESS  COEFFICIENT  Cb  FOR  UNSTIFFENED 
UNPRESSURIZED  CIRCULAR  CONES  SUBJECTED  TO  BENDING 


559 


560 


3.  24.4  Lateral  and  Axial  External  Pressure,  Unstiffened  Cones 


The  equivalent  cylinder  recommended  in  Ref.  3-9  will  be  used  to 
determine  the  design-allowable  buckling  stress  for  a circular  right  cone 
subjected  to  lateral  and  axial  external  pressure.  The  design-allowable 
buckling  stress  may  be  obtained  from  the  formula 

it2  E / j\2 

” ' P 12(1  -H2)  \Le/  R«C°*'' 

a is  the  circumferential  membrane  stress  at  the  large  end  of  the  cone 
cr 

due  to  an  external  pressure,  p^.  The  buckling  stress  coefficient,  K^, 
and  a definition  of  the  geometrical  parameters  are  given  in  Fig.  3*24-6. 
Fig.  3.24-6  is  for  simply  supported  edges  and  will  be  conservative  for 
fixed  edges.  For  elastic  buckling,  rj  = 1 is  used*  In  the  inelastic  range, 

the  critical  stress,  <r  , may  be  found  by  using  the  method  discussed 

cr 

in  Paragraph  3.  23.  4.  The  design-allowable  external  pressure  may  be 
obtained  from  the  formula 

cr  tco  *a 
cr 

Pcr  ~ R2 

The  pressure,  p , is  the  design-allowable  pressure  for  complete  buckling 
r cr 

of  the  shell  (e.  g. „ when  buckles  have  formed  all  the  way  around  the  cone). 

R 

For  some  values  of  the  parameters  (such  as  large  — or  large  initial 
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imperfections),  single  buckles  will  occur  at  pressures  less  than  Pcr* 
but  complete  buckling  will  occur  at  higher  pressures.  Therefore,  for 
some  applications,  these  results  should  be  used  with  caution. 

It  has  been  shown  in  the  literature  that  the  critical  pressure  is  a 
function  of  the  quantity  (1-Rj  /R 2)1  hut  the  effect  is  generally  small  and 
the  available  information  has  not  been  reduced  for  design  purposes. 


FIG.  3. 24-6.  BUCKLING  PRESSURE  COEFFICIENTS  FOR  CIRCULAR 
CONES  SUBJECTED  TO  EXTERNAL  RADIAL 
AND  AXIAL  PRESSURE 
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3.  24.  5 Combined  Loading,  Unstiffened  Cones 


The  concept  of  stress -ratio  interaction  curves  as  described  for 
cylinders  in  Paragraph  3.  23.  5 will  also  be  used  for  cones. 

A.  Axial  Compression  and  Torsion 

Ref.  3-13  has  shown  that  for  unstiffened  right  conical  shells,  the 

curve  given  in  Fig.  3.23-8  may  be  used  for  predicting  the  interaction 

between  axial  compression  and  torsion.  <r  is  found  from 

r cr 

Paragraph  3.24.  1 and  t from  Paragraph  3.24.2. 

B.  Axial  Compression  and  Bending 

The  very  limited  test  data  in  Ref.  3-9  indicate  that  the  linear 
interaction  equation  shown  in  Fig.  3.23-10  may  be  used  for  right  cir- 
cular cones  subjected  to  combined  axial  compression  and  bending.  The 
buckling  stress  due  to  bending  alone  may  be  found  from  Paragraph  3.24.3, 
and  the  buckling  stress  under  axial  compression  alone  may  be  found 
in  Paragraph  3.24.  1. 

C.  Axial  Compression  and  External  Pressure 

The  limited  test  data  from  Ref  3-9  indicated  that  the  curve  given  in 
Fig.  3.  23-11  may  be  used  for  right  circular  cones  subjected  to  axial 
compression  and  external  lateral  and  axial  pressure.  * cr  may  be 
obtained  from  Paragraph  3.  24.  1 and  pcr  from  Paragraph  3.  24.  4. 
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3.  25  SPHERICAL  CAPS 


3.  25.  1 External  Pressure,  Shallow  Spherical  Caps 

The  following  figure  shows  the  type  of  shell  and  load  that  will  be 

considered  in  this  section: 


The  shell  is  spherical,  and  the  ratio  of  Hp/2r0  should  be  small, 
say,  Hp/2r0  <1/8.  The  design-allowable  buckling  stress  may  be 
obtained  from  the  following  formula: 

= C for  4<  X.  < 24 

n p R 

C = 0.  175 

P 
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where 


V = |l2(l-K2)]4  tJ  H1 

For  elastic  buckling,  rj  = 1 is  used.  For  inelastic  buckling,  the 
critical  stress,  vQV>  may  be  found,  using  curves  Ej  in  Section  3.  62. 

The  design-allowable  buckling  pressure  is 

2t 

rcr  cr  R 

The  coefficient,  C , should  be  a function  of  X.  However,  it  was 
c 

shown  in  Ref.  3-14  that  for  6<  X < 24,  the  increase  in  the  theoretical 

value  of  Cp  is  very  small  as  X increases,  provided  the  shell  is  free  of 

initial  imperfections.  In  addition,  test  data  for  4<  X<  6 indicate  a 

value  of  C that  is  approximately  the  same  as  the  value  of  C for 
P p 

6 < X<  8.  Therefore,  it  was  assumed  that  was  independent  of  X 
for  4 < X < 24.  The  quantity  = 0.  175  was  obtained  by  a statistical 
reduction  of  the  test  data  from  Refs.  3-15,  3-16,  3-17,  and  3-18.  The 
test  specimens  in  Refs,  3-15,  3-16,  3-17  and  3-18  failed  considerably 
below  the  theoretical  curve  given  in  Ref.  3-14.  One  of  the  primary 
reasons  for  these  low  buckling  loads  is  probably  initial  imperfections 
in  the  test  specimens. 

The  lower  bound  of  the  values  of  Cp  obtained  in  tests  of  spherical 
caps  with  very  small  imperfections,  as  reported  in  Refs.  3-19  and  3-20, 


was  approximately  Cp  = 0.39,  which  indicates  that  the  buckling  stress 
is  much  greater  if  the  initial  imperfections  are  small.  However,  it  is 
not  felt  that  the  shells  tested  in  Refs.  3-19  and  3-20  are  typical  of  a 
production  part. 

3.  25.  2 External  Pressure,  Spherical  Caps 

Spherical  caps  for  which  H^/2ro>l/8  (see  Section  3.25.  1)  have 

not  been  discussed  in  the  literature  as  often  as  spherical  caps  for  which 

H /2r  <1/8  due  to  the  added  complexity  of  the  problem.  Theoretical 

P o 

investigations  of  shells  free  of  initial  imperfections  indicate  that  the 
buckling  pressure  for  deep  spherical  caps  would  be  greater  than  for 
shallow  spherical  caps  of  the  same  radius  and  thickness,  but  this  has  not 
been  verified  experimentally.  The  test  data  for  deep  spherical  caps  sub- 
jected to  external  pressure  show  that  the  buckle  is  usually  confined  to  a 
small  area  of  the  shell.  Therefore,  the  area  of  the  shell  that  participates 
in  the  buckle  could  be  thought  of  as  a shallow  spherical  cap.  Until 
additional  information  is  available,  it  is  recommended  that  the  informa- 
tion contained  in  Paragraph  3.  25.  1 be  used  to  obtain  the  design- 
allowable  buckling  6tress  for  spherical  caps  withX.  > 24  and  Hp/2r0  >1/8 
which  are  subjected  to  external  pressure.  The  limited  results  of  test 
data  for  hemispherical  shells  subjected  to  external  pressure,  such  as 
Refs.  3-21  and  3-22,  indicate  that  this  is  an  adequate  procedure. 
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The  test  data  from  Ref.  3-21  indicate  that  the  inelastic  properties 
of  the  material  influences  the  buckling  load  even  though  the  nominal 
membrane  stress  may  be  below  the  inelastic  limits;  but  a method  of 
accounting  for  this  effect  was  not  presented. 

An  empirical  analysis  procedure  is  presented  in  Ref.  3-23  which 
may  be  useful  if  the  initial  imperfections  of  a shell  are  known.  However, 
it  is  difficult  to  use  for  a shell  which  is  to  be  built  because  an  estimate  of 
the  initial  imperfection  is  necessary. 

At  the  present  time,  the  effects  of  various  boundary  conditions 
for  partial  spheres  are  unknown.  Until  additional  information  is 
obtained,  the  analysis  which  has  been  presented  may  be  used  for  hemi- 
spherical caps  with  fixed  or  simply  supported  boundaries.  Ref.  3-24 
presents  test  results  for  spherical  caps  with  various  boundary  con- 
ditions and  may  be  of  some  use  in  estimating  the  effects  of  boundary 
conditions  other  than  clamped. 
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3.30  ORTHOTROPIC  SHELLS 


3.31  GENERAL 

This  section  deals  with  shells  with  stiffness  properties  different 
in  the  circumferential  and  meridional  directions.  The  stiffness  proper- 
ties of  the  shell  wall  in  the  two  directions  may  be  completely  independent 
(i.e.,  the  bending  stiffnesses,  extensional  stiffnesses,  in-plane  shear 
stiffness,  and  twisting  stiffness  of  the  walls  of  the  shell  are  not  neces- 
sarily interrelated  as  they  are  in  a homogeneous  isotropic  shell  or  a 
homogeneous  orthotropic  shell).  An  example  of  this  type  of  shell  is  a 
multilayered  filament  wound  cylinder.  Other  types  of  construction, 
such  as  integrally  stiffened  waffle  with  closely  spaced  stiffeners,  can 
be  idealized  as  orthotropic  by  assuming  that  discrete  stiffening  elements 
are  evenly  distributed  per  unit  width  of  wall.  It  is  difficult  to  determine 
how  close  the  stiffeners  must  be  to  treat  the  shell  as  an  orthotropic 
shell.  For  the  case  of  buckling,  a buckle  must  include  several  stiffeners 
before  orthotropic  shell  theory  would  be  a useful  tool  in  predicting  the 
buckling  load. 

Definitions  of  the  stiffness  properties  (elastic  constants)  for  an 
orthotropic  shell  wall  are  given  in  Section  3.  32,  and  approximate  for- 
mulas are  given  for  computing  the  stiffness  properties  for  several 
types  of  construction. 
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The  buckling  formulas  presented  in  this  section  are  based  on  the 
classical  small  deflection  theory  of  orthotropic  shells.  Experimental 
and  theoretical  studies  indicate  that  the  discrepancy  between  test  and 
theory  as  well  as  the  scatter  of  the  test  data  may  be  much  smaller  for 
certain  types  of  orthotropic  cylinders  than  it  was  for  homogeneous 
isotropic  cylinders.  However,  the  number  of  tests  conducted  to  date  on 
orthotropic  shells  typical  of  large  production  parts  is  limited  and  covers 
only  a small  range  of  possible  parameters.  Therefore,  the  results  of 
homogeneous  isotropic  cylinder  tests  are  used  to  modify  the  orthotropic 
theory  until  more  information  is  available. 

The  analysis  presented  assumes  that  the  centroid  planes  of  the  orthotropic 
wall  in  the  axial  direction  coincide  with  the  centroid  planes  of  the  wall 
in  the  circumferential  direction.  This  assumption  eliminates  coupling 
between  many  of  the  internal  stress  resultants  and  simplifies 
the  analysis.  Although  the  effects  of  coupling  can  be  large  for  some 
types  of  construction,  they  are  usually  small  for  the  types  of  construc- 
tion presented  in  this  section  (multilayered,  integrally  stiffened, 
homogeneous  orthotropic). 

The  effects  of  Poisson’s  ratio  have  been  included  in  the  analysis 
procedures  that  are  presented.  However,  the  analysis  may  be  simplified 
by  neglecting  Poisson’s  ratio.  For  many  types  of  orthotropic  construction, 
the  effect  of  Poisson's  ratio  is  very  small. 
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3.32  ELASTIC  CONSTANTS 


3.  32.  1 Definitions 

The  elastic  constants  are  defined  in  this  section,  and  approximate 
formulas  are  given  for  computing  the  elastic  constants  for  several  types 
of  construction  that  may  be  idealized  as  orthotropic  construction.  These 
constants  can  be  used  in  Chapter  2.00  for  stress  analysis  or  in  this 
chapter  (Chapter  3.00)  for  stability  analysis.  The  formulas  for  the 
constants  have  been  derived  for  flat  orthotropic  plates  but  are  suffi- 
ciently accurate  for  thin  orthotropic  shells. 

The  x direction  is  the  axial  direction  for  cylinders  and  cones 
and  the  meridional  direction  for  spheres.  The  0 direction  is  the 
circumferential  direction.  The  elastic  constants  are  defined  as  follows: 


B , BQ  = The  extension  stiffnesses  of  the  shell  wall  in  the  x 
x'  0 

and  0 directions,  respectively,  (lb/in.) 

D f D0  = The  bending  stiffnesses  of  the  shell  wall  in  the  x and  0 
directions,  respectively,  (in. -lb) 


The  twisting  stiffness  of  the  shell  wall  (in. -lb) 

The  transverse  shear  stiffnesses  of  the  shell  wall 
in  the  x and  0 directions,  respectively  (lb/in.) 
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^X* 


H’ 


i 

X 


= Poisson’s  ratios  associated  with  bending  in  the  x 
and  0 directions,  respectively 
= Poisson's  ratios  associated  with  extension  in  the  x 
and  0 directions,  respectively 
= Shear  stiffness  of  the  shell  wall  in  the  x 0 plane 
(Ib/in.) 


From  the  reciprocity  theorem,  it  has  been  shown  that  the  follow- 
ing  useful  relationships  exist: 

= De^x 

B u'  = B_  u.'. 

xHe  e*x 

The  elastic  constants  required  for  Chapter  2,  00  are  Bn,  D , p , 

o x x 

H-0,  H- 'q  and  Dqx*  All  of  the  elastic  constants  with  the  exception  of 

Dq^  and  are  required  in  Section  3.33.  The  constants,  Dq  and 

Dr»  , are  not  needed  in  Section  3.33  because  transverse  shear  deflec- 

we 

tions  have  been  neglected  in  the  basic  analysis.  Sandwich-type  con- 
struction is  the  only  orthotropic  construction  in  which  shear  deflections 
are  likely  to  be  important.  In  general,  the  data  of  Section  3.50  should  be 
used  for  the  stability  analysis  of  sandwich  shells.  However,  if  Section  3.50 
does  not  include  a particular  type  of  sandwich  (for  instance,  facings 
made  from  a different  material),  and  if  the  core  is  very  stiff  in  trans- 
verse shear  (Section  3.50  can  be  used  to  estimate  if  the  transverse 
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shear  stiffness  is  large),  the  design  buckling  load  can  be  estimated  using 
the  formulas  from  Section  3.33  and  the  elastic  constants  given  in  this 
section. 

3.  32.  2 Orthotropic  Layered  Shells 

The  elastic  constants  for  orthotropic  layered  shells  were 
obtained  from  Ref.  3-25.  A typical  multilayered  cross  section  is  shown 
in  Fig.  3.32-1,  It  can  be  seen  that  there  are  m layers.  The  inner 
layer  is  thick,  the  next  layer  is  (6^  ” 6j)  thick,  etc.  , and  the  total 
thickness  of  the  shell  is  6m-  It  is  assumed  that  each  layer  is  homo- 
geneous and  orthotropic. 

The  material  properties  of  a layer  are: 

E . E = Moduli  of  elasticity  in  the  x and  6 directions, 

xi  6i 

respectively 

..  , n = Poisson's  ratios  associated  with  stretching  in  the 

x and  0 directions,  respectively 

Gq  = In-plane  shear  modulus 

x6i 

Subscript  i represents  the  layer  to  which  the  material  property 
corresponds  (i  = 1,  2 , . . . m).  Refer  to  Paragraph  3.32.  1 for  & 
definition  of  the  x and  0 direction. 
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Let 


Then 
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575 


m 


H ’ = 

x 


Bei=isi(6i'  6‘-1) 


k’  b 
h - - x e 

e b 


Dq  and  Dq  are  effectively  infinite  for  most  layered  shells  (if 
X 0 

the  shell  is  sandwich  construction,  see  Paragraph  3.32.3), 

For  simplicity,  fi  x could  be  assumed  to  equal  which  would 

save  the  computation  of  and  px. 

For  a single  layer  t thick  (6  ^ = t),  the  formulas  reduce  to 

B = C t 

X Xj 


0 


ce  * 

ei 


D 


C t' 
X1 
12 


D. 


e 


V 

12 


D 


xe 


G t" 
12 


G = G t 

X0  X0 
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If  the  layer  is  isotropic  with  a Young’s  modulus  of  E,  Poisson's 
ratio  of  p,  and  shear  modulus  of  G,  the  constants  are 


B = 

X 

Be 

' l.H* 

D = 

X 

D 

e 

Et3 
1 -H2 

D 

xe 

Gt3 

12 

Gxe 

Gt 

k = 

Kx 

= Ke  = H i = 

m 

m-1 


3 


2 

1 


FIG.  3,32-1.  Layered  Construction 


577 


3.32.3  Sandwich  Shells 


The  elastic  constants  presented  in  this  section  are  for  a sandwich 
construction  with  a core  that  resists  very  little  bending  or  stretching 
(such  as  honeycomb  core)  and  thin  facing  sheets  relative  to  the  overall 
thickness  of  the  sandwich.  A typical  sandwich  element  and  a definition 
of  the  geometrical  parameters  are  given  in  Fig.  3.32-2. 


centroid 
of  facing 
sheet 

core 

centroid 
of  facing 
sheet 

FIG.  3.  32-2.  Sandwich  Construction 

The  material  properties  of  a facing  sheet  are: 

E , E-  = Moduli  of  elasticity  in  the  x and  0 directions, 

i i 

respectively 

p.*.  * p_  = Poisson's  ratios  associated  with  stretching 

i 8i 

in  the  x and  6 directions  respectively 

G = In -plane  shear  modulus 

*8l 
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Sub-subscript  i represents  the  facing  sheet  to  which  the  material 
corresponds  (i  - 1,  2).  Refer  to  Paragraph  3.32.  1 for  a definition  of 
the  x and  0 directions. 

The  only  property  required  for  the  type  of  core  considered  is 

G and  Ga  , which  are  the  transverse  shear  moduli  of  the  core  in  the 
xz  oz 

x and  0 directions,  respectively.  The  formulas  for  the  elastic  constants 
are  approximate  but  sufficiently  accurate  for  engineering  purposes. 

A.  Sandwich  with  Orthotropic  Facings 

E 

x. 

l 

1 - HX.  H0. 

I l 


“0 


1-Hx.  He. 
t °x 


^x.Ee. 

X l 

i - Hx.  ^e. 

X X 


B = C tt  + C t, 

x X1  X2  ^ 


Be  ■ ce  li  + ce  tz 

1 2 


G - G t 4“  G 

x6  xe.i  **^2 
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Gx81Gxe2,it2h 

’xe  = Gxei‘i  +Gxe2*2 


C C t.  t_  h 
X1  x2  1 2 
Dx-  C t.  + C t. 
X1  1 x2  2 


celce2tit2h 

’e  = 


x B, 


- (c 
e V ^ i 


t.  + c 


^ xBe 


C C t t h 
* 1 ^2  1 2 
* x " C t,  + C t 
^ 1 1 ^22 


G h 
xz 


Gezh 
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B.  Sandwich  with  Isotropic  Facings 


B = Bc 


(1  - H ) 


T + t2) 


D = Dc 


(1  - p 2)  (tl  + tz) 


X0 


G(tl  + t2) 


D Q = G 
x0 


fcl+t2 


^ x = = = 


= h- 


D 


G h 
xz 


Q c 

X 


D 


G h 
6z 


3.  32.  4 Integrally  Stiffened  Waffle  Shelia 

The  approximate  elastic  constants  for  shells  with  closely  spaced 
integral  ribs  running  in  a waffle-like  pattern  were  obtained  from 
Ref.  3-26.  Fig.  3.  32-3  shows  the  type  of  construction  being  considered 
and  also  defines  the  geometrical  parameters. 
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The  definitions  of  the  material  properties  are: 


E = Young!s  modulus 
G - Shear  modulus 
(jl  = Poissonfs  ratio 

Refer  to  Section  3,  32.  1 for  a definition  of  the  x and  0 directions. 
The  elastic  constants  for  integrally  stiffened  waffle  construction  are 
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The  special  case  of  T = 90  degrees  corresponds  to  a shell  with 

circumferential  stiffeners  2 t wide  and  b apart.  The  case  of  T = 0 

ws  8 

corresponds  to  a shell  with  longitudinal  or  meridional  stiffeners  only, 

depending  on  the  type  of  shells  considered,  2t  wide  and  b apart. 

s 8 

For  more  exact  formulas  of  the  elastic  constants  for  this  type  of 
construction,  or  if  a more  complex  type  of  construction  is  used  which 
contains  stiffeners  in  the  x and  0 directions  as  well  as  skewed 
stiffeners,  Ref.  3-26  may  be  used. 


FIG.  3.32-3.  WAFFLE  CONSTRUCTION 


(b)  Waffle  Section 
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3.33  CYLINDERS 


3.  33.  1 Axial  Compression,  Orthotropic  Cylinders 

The  following  stability  analysis  for  orthotropic  cylinders  sub- 
jected to  axial  compression  is  based  primarily  on  the  theory  from 
Refs.  3-27  and  3-28.  This  analysis  may  be  used  for  layered  construc- 
tion {such  as  filament  wound)  and  for  stiffened  construction  (such  as 
integrally  stiffened  waffle  construction)  if  the  stiffeners  are  very  close 
togehter.  The  definition  of  the  elastic  constants  used  in  this  section  and 
the  formulas  for  computing  the  elastic  constants  for  typical  types  of 
construction  are  given  in  Section  3,  32.  The  design  allowable  buckling 
load  per  unit  width,  Nx,  for  moderate  length  orthotropic  cylinders  is 


N = V — 
X Y R 


1/2 


BeD*  n'e>l  u 

and  the  allowable  compressive  load  for  the  cylinder  is 

P = N 2itR 
cr  x 

R and  L are  the  cylinder  radius  and  length,  respectively. 

The  following  parameters  are  defined  in  terms  of  the  elastic 
constants 


_ = 0 - n'x  H'e) 
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U)  = 

2 B„D 

e x 

D 

“3  'T 

For  oo 2 - 1.  w 3 - 1 , U - 1. 

For  1^2  u)^  ^ I*  U 1 U j • 

Foroj2<w^»  u>2<1,  U - 1 if  U2  “ ^ » U - U2  if  U2  < 1 » 


The  parameter  can  be  obtained  from  the  formula 


for 


ui= 


2 4-J/2 

1 + 2 D 41  + (D  /D  ) 4*  1 

u x 


1 + 2 G 4^2  + (Be/B  ) 4'4J 


4>2  = 
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Sl2  + sz 


s.  = 


1 2G 
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B 
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2 B, 


(1  - “3) 


(u>2  - ^3) 


Only  values  of  4^2  >0  may  be  used  to  compute  Uj.  If  both  values 
of  4*2  are  greater  than  zero,  then  Uj  must  be  computed  for  each  4^  and 
the  smallest  Uj  must  be  used  to  compute  Nx. 
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The  value  of  n must  be  varied  until  the  minimum  value  of  U2  is 
found.  The  quantity  nis  the  number  of  half  waves  of  the  buckles  in  the  cir- 
cumferential direction.  Therefore,  n is  restricted  to  even  positive 
integers  greater  than  4* 

The  quantity  V can  be  computed  from  the  formula 
V = (Y2  + 0.  044/y2)  Y j/0.,49 

where  Y^  is  obtained  from  Fig.  3.  33-1  through  3.  33-5;  Y j is  obtained 
from  Fig.  3.  33-6,  where  P i6  the  radius  of  gyration  of  the  cylinder  wall. 
For  radii  of  gyration  which  differ  in  the  axial  and  circumferential 
direction,  Ref.  3-29  recommends  using  the  geometric  mean  of  the  two 
radii  of  gyrations;  therefore, 

P = 

The  parameter  Y was  introduced  to  allow  for  the  discrepancy 
between  test  data  and  the  buckling  theory. 
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The  term  Y j/0.  49  was  introduced  to  make  Y a function  of  ratio 
R/p  as  suggested  in  Ref*  3-29.  The  curve  given  in  Fig.  3.  33-6  forY  j 
was  obtained  by  replotting  the  curve  given  in  Fig.  3.  23-1  as  a function 
of  R/p  and  normalizing  CQ  with  respect  to  the  theoretical  small  deflec- 
tion theory  coefficienty,  Cc  * 0.606.  Therefore,  Fig.  3.33-6  is  con- 
sistent with  this  chapter  and  is  not  the  same  as  in  Ref.  3-29.  The  term 
(Y2  + O.O44/Y2)  was  introduced  as  an  attempt  to  account  for  the  fact  that 
the  ratio  of  the  postbuckling  load  to  the  classical  buckling  load  for 
orthotropic  cylinders  is  different  than  for  isotropic  cylinders  (Ref.  3-30). 
If  the  results  of  this  section  are  reduced  to  the  special  case  of  a homo- 
geneous isotropic  cylinder,  Y - Yj  and  the  design  buckling  load  would  be 
the  same  as  obtained  from  Paragraph  3.  23.  1. 

The  method  of  obtaining  Y for  orthotropic  cylinders  has  been 
verified  by  only  a limited  amount  of  test  data  and  caution  should  be  used 
in  applying  it  to  a design.  Some  test  results,  such  as  the  tests 
described  in  Ref.  3-28  and  3-31,  indicate  that  this  method  may  be  con- 
servative but  the  specimens  tested  were  not  typical  of  large  production 
parts. 


The  preceding  analysis  is  good  only  for  moderate  length  cylinders; 
therefore,  for  simply  supported  edges,  Z >25113;  for  clamped  edges, 

Z > 8OU3.  Where,  if  U = 1 or  U = U2,  then  U3  = 1,  and,  if  U<1,  then 


u3  = 


- ? 0 4 

1 + 2Df  + — 

Ux 


1/2 


, 1/2 


1 + 2G  4»2  + jp 
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The  parameter  Z is  as  previously  defined 


range 


B.  ( 1 - (JL*  p'g) 

z2  _ e_  ” l4 

' 12Dx  R2 

For  axial -stiffened  cylinders  (Dx  > 300  D0)  in  the  short  cylinder 
, the  following  formula  is  recommended  in  Ref.  3-32: 


ctt2D 


Nx  = 


2Vi  

+ D 

2 R v x 


e 


Coefficient  c is  equivalent  to  the  column  fixity  coefficient  in 
Euler's  column  formula.  It  is  recommended  that  this  formula  be 
restricted  to  geometry  where  Yj  >J D^^/r  < cir2  D^/L2.  Verification 
of  this  formula  has  been  limited  and  the  range  of  validity  is  not  well 
defined:  therefore,  it  should  be  used  with  catuion.  The  factor  Yj  is 
consistent  with  this  section  and  is  not  the  same  as  in  Ref.  3-32. 

If  a cylinder  is  stiffened  with  stringers  and  frames,  it  is  recom- 
mended that  Section  3.42  be  used  unless  the  stringers  and  frames  are 
very  close  together.  The  test  results  of  Ref.  3-33  for  cylinders  with 
light  frames  and  heavy  stringers  indicate  that  the  analysis  presented  in 
this  section  may  be  unconservative  for  cylinders  with  large  frame 
spacing. 

Plasticity  may  be  considered  by  modifying  Young's  modulus  in 
the  stiffness  constants  (Ref.  3-27)  or  may  be  accounted  for  with  a 
plasticity  factor  as  in  Paragraph  3.23.  1. 
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FIG.  3.  33-1.  CORRECTION  COEFFICIENTS  FOR  ORTHOTROPIC 
CYLINDERS  SUBJECTED  TO  COMPRESSION 
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FIG.  3.  33-2.  CORRECTION  COEFFICIENTS  FOR  ORTHOTROPIC 
CYLINDERS  SUBJECTED  TO  COMPRESSION 
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FIG.  3.  33-3.  CORRECTION  COEFFICIENTS  FOR  ORTHOTROPIC 
CYLINDERS  SUBJECTED  TO  COMPRESSION 
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FIG.  3.  33-4.  CORRECTION  COEFFICIENTS  FOR  ORTHOTROPIC 
CYLINDERS  SUBJECTED  TO  COMPRESSION 


S4  - 0.  2 


S4  = 0.  5 
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FIG.  3.  33-6.  DESIGN  CORRECTION  COEFFICIENT  FOR  CYLINDERS 
SUBJECTED  TO  AXIAL  COMPRESSION 
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3.33.2  Torsion,  Orthotropic  Cylinders 


The  curves  in  Ref.  3-34  will  be  used  to  determine  the  buckling  load 
for  orthotropic  cylinders  subjected  to  torsion.  The  design  allowable 
shear  load  per  unit  length  of  circumference  is 


N 


YK  ir  D 

s x 


X0 


and  the  design  allowable  torque  for  the  cylinder  is 

T = N . 2 it  R2 
cr  x© 

The  buckling  coefficient,  Kg,  may  be  obtained  from  Fig.  3.  33-7 
for  the  elastic  constants  as  given  in  Table  3.33-1,  and  Y may  be  obtained 
from  Fig.  3.  33-8.  The  definition  of  the  elastic  constants  used  in  this 
section  and  formulas  for  computing  the  elastic  constants  for  typical 
types  of  construction  are  given  in  Section  3.  32. 

The  coefficient  Y reduces  the  theory  presented  in  Ref.  3-34  by  the 
same  percentage  as  the  theory  for  homogeneous  isotropic  cylinders  was 
reduced  to  obtain  the  curve  presented  in  Fig.  3.23-3. 

The  method  of  analysis  presented  may  be  used  for  cylinders  with 
simply  supported  edges,  although  a small  rotational  restraint  at  the 
edge  of  the  shell  is  included  in  the  results  presented  in  Fig.  3.  33-7. 

It  can  be  seen  from  Fig.  3.  33-7  that  for  large  values  of  Zg,  all  curves 
merge  into  one  line.  The  equation  of  this  line  as  given  in  Ref.  3-34,  is 


K =0.89  Z„ 

8 8 


3/4 


599 


where 


Z 

s 


= (De/Dx)5/6(Bx/Be,1/2z 


Be  (1-Hj ' u')  L 


12  D R2 

X 

If  the  value  of  Z6  is  large  enough,  this  formula  can  be  used  to 
estimate  the  critical  torque  for  geometries  other  than  the  ones  given 
in  Table  3. 33-  1. 

This  section  should  not  be  used  for  any  type  of  cylinder  with  skin 
that  buckles  between  stiffeners  prior  to  general  instability  failure. 

The  test  data  presented  in  Ref.  3-33  indicate  that  the  results  may  be 
unconservative  for  this  case. 


TABLE  3.33-1  CYLINDER  PARAMETERS  USED  FOR  K-Z  PLOTS 


Curve 

Number 

D 

xy 

D + ,Ae 

X 

De 

D 

X 

B 

X 

Be 

»,,e> 

-LL  • 

2G  Ke 

xy 

i 

0 

1/8 

4 

1 

2 

0 

1/2 

1 

1 

3 

0 

2 

1/4 

1 

4 

1 

1/8 

4 

4 

5 

1 

1/2 

1 

4 

6 

1 

2 

1/4 

4 

7 

1 

4 

1/8 

4 

8 

1 

8 

1/16 

4 
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FIG.  3.33-8.  DESIGN  CORRECTION  COEFFICIENT  FOR  CYLINDERS 
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R/p  x 10' 


3.33.3  Bending,  Orthotropic  Cylinders 

The  formulas  presented  in  Paragraph  3.33.  1 may  be  used  to 
determine  the  design  allowable  buckling  stress  for  orthotropic  cylinders 
subjected  to  bending  if  the  following  formula  is  used  to  compute  Y: 

0.  062  \ Yi 

+ Y 2 ) °-  64 

where  Y^  is  obtained  from  Figs.  3.  33-1  through  3.33-5  and  Y j i® 
obtained  from  Fig.  3.33-9.  Fig.  3.33-9  was  obtained  from  Fig.  3.22-5 
as  described  in  Paragraph  3.33*1. 

For  bending,  is  the  maximum  compressive  load  per  unit  length 
due  to  the  bending  moment  (e.g.,  outer  fiber  load).  If  the  stresses  are 
elastic,  the  design  allowable  bending  moment  may  be  obtained  from 

M = N TT  R2 
cr  x 
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FIG.  3.  33-9.  DESIGN  CORRECTION  COEFFICIENT  FOR  CYLINDERS 

SUBJECT  TO  BENDING 
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3.33.4  Lateral  External  Pressure,  Orthotropic  Cylinders 


The  curves  presented  in  Ref.  3-34  will  be  used  to  determine  the 
buckling  pressure  of  orthotropic  cylinders  with  simply  supported  edges 
subjected  to  lateral  external  pressure.  The  design  allowable  pressure 

is 


cr 


YK  n D 

E 2L 

RL2 


The  buckling  coefficient,  K .may  be  obtained  from  Fig.  3.33-10 

P 

or  3.  33-11  for  several  ratios  of  the  elastic  constants.  The  definition 
of  the  elastic  constants  and  formulas  for  computing  the  elastic  constants 


for  typical  types  of  construction  are  given  in  Section  3.32 . 

The  coefficient  Y was  introduced  to  reduce  the  theory  presented  in 
Ref.  3-34  by  the  same  percentage  as  the  theory  for  homogeneous 
isotropic  cylinders  was  reduced  to  obtain  the  curve  presented  in 
Fig,  3.23-7, 

Therefore, 


Z > 10  , Y = 0.9; 

P 

2 -3 

Z < 10  , Y=  1.0  - Z x 10 

P P 


It  can  be  seen  from  Fig.  3.33-11  that  for  large  values  of  Z^  all 


curves  merge  into  one  line.  The  equation  of  this  line  is  K - 1.  039Z. 


1/2 


P 
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and  the  design  allowable  pressure  is 


5-5De  3/4  v [v‘-^e'>] 


1/4 


cr 


LR 


3/2 


If  the  value  of  is  large  enough,  this  formula  can  be  used  to 
estimate  the  critical  pressure  of  geometries  other  than  the  ones  given 
in  Table  3*  33-1. 

If  the  stiffness  parameters  are  not  in  the  range  given  in 
Table  3.33-1  and  Zp  is  not  large,  Kp  may  be  determined  from 


K = — 
p 


1 + 2 


- ,2  D0  ,4  12Z2  f 1 

D+  + +~T“[ = 2 T 

x J " [l  + 2G  f + (B  /B  ) »J»  J 


0 x' 


where  G and  D are  defined  in  Paragraph  3.33*  1. 


* = 


nL 


2 ir  R 

Br  <1-1*1  r1>  l4 


x * y 


12  D R2 

X 

The  value  of  n must  be  varied  until  the  minimum  value  of  K is 

P 

found.  The  quantity  n is  restricted  to  even  positive  integers  greater 
than  or  equal  to  4, 

For  very  long  cylinders,  the  buckling  pressure  becomes  inde- 
pendent  of  length  and  may  be  computed  from 

3YDfc 


" R3 


606 


The  point  at  which  the  buckling  pressure  becomes  independent  of 

length  is  difficult  to  determine.  One  indication  is  the  point  at  which  the 

minimum  valve  of  K is  found  for  n = 4. 

P 

The  design  allowable  pressure  is  for  complete  buckling  of  the 
shell  (e.g.  , when  buckles  have  formed  all  the  way  around  the  cylinder). 
If  single  buckles  are  not  allowable  for  a particular  design,  the  pressure 
computed  by  the  preceding  formulas  may  be  unconservative. 

Shells  that  are  relatively  stiff  in  the  circumferential  direction  and 
relatively  free  of  initial  imperfection  will  be  less  likely  to  have  single 
isolated  buckles  at  pressures  less  than  the  design  allowable  pressures 
which  have  been  given. 

If  the  stresses  are  in  the  plastic  range,  a reduced  modulus  must 
be  included  in  the  stiffness  constants  (Ref.  3-32)  or  a plasticity  cor- 
rection factor  such  as  that  given  in  Paragraph  3.23.  4 should  be  used. 


607 


FIG.  3.  33-10.  BUCKLING  COEFFICIENT  FOR  SHORT  ORTHOTROPIC 
CYLINDERS  SUBJECTED  TO  LATERAL  EXTERNAL  PRESSURE 
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3.  34  CONES 


3.  34.  1 Axial  Compression,  Orthotropic  Cones 

The  limited  amount  of  information  available  on  orthotropic  cones 
is  not  in  a form  suitable  for  design  analysis  until  additional  information 
is  available.  The  equivalent  cylinder  approach  recommended  in 
Paragraph  3.  24.  1 should  be  used.  The  cone  shown  in  Fig.  3.  34- la 
can  be  analyzed  as  a cylinder  with  a radius  R^=  R^/coso  and  length  L. 
The  design  allowable  load  per  inch,  Nx,  for  the  equivalent  cylinder  can 
be  obtained  from  Paragraph  3.  33.  1.  The  design  allowable  total 
compressive  load  for  the  cone  can  be  obtained  from 

2 

P = 2 tt  R N cos  a 
cr  ex 

This  method  of  analysis  should  be  used  with  caution  and  should  be 
limited  to  cones  with  a < 30  degrees. 
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3.  34.  2 Torsion,  Orthotropic  Cones 


Until  additional  information  is  available,  the  equivalent  cylinder 
approach  recommended  in  Paragraph  3.  24.  2 should  be  used  for  ortho- 
tropic cones  subjected  to  torsion.  The  cone  shown  in  Fig.  3.34-lb  can 
be  analyzed  as  a cylinder  with  a radius 


R = 

e 


1 + 

' 1 + R /R  ' 

Z l 

1/2 

1 ♦ R2/R, 

-1/2 

2 

2 

R^co so 


and  length  L»  = L/cos  a. 


The  design  allowable  shear  per  unit  length,  Nxq,  for  the  equivalent 

cylinder  can  be  obtained  from  Paragraph  3.  33.  2.  The  design  allowable 

torque  for  the  cone  can  be  obtained  from 

T = 2 TT  R2  N . 
cr  e xu 

The  design  allowable  shear  stress  for  the  cone  should  be  based  on  T 

c r * 

This  method  should  be  used  with  caution  and  should  be  limited 


to  cones  with  a < 30  degrees. 


3.  34.  3 Bending,  Orthotropic  Cones 

Until  additional  information  is  available,  the  equivalent  cylinder 
approach  recommended  in  Paragraph  3.  24.  3 should  be  used  for  ortho- 
tropic cones  subjected  to  bending.  The  cone  shown  in  Fig.  3.  34- 1c  can 
be  analyzed  as  a cylinder  with  a radius  R^  = R^/cosa  and  length  L. 

The  design  allowable  load  per  inch,  N , for  the  equivalent  cylinder  can 
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be  obtained  from  Paragraph  3.33.  3.  If  the  stresses  are  elastic,  the 


design  allowable  moment  for  the  cone  can  be  obtained  from 

2 

M - it  R N cos  or 
cr  1 x 

This  method  of  analysis  should  be  used  with  caution  and  should  be 
limited  to  cones  with  a<  30  degrees. 


3.34.4  Lateral  External  Pressure.  Orthotropic  Cones 


Until  additional  information  is  available,  the  equivalent  cylinder 


approach  recommended  in  Paragraph  3.  24.  4 should  be  used  for  an 
orthotropic  cone  subjected  to  lateral  pressure  as  shown  in  Fig.  3.  34- Id 
The  cone  can  be  analyzed  as  a cylinder  with  a radius 


and  length  L.  The  design  allowable  pressure  can  be  obtained  from 
Paragraph  3.  33.  4.  This  method  of  analysis  should  be  used  with  caution 

and  should  be  limited  to  cones  with  o<  30  degrees. 
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3.  40  STIFFENED  SHELLS 


3.41  GENERAL 

The  stiffened  shells  which  are  discussed  in  the  following  sections 
are  cylinders  which  consist  of  a thin  metal  sheet  stiffened  by  frames 
(circumferential  stiffening  elements)  and  stringers  (longitudinal 
stiffening  elements).  In  general,  this  type  of  shell  should  be  analyzed 
for  three  modes  of  failure:  (1)  material  failure,  (2)  buckling  between 

frames,  and  (3)  general  instability  failure. 

If  the  frames  and  stiffeners  are  close  together,  the  procedures 
presented  in  Section  3.  30  may  be  useful  for  the  general  instability 
analysis,  but  the  range  of  applicability  of  the  method  is  not  well  defined. 

In  this  section,  a different  method  of  analysis  is  presented  for  frame 
and  stringer  stiffened  cylinders  subjected  to  compressive  loads  in  the 
axial  direction  as  well  as  for  frame  stiffened  cylinders  subjected  to  lateral 
and  axial  external  pressure.  In  general,  it  is  easier  to  obtain  the  buckling 
loads  using  the  methods  presented  in  this  section. 
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3.  42  FRAME  AND  STRINGER  STIFFENED  CYLINDERS 


3.  42.  1 Axial  Compression,  Frame  and  Stringer  Stiffened  Cylinders 

Very  little  test  data  are  available  on  the  general  instability  of 
cylindrical  shells  that  have  both  frames  (circumferential  stiffeners) 
and  stringers  (longitudinal  stiffeners)  subjected  to  axial  compression. 
Until  additional  data  are  available,  Paragraph  3.  42.  2 may  be  utilized 
for  stiffened  cylinders  subjected  to  axial  compression  if  C = 3.  2 is  used 
for  computing  the  general  instability  stress*  The  reduction  in  C for 
axial  compression  was  introduced  because  of  the  lower  buckling 
strength  of  other  types  of  cylinders  subjected  to  axial  compression. 

3.  42.  2 Bending,  Frame  and’Stringer  Stiffened  Cylinders 

If  a cylindrical  shell  having  both  frames  (circumferential 
stiffeners)  and  stringers  (longitudinal  stiffeners)  is  subjected  to  bending, 
it  may  fail  in  one  of  three  distinct  ways.  The  types  of  failure  are 
classified  as  (1)  material  failure,  (2)  buckling  between  frames,  and 
(3)  general  instability. 

A*  Material  Failure 

For  purposes  of  analysis,  the  bending- stress  distribution  is 
assumed  to  be  in  accord  with  the  elementary  beam  theory.  When 
buckling  of  the  sheet  occurs  or  the  stresses  exceed  the  proportional 
limit,  appropriate  modifications  must  be  made  in  calculating  section 
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properties.  The  stress  caused  by  the  applied  moment  should  be 
compared  against  the  materials  allowable  stress. 

B.  Buckling  Between  Frames 

Buckling  between  frames  will  occur  in  a cylinder  that  has  relatively 
heavy  frames  and  light  stringers;  the  cylinder  tends  to  act  as  a number  of 
isolated  axially  stiffened  cylinders  each  of  which  is  one  frame  spacing 
long.  Failure  will  occur  by  some  form  of  instability  of  the  stringers, 
modified  by  the  effect  of  the  attached  sheet.  The  frames  will  remain 
circular  in  cros s- section.  The  only  function  of  the  frames  in  this  case 
will  be  to  determine  the  end  fixity  coefficient  of  the  stringers.  The  four 
forms  of  instability  which  must  be  investigated  for  this  type  of  failure 
are  as  follows: 

1.  Buckling  of  the  sheet  between  stringers  and  frames 

2.  Crippling  of  the  stringers 

3.  Torsional  instability  of  the  stringers 

4.  Lateral  buckling  of  the  sheet  stringer  panel  between  frames 
Although  there  are  four  distinct  instability  modes,  the  ultimate  buckling 
failure  between  frames  of  a stiffened  cylinder  subjected  to  bending  is 
usually  a combination  of  these  modes. 

Buckling  of  the  sheet  between  the  stringers  and  frames  does  not 
necessarily  constitute  an  ultimate  failure  of  the  structure;  however,  the 


616 


buckling  stresses,  <r  # of  the  sheet  must  be  known  to  determine  the 
stress  distribution  in  the  cylinder.  The  buckling  stresses  for  this 
mode  may  be  calculated  by  the  methods  presented  in  Paragraph  3.22.  1 
on  curved  panels. 

Crippling  is  a local  instability  failure  of  the  elements  of  the 
stringers  and  is  defined  as  any  type  of  failure  in  which  the  cross- 
sections  of  the  stringers  are  distorted  in  their  own  plane  but  not 
translated  or  rotated.  The  length  of  the  buckle  involved  in  a crippling 
failure  is  of  the  same  order  of  magnitude  as  its  cross-sectional 
dimensions.  A typical  crippling  failure  is  shown  in  the  following 
figure. 


Crippling  generally  occurs  in  stringers  having  wide  thin  flanges* 
The  crippling  stress  is  defined  as  c r and  may  be  determined  by  the 

usual  methods  of  analysis  of  columns. 

One  of  the  procedures  for  computing  the  allowable  crippling  stress 
of  stringers  with  simple  cross-sections  will  be  presented.  This  method 
is  primarily  from  Ref.  3-35.  The  stringer  is  broken  up  into  parts  as 
shown  in  the  following  figure: 
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The  allowable  crippling  stress  for  the  total  stringer  is 


cc 


(i  m *• 


acc-  ^ei  ;y: 

1 A 

m = Number  of  parts  the  stringer  is  cut  in 


3/4 


i = Subscript  referring  to  part  number 
Ce  = Material  and  shape  parameter  constant  derived  from 
test  specimens  (see  Table  3.40-1) 

Ce  = Ce^  = If  one  edge  is  free  such  as  parts  1 and  3 of  preceding  figure 
^e  - Ce  = If  both  edges  are  attached  to  adjacent  parts  such  as 

4r 

part  Z in  preceding  figure 
<rCy  = Compressive  yield  stress  of  material 

E = Compressive  modulus  of  elasticity  of  material 
= Area  of  part 

H = Plasticity  correction  given  by  curve  A if  Ce^  is 

vised  and  curve  C if  C^  is  used  (see  Section  3.60) 

If  orcc  is  below  the  proportional  limit  then  rj.  = 1.  At  higher 

stresses.  Hi  must  be  compatible  with  a*  . <r„.  must  be  less  than  or* 

• CC|  cc^ 

equal  to  ^Cy£*  The  amount  of  sheet  to  include  with  the  part  of  the 
stringer  attached  to  the  skin  depends  on  the  method  of  attachment. 
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TABLE  3.  40-1 


Return  Flange  Limitation: 


V 


bj  must  be  > 1/3  b ^ to  consider  the  b^  leg  as  continuous  at  both  ends. 


Material 

C 

el 

C 

e2 

Maximum  Element 

Stress  (cr  ) 
cy 

Modulus 
(E  x 10~6) 

24S-T4  Bare,  Extruded 

0.312 

0.590 

10.5 

24S-T4 

0.312 

0.590 

10.5 

75S-T6  Bare 

0.312 

0.590 

10.5 

75S-T6  Clad 

0.312 

0.590 

10.5 

75S-T6  Extruded 

0.312 

0.590 

70,000 

10.5 

Ti  6AL-4V  Annealed 
(Formed) 

0.  304 

0.  771 

126, 000 

15.8 

Ti  6AL-4V  Annealed 
(Extruded) 

0.304 

0.  771 

120,000 

15.8 

Ti  6AL-4V  Heat  Treated 
(Formed  and  Extruded) 

0.304 

0.771 

150,000 

17.0 

4130  Formed, 
4340  Extruded 

0.312 

0.  735 

175,000 

29. 0 

1/2  Heat  (301  Formed) 

(303  Extruded) 

i 

0.  365 

0.800 

85, 000 

26.0 

17-7PH  Formed 

0.  333 

0.  631 

158,000 

30.0 

17-7PH  Extruded 

0.  333 

0. 631 

176,000 

30.0 

AM350  Formed,  AM355 
Extruded 

0.333 

0.631 

165, 000 

28.6 
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TABLE  3.40-1  (CONT) 


Material 

c 

el 

c 

C2 

Maximum  Element 
Stress  (crCy) 

Mod  til  uj 
(E  X 10'6) 

Inconel  X Formed 

0.  300 

0.  750 

105,000 

31.0 

H-ll  Formed  and 
Extruded 

0.296 

0.  704 

280, 000 

30.9 

PH15-7Mo  (cres) 
Formed  and  Extruded 

0.300 

0.  700 

220, 000 

30.0 

Rene'41  Formed 

0.300 

0.  700 

130,000 

31.0 

Ti  4AL-3M0-IV 
Formed 

0.304 

0,  771 

160,000 

16.0 

Ti  5AL-2.  5 (Formed 
and  Extruded) 

0,  304 

0.  771 

115,000 

15.5 

Torsional  instability  occurs  when  the  cross-section  of  the  stringer 


rotates  but  does  not  distort  or  translate  in  its  own  plane.  Typical 
torsional  modes  of  instability  are  shown  in  the  following  figure: 
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The  methods  of  analysis  of  torsional  instability  of  stiffeners 
attached  to  sheets,  as  suggested  in  Ref.  3-36,  will  be  described.  For 
the  case  of  cylinders  with  typical  ring  spacing,  |d>ir^Erj£,  T/kj  J j 
the  allowable  torsional  instability  stress,  <rct>  for  the  mode  shown  in 
the  preceding  figure  is 


ct 


= G r). 


where 


Elastic  shear  modulus  for  stringer  material 
Plasticity  correction  given  by  curve  A in  Section  3.  62 

Young's  modulus  for  stringer  material 

Plasticity  correction  given  by  curve  G in  Section  3,  62 

Polar  moment  of  inertia  of  section  about  center  of 
rotation  (in. 

May  be  obtained  from  Fig.  3.42-1  and  3.42-2  for 
two  commonly  used  types  of  stringers 
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cr  - Compressive  buckling  stress  of  the  sheet 
(see  Section  3.  22) 

^ < 4.33  <rcg,  the  antisymmetric  mode  is  critical.  If 

<rct  >4.33  <rcg,  the  symmetric  mode  of  failure  is  critical.  Since  X , 
an<I  Hq  depend  on  <r^,  the  solution  for  <r  is  in  general  a 
trial  and  error  procedure.  Start  with  the  assumption  that  X.  = 1, 

= Hq  = calculate  cr_^,  and  correct  for  plasticity  if  required. 
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Correct  if  required,  and  repeat  procedure  until  desired  convergence 


,f  /Er,_r\l/4 

is  obtained.  Then  check  to  see  if  d > it  ^ 5=* — J 


the  allowable  torsional  instability  stress 


16 


Ct 


f J > 

u v 1 

— 1 

1 *.  1 

<dj 

where 


and  J /I  and  \f~Tjl  maybe  obtained  from  Figs.  3.42-1  or  3.42-2. 

P P 

The  formulas  which  have  been  presented  may  be  used  for  stringers 

with  sections  other  than  those  shown  in  Figs.  3.42-1  and  3.42-2  if  the 

values  of  I , J and  F are  known. 

P 

Lateral  buckling  of  the  sheet  stringer  panel  between  frames  is 
essentially  a column  instability  in  which  the  cross-section  of  the 
stringer  translates.  It  is  customary  to  idealize  the  sheet-stringer 
as  a column  with  length  equal  to  the  frame  spacing,  d.  The  lateral 
buckling  stress  of  the  sheet- stringer  panel  is  defined  as  <r  . If  no 
restraint  exists  normal  to  the  sheet  stringer  panel,  it  is  free  to  buckle 
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FIG.  3.  42-2.  TORSIONAL  SECTION  PROPERTIES  FOR 
J STRINGER- SHEET  PANELS 
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in  alternate  in-and-out  waves  in  which  the  frames  are  nodes.  In  such 
case,  the  panel  will  act  as  a pinned  end  column  and  the  effective  end 
fixity,  c,  is  equal  to  1,  0#  Because  of  the  curvature  of  the  shell,  a 
certain  restraint  to  the  outward  buckle  mode  will  exist  because  that 
deflection  mode  will  involve  some  stretching  of  the  sheet  in  the  hoop 
direction.  This  restraint  as  well  as  the  torsional  restraint  of  the  frame 
will  tend,  in  general,  to  provide  an  effective  end  fixity  coefficient  in  the 
sheet-stringer  column  that  is  somewhat  greater  than  1,0. 

A satisfactory  means  of  determining  c is  not  available  at  the 
present  time  and  the  use  of  fixity  coefficients  greater  than  1.0  must 
be  substantiated  by  tests. 

The  buckling  stress  of  the  sheet- stringer  panel  depends  on  the 

effective  width  of  skin,  w , which  is  acting  with  the  stringer.  Two 

e 

common  examples  of  effective  width  of  sheet  are  shown  in  the 
following  illustrations: 


. r 

, we 

i r 

I.-* 

n , 

V YSSS 

SZ5 

TT' 

/'?  / 

v \\i  \ 

I L 

r 

_i  f 

(a)  Single  Line  Attachment 


(b)  Double  Line  Attachment 


For  calculating  the  effective  width  of  sheet  acting  with  a stiffener, 
the  following  equation  has  been  found  to  give  results  consistent  with  tests* 


a = Lateral  buckling  stress  of  sheet  stringer  panel 
cp 

When  <rcr  is  known,  acr/il  may  be  found  using  curves  C in  Section  3.62* 
Other  methods  of  obtaining  we  are  available  (Ref.  3-32)  but,  in 

general,  the  difference  will  be  small  if  the  skin  does  not  carry  a large 
percentage  of  the  load.  crcp  depends  on  the  radius  of  gyration,  P,  of  the 
sheet  stringer  column  which,  in  turn,  depends  on  we;  therefore,  an  iteration 
procedure  is  needed  to  determine  acp#  ^ there  may  be  an 

interaction  between  the  lateral  buckling  of  the  panel  and  the  torsional 
buckling  or  crippling  of  the  stringer*  The  following  procedure  is 
recommended  for  determination  of  the  allowable  stress  for  the  sheet 
stringer  panel* 
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!•  Determine  the  radius  of  gyration  of  the  stiffener  cross* 
section  about  the  centroidal  axis 
2.  Determine  the  effective  slenderness  ratio  Lf/P  of  the 
stiffener  alone 


L«  _ d_ 

P ' ‘Jc  P 

3,  Determine  the  crippling  stress,  cr^^and  the  torsional 

instability  stress,  <r  . The  lower  of  these  two  stresses, 
(r  f determines  the  intercept  (Lf/p  = o)  of  a modified 
Johnson  parabola  and  defines  a complete  column  curve, 
as  can  be  seen  in  the  following  illustration. 
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4.  Using  the  column  curve  and  the  slenderness  ratio  determined 

in  steps  1,  2,  and  3,  record  the  value  of  <r  . 

cp 

5.  Compute  the  effective  width  of  sheet  acting  with  the  stiffener. 

6.  Use  the  curves  in  Fig.  3,  42-3  to  compute  p of  the  stiffener 

plus  effective  sheet.  A and  p are  the  area  and  radius 
r st  st 

of  gyration  of  the  stringer,  respectively. 

7.  Compute  L*/P  for  the  new  value  of  p. 

8.  Enter  the  column  curve  a second  time  with  the  new  Lf/p 

and  record  the  corrected  value  of  <r  • 

cp 

9.  Repeat  steps  5,  6,  and  7 until  satisfactory  convergence  to 

a final  stress,  cr  #is  obtained.  Convergence  generally  occurs 
cp 

after  two  or  three  iterations. 

10.  The  allowable  load,  P , for  the  skin  stringer  combination  with 

cr 

single  line  attachment  is 

P = <r  (A  + 2 w t ) + o'  (b  - 2 w ) t 
cr  cp  st  e s cs  e s 


The  preceding  analysis  assumes  that  the  skin  stringer  panel 
between  the  frames  buckles  as  a column  and  neglects  the  stiffening 
effect  of  the  curvature.  If  the  stiffeners  are  close  together,  the 
formula  given  in  Paragraph  3.  33.  1 for  axially  stiffened  cylinders  may 
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FIG.  3.42-3.  VARIATION  OF  RADIUS  OF  GYRATION  FOR  SHEET-STIFFENER 

COMBINATIONS 
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be  used  to  account  for  the  effects  of  curvature.  If  c n2/(d/p)^  is 

equal  to  -^j2-  | tgb/(Ast  + 2 we)  J l^2  the  effects  of  curvature  is  less 

2ts  t , 1 1/2 

than  approximately  5 percent.  As  [^gb/tAgt  + 2 we'  j 

becomes  greater  than  cn2/(d/p  )2,  the  effect  of  curvature  becomes  more 

important. 

C.  General  Instability 

The  general  instability  type  of  failure  will  occur  in  a structure 
which  has  frames  and  stringers  that  fail  simultaneously  under 
the  critical  load;  that  is,  collapse  takes  place  in  a manner  so  as  to 
destroy  the  load-carrying  properties  of  ail  three  structural  elements — 
sheet,  frames,  and  stringers. 

Of  the  two  possible  types  of  general  instability  failures  for 
cylinders  subjected  to  bending,  one  is  characterized  by  a general 
flattening  of  the  cylinder.  Both  theory  and  experiments  indicate  that 
for  general  flattening  to  occur,  the  length -diameter  ratio  of  the  cylinder 
must  be  so  large  that  it  is  completely  out  of  the  range  of  most  aero- 
space structures.  (See  Ref.  3-37.) 

The  second  class  of  general  instability  failure  is  one  in  which  the 
wave  form  of  the  buckle  is  multilobed  and  has,  in  general,  an  axial 
wavelength  less  than  the  length  of  the  cylinder  but  greater  than  the 
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frame  spacing.  The  buckle  form  corresponds  to  the  usual  "diamond- 
shaped"  wave  pattern  which  is  observed  in  the  failure  of  unstiffened 
cylinders  under  compressive  loads. 

Two  different  methods  of  general  instability  analysis  are 
frequently  considered  for  stiffened  shells  subjected  to  compressive 
loads.  One  method  of  analysis  distributes  the  stiffnesses  of  the  frames 
and  stringers  over  the  entire  cylinder  and  then  uses  orthotropic  shell 
theory  to  analyze  the  cylinder.  This  method,  which  is  useful  if  the 
stringers  and  frames  are  relatively  close  together,  is  presented  in 
Section  3.30;  however,  the  test  results  of  Ref.  3-33  show  that  this 
method  may  be  unconservative  for  large  stiffener  and  frame  spacings. 

The  second  method  is  the  semi-empirical  approach  presented  in 
Ref.  3-33  which  was  done  when  there  was  little  in  the  way  of  theory  to 
serve  as  a guide.  By  means  of  a dimensional  analysis  in  conjunction 
with  the  behavior  of  unstiffened  circular  cylinders,  a nondimensional 
parameter,  Q^,  was  derived  to  cor  relate  test  data.  It  is  believed  that 
this  method  should  be  used  for  the  analysis  of  frame  stringer  stiffened 
shells  subjected  to  bending  until  the  range  of  application  of  the  first 
method  is  established. 

The  design-allowable  general  instability  stress,  vcr*  for  a frame 
stringer  stiffened  cylindrical  shell  subjected  to  bending  may  be  obtained 
from  the  following  formula  which  was  given  in  Ref.  3-33. 
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where 


C = 4. 2 

= Radius  of  gyration  of  the  frame  sheet  combination 

p - Radius  of  gyration  of  the  stringer  sheet  combination 
s 

E = Young’s  elastic  modulus  of  the  material 
b,d  = Stringer  and  frame  spacing,  respectively 

a = Maximum  stress  due  to  bending  moment  (e.  g,  t out 
cr 

fiber  stress) 

The  value  of  C = 4.  2 is  based  on  the  test  data  for  67  cylinders  as 
reported  in  Ref,  3-33.  This  value  of  C agrees  well  with  three  of 
six  tests  reported  more  recently  in  Ref.  3-38  and  was  conservative  for 
the  other  three  tests. 

The  effective  sheet  to  use  with  the  stringers  to  determine 
may  be  obtained  from 

^=0.447 

D 

while  for  the  frames,  the  total  width,  d,  should  be  used.  Fig.  3.42-3 

will  aid  in  the  computation  of  p and  pf.  An  iterative  procedure  is 

S X 
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necessary  if  the  full  width  of  skin  cannot  be  used  to  compute  p^.  For 
elastic  buckling,  H = 1 is  used.  In  the  inelastic  range,  the  critical  stress 
<r  can  be  found  using  curves  A of  Section  3.  62. 

The  frames  must  be  attached  to  the  skin  between  stiffeners  and 
the  frames  and  stringers  must  be  continuous  if  C = 4.  2 is  used.  It  can 
be  seen  that  the  preceding  analysis  does  not  depend  on  whether  the 
stiffeners  are  inside  or  outside.  Experimental  and  theoretical  investi- 
gations (Refs.  3-39  and  3-40)  have  shown  that  there  can  be  an 
appreciable  difference  between  the  buckling  load  of  a cylinder  with  the 
stiffeners  on  the  inside  and  the  buckling  load  for  the  same  cylinder  with 
the  same  stiffeners  on  the  outside*  The  theoretical  equations  are 
complicated,  and  a computer  program  is  required  to  determine  the 
buckling  loads.  There  is  no  simple  procedure  available  at  the  present 
for  predicting  the  difference  in  buckling  load  due  to  locating  the 
stiffeners  on  different  sides  of  the  sheet* 

It  can  also  be  noted  that  the  formula  for  cr  is  independent  of 
length  and  boundary  conditions.  It  is  difficult  to  determine  how  long 
the  cylinder  must  be  to  be  independent  of  length  and  edge  effects*  An 
estimate  of  whether  the  buckling  load  is  independent  of  length  for  a 
given  edge  fixity  can  be  obtained  from  Paragraph  3.  33. 1. 

If  the  primary  loading  of  a stiffened  cylinder  is  bending,  the 
frame  stiffness  necessary  to  ensure  a general  instability  failure 


c-f 


rather  than  panel  instability  can  be  estimated  from  the  following 
formula 


EIf  . C 


M (2  R) 


where 


C = 6.  84  x 10 


EI^  = flexural  stiffness  frame  requirement 
M = applied  bending  moment 

Several  values  of  C^.  have  been  suggested  in  the  literature  but 
-5 

= 6,  84  x 10  , as  suggested  in  Ref*  3-41,  is  recommended  because 

it  is  slightly  more  conservative  and  does  have  some  theoretical 
justification.  For  frames  with  flexural  stiffnesses  greater  than  EI^, 
the  increase  in  the  strength  of  the  cylinder  when  subjected  to  bending 
is  a relatively  small  increase  in  the  effective  edge  fixity  of  the  panel* 
The  value  of  frame  stiffness  found  in  this  manner  is  only  approximate, 
and  each  mode  of  failure  should  be  investigated  separately  to  determine 
a final  frame  stiffness* 
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3.  43  FRAME-STIFFENED  CYLINDERS 


3.  43.  1 Lateral  and  Axial  External  Pressure,  Frame-Stiffened  Cylinders 

If  a cylindrical  shell  with  frames  (circumferential  stiffeners) 
is  subjected  to  lateral  and  axial  external  pressure,  it  may  fail  in  three 
distinct  ways.  The  types  of  failure  will  be  classified  as  material  failure, 
buckling  between  frames,  and  general  instability.  A brief  discussion  of 
these  failure  modes  is  presented  in  this  manual.  A more  detailed 
discussion  of  frame  - stiffened  cylinders  subjected  to  external  pressure 
is  presented  in  Ref,  3-42. 

A.  Material  Failure 

For  purposes  of  analysis,  the  stress  deflection  distribution  of  a 
cylinder  prior  to  buckling  can  be  assumed  to  be  axisymmetric.  There- 
fore, the  analysis  methods  of  Chapter  2.  00  can  be  used  to  determine  the 
stresses  in  the  cylinder,  A more  detailed  procedure  is  discussed  in 
Ref.  3-43.  The  actual  stresses  must  be  compared  against  the  material 
allowable  stresses.  In  addition,  the  compressive  stress  in  the  frame 
must  be  compared  against  the  local  buckling  stresses  of  the  frame. 

B.  Buckling  Between  Frames 

This  failure  will  occur  in  a cylinder  having  relatively  heavy- 
frames.  The  sheet  will  buckle  between  frames  and  the  frames  will 
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remain  circular  in  cross-section.  The  allowable  buckling  stress  for 
this  mode  of  failure  can  be  obtained  from  Paragraph  3.  22.4,  using  & 
cylinder  length  equal  to  the  frame  spacing.  A more  detailed  method  of 
analyzing  this  mode  of  failure  is  presented  in  Ref.  3-44. 

C.  General  Instability 

General  instability  of  failure  will  occur  when  the  frame  buckles 
with  the  sheet  at  the  critical  load.  The  design  allowable  general  insta- 
bility pressure,  Pcr»  for  a frame-stiffened  cylinder  subjected  to  lateral 
and  axial  external  pressure  can  be  obtained  from 


YE 


cr 


30  x 10 


ip.  + pfi 


where 


E = Young’s  modulus  of  the  material  (the  frame  and  sheet  must 
be  made  from  the  same  material) 

Je  6 

> Can  be  obtained  from  Fig.  3.  43-1  if — x 10  <10  and  from 


Fig.  3.  43-2  if  — xl06>10 
dR3 


dR 


p^  Can  be  obtained  from  Fig.  3.43-3  or  3.43-4 


The  quantity,  Pcr*  must  be  computed  for  n = 2,  3,  4,  and  5; 
its  lowest  value  is  the  critical  allowable  buckling  pressure.  This 
graphical  method  for  determining  p and  p was  obtained  from 

8 X 

Refs.  3-45  and  3-46,  which  are  based  on  Ref.  3-47.  Reference  3-47 
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analyzes  simply  supported  cylinders.  The  test  results  of  Ref.  3-48 
indicate  an  appreciable  increase  in  buckling  pressure  due  to  edge  fixity, 
but  a method  of  including  these  effects  for  design  purposes  has  not  been 
developed. 

The  parameter,  V , is  introduced  to  reduce  the  theoretical  results 
of  Ref.  3-47  to  a value  which  may  be  used  for  design  purposes.  It  is  a 
function  of  many  variables  such  as  initial  out-of-roundness  of  the 
cylinder.  For  the  test  data  given  in  Refs.  3-48  and  3-49*  Y = 1 is 
adequate.  However,  the  cylinders  in  Refs,  3-48  and  3-49  were  machined 


to  very  close  tolerances.  Presently,  it 

/ 121ft\3/Z  L2  3 

to  use,  but  for  l — J >4  x 10  , 

\ d«s  / ‘„4r 


oieranccs . 

toV" 

V dtB  / t. 


is  not  known  what  value  of  Y 
Y = 0. 9 is  probably 


reasonable. 


The  value  of  I required  in  Figs.  3.43-3  or  3.43-4  can  be  calcu- 


lated from 


A eZ  d t3 

I = - — + I + e — 

e A f 12 

1+dT 

e s 


where 


Aff  ” area  the  frame  and  moment  of  inertia  of  the  frame  about 
its  own  neutral  axis,  respectively 
e = distance  from  the  middle  surface  of  the  sheet  to  the 

centroid  of  the  frame 
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d 

e 

t 


= (d  - t ) F + t 

w 1 w 


- frame  web  thickness 


w 

The  value  of  can  be  obtained  from  Fig.  3.43-5.  Parameter 

in  Fig.  3.43-5  is  a function  of  Pcr»  which  is  unknown.  A good 

approximation  can  be  obtained  by  using  = 0-  For  cases  in  which 

\^<  2,  this  approximation  gives  results  within  5-percent  accuracy. 

For  the  loading  case  of  external  pressure,  Ref.  3-50  states 

that  a cylinder  with  frames  on  the  inside  will  be  stronger  than  a 

cylinder  with  frames  on  the  outside  if  Z >500,  where 

2 1/2  2 

Z = (1  ~ p ) L/Rt.  If  the  frames  are  on  the  inside  and  Z > 500,  the 

s 

results  will  be  slightly  conservative  because  the  curves  presented  are  for 
external  frames.  Therefore,  the  curves  presented  will  probably  be  con- 
servative if  the  frames  are  located  on  the  outside  because  most  stiffened 
cylinders  fall  in  the  range  Z > 500. 

If  the  parameters  for  a particular  design  do  not  fail  in  the  range  of 
parameters  presented  in  Figs.  3.43-3  and  3.43-4,  the  following  formula 
(given  in  Ref.  3-37)  can  be  used  to  estimate  the  design  allowable  external 
pressure 


P 


cr 


5.5  Y 
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if 


The  theoretical  results  of  Ref.  3-47  were  reduced  10  percent  for 
design  purposes,  andithas  been  found  that  the  theory  of  Ref,  3-47 
predicts  buckling  pressures  that  are,  in  some  cases,  80  percent  of  the 
theoretical  results  given  in  Ref.  3 -37;  therefore,  V = 0.  8 x 0.  9 = 0.  72 
can  be  used  in  the  preceding  formula  to  obtain  the  design  allowable 
buckling  pressure. 

A simple  method  of  including  plasticity  in  the  preceding  formulas 
is  not  available,  but  an  estimate  can  be  obtained  by  using  the  plasticity 
correction  factor  suggested  in  Paragraph  3.  23.  4.  A more  detailed 
procedure  is  presented  in  Ref.  3-51, 
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FIG.  3.  43-2.  SHELL  PRESSURE  FACTOR  (p8)  AS  A FUNCTION  OF 

BULKHEAD  SPACING  (L/R)  FOR  -is.,-  x 106  >10 

dR3 
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(psi) 


FIG 


3.  43-4.  FRAME  PRESSURE  FACTOR  (Pf)  AS  A FUNCTION  OF  FRAME 


STIFFNESS  (Ie/dR3) 
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FIG.  3.43-5.  STRESS  FUNCTION  FOR  DETERMINING  EFFECTIVE  LENGTH 
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3.  50  SANDWICH  SHELLS 


3.51  GENERAL 

Sandwich -type  construction  is  a composite  construction  consisting 
of  three  layers  bonded  together.  The  middle  layer  of  the  sandwich  is  the 
core;  the  outer  two  layers  are  the  facing  sheets.  Generally,  the  facing 
sheets  are  very  thin  relative  to  the  overall  thickness  of  the  sandwich 
and  the  elastic  modulus  of  the  facing  sheet  material  is  much  larger  than 
the  corresponding  effective  modulus  of  the  core.  The  primary  difference 
between  sandwich  shells  and  orthotropic  or  isotropic  shells  is  the 
relatively  low  transverse  shear  stiffness  of  the  sandwich  construction! 
therefore,  the  transverse  shear  stiffness  must  be  included  in  the 
analysis. 

Generally,  sandwich  construction  should  be  analyzed  for  three 
modes  of  failure:  (1)  material  failure,  in  which  the  applied  stresses 

exceed  the  material  allowable  stresses;  (2)  general  instability  failure, 
in  which  the  whole  shell  fails  with  the  core  and  facings  acting  together; 
and  (3)  local  instability  failure,  in  which  the  facing  sheet  fails  because 
it  is  not  sufficiently  stabilized  by  the  core.  (The  forms  of  local 
instability  for  sandwich  construction  with  honeycomb  core  are  intracell 
buckling  and  wrinkling.  Design  formulas  for  these  two  modes  of  local 
instability  are  given  in  Section  3.52.) 
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Although  a considerable  amount  of  theoretical  information  is 
available  concerning  the  general  instability  of  sandwich  shells,  there  is 
not  enough  test  data  available  to  obtain  design  curves  directly.  There- 
fore, the  design  curves  for  homogeneous  isotropic  shells  are  used  to 
reduce  the  theoretical  buckling  loads  for  sandwich  shells  to  design 
allowable  buckling  loads. 
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3.  52  LOCAL  INSTABILITY 


3.  52.  1 Intracell  Buckling 

If  the  core  of  a sandwich  is  constructed  of  cellular  (honeycomb) 
material,  it  is  possible  for  the  facings  to  buckle  or  dimple  into  the 
spaces  between  core  walls.  Dimpling  of  the  facings  may  not  lead  to 
failure  unless  the  amplitude  of  the  dimples  becomes  large  and  causes 
the  dimples  to  grow  across  the  core  cell  walls,  resulting  in  wrinkling 
of  the  facings.  Dimpling  that  does  not  cause  total  structural  failure 
may  be  sufficiently  severe  that  permanent  dimples  remain  after 
removal  of  the  load. 

The  design  allowable  uniaxial  intracell  buckling  failure  stress, 

or  , can  be  obtained  from  the  formulas  given  in  Ref.  3-4: 
cr 

a K_  E 
cr  L 

n “ 1 - ^ 2 

where 


E = Youngfs  compression  modulus  of  elasticity  of  the  facing  sheet 

M-  = Possion's  ratio  of  the  facing  sheet 

The  coefficient,  K , can  be  obtained  from  Fig.  3,  52-1. 

L 

For  elastic  buckling,  the  plasticity  correction  term  r|  = l is  used. 
In  the  inelastic  range,  Ref.  3-52  recommends 
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For  most  materials,  curves  of  Section  3.  62  are  a sufficiently 
accurate  representation  of  this  plasticity  correction. 

It  should  be  noted  that  the  formula  for  obtaining  or is  based  pri- 
marily on  test  data  from  brazed  flat  honeycomb  sandwich  panels  with 
PH  15-7  Mo  core  and  facings.  Limited  test  results  indicate  that  the 
formula  may  be  used  for  other  types  of  materials  and  bonding  methods. 

It  can  be  seen  that  the  formula  for  computing  a is  independent 
of  the  foil  thickness  of  the  core  and  does  not  include  any  interaction 
between  a wrinkling  failure  and  an  intercell  buckling  failure.  Until  an 
adequate  method  of  analysis  is  developed  which  includes  all  the  impor- 
tant variables,  it  is  recommended  that  a limited  number  of  compression 
tests  be  conducted  to  verify  a design  that  may  be  critical  in  intercell 
buckling. 

If  an  element  of  a sandwich  shell  is  subjected  to  in-plane  shear  or 
combined  loadings,  the  maximum  principal  compressive  stress  in  the 
facing  sheet  should  be  compared  against  a ^ to  determine  if  intracell 
buckling  may  occur.  If  the  stress  normal  to  the  maximum  principal 
compressive  stress  is  a tensile  stress,  the  proceding  formulas  for 
a is  probably  adequate.  If  this  stress  is  a compressive  stress.  Ref.  3-52 
indicates  that  the  following  reduction  of  <r  is  necessary: 


K„ 


cr 


< i - 1*2) 
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where 


S - m^n^mum  principal  compressive  stress  in  facing 
maximum  principal  compressive  stress  in  facing 

Dimples  may  occur  at  stress  levels  less  than  ^cr,  but  the  sand- 
wich will  carry  more  load*  An  estimate  of  the  stress,  c rQ  , at  which 
initial  dimpling  may  occur  is  given  in  Ref.  3-53  as 


t = thickness  of  facing  sheet 
s = cell  size  of  core 

For  elastic  buckling,  the  plasticity  correction  term,  n = 1*  is 
used.  In  the  inelastic  range,  the  stress,  ^ , can  be  found  by  using  curves 
G in  Section  3.62. 

It  should  be  mentioned,  however,  that  for  sandwich  construction 
with  very  thin  facing  sheets,  dimples  in  the  facings  can  sometimes  be 
observed  before  the  sandwich  is  loaded.  These  dimples  are  the  result 
of  the  manufacturing  procedure. 

Although  the  intracell  buckling  formulas  are  based  on  data  for 
flat  panels,  they  are  adquate  for  curved  panels  because  the  cell  size 
is  usually  much  less  than  the  radius  of  curvature. 
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FIG.  3.52-1.  INTRACELL  BUCKLING  COEFFICIENT 
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3.  52.  2 Face  Sheet  Wrinkling 


When  a facing  sheet  of  a sandwich  element  is  subjected  to  axial 
compression,  face  sheet  wrinkling  may  occur.  This  failure  is  similar 
to  buckling  of  a plate  on  an  elastic  foundation.  Typical  buckling  modes 
for  wrinkling  are  shown  below. 


1^  S / ’ ' x /•  

^ V \ , 

^ ~ ■■"--y  I 1 1 

^ 

V.  \ ^ ^ V ^ V -H 

SYMMETRICAL 

^ \ / \ ^ NJ 

— 

-p 

x 'N.  /■  V z'  v 

^ 7 

ASYMMETRIC 


The  resulting  failure  mode  will  depend  on  the  flatwise  compressive 
strength  of  the  core  relative  to  the  flatwise  tensile  strength  of  the  bond 
between  the  facing  core.  Typical  wrinkling  failures  are  shown  below. 
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If  the  bond  between  the  facing  and  the  core  is  strong,  the  facing 
can  still  wrinkle  outward  by  causing  tension  failure  of  the  core. 

It  can  be  seen  that  the  wrinkling  load  depends  on  the  stiffness 
and  strength  of  the  foundation  system.  Since  the  facing  is  never 
flat,  the  wrinkling  load  will  also  depend  on  the  initial  facing  eccentricity 
or  original  waviness,  A method  of  analysis  which  includes  these  varia- 
bles is  given  in  Ref.  3-54.  One  method  of  determining  the  initial  wavi- 
ness  parameter  needed  in  Ref.  3-54  is  presented  in  Ref.  3-55.  How- 
ever, until  the  analysis  in  Ref.  3-54  is  developed,  for  design  purposes, 
the  following  wrinkling  analysis  from  Ref.  3-5Z  is  recommended.  A 
limited  number  of  tests  should  be  conducted  to  verify  the  analysis  pro- 
cedure for  a particular  sandwich  configuration. 

The  information  on  wrinkling  of  sandwich  facings  pertains  primar- 
ily to  flat  panels.  However,  it  is  adequate  for  shells  because  the  wave- 
length of  the  buckle  is  small  relative  to  the  radius  of  curvature. 

The  design  allowable  uniaxial  compressive  wrinkling  stress,  <r  * 
can  be  obtained  from 


<r 


cr 


n 


where 


K = 0.  43 

L 
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E = Young's  compressive  modulus  of  elasticity  of  the  facing  sheet 


E^  = flatwise  compression  modulus  of  the  core  (in  a direction 

normal  to  the  surface  of  the  shell) 

G = transverse  shear  modulus  of  the  core  in  the  direction  of  the 
c 

maximum  compressive  stress 

For  elastic  buckling,  the  plasticity  correction  term,  n = 1,  is 
used.  In  the  inelastic  range,  Ref.  3-5Z  recommends 


n= 


3E  + E 

t s 

4E 


For  most  materials,  curves  C of  Section  3.62  are  sufficiently 
accurate  representations  of  this  plasticity  correction  coefficient. 

If  an  element  of  a sandwich  shell  is  subjected  to  in-plane  shear  or 
combined  loadings,  the  maximum  principal  compressive  stress  in  the 
facing  sheet  should  be  compared  against  (rcr  to  determine  whether  wrinkling 
will  occur.  Theoretically,  it  has  been  shown  that  the  wrinkling  stress 
is  unaffected  by  the  stresses  normal  to  the  maximum  compressive 
principal  stress.  However,  Ref.  3*52  has  indicated  that  if  the  princi- 
pal stresses  are  both  compression,  the  following  reduction  in  K is 
necessary: 


K 


L 


♦ 43 

V 1 + S3 
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where 


minimum  principal  compressive  stress  in  facing 
^ maximum  principal  compressive  stress  in  facing 

For  a sandwich  with  orthotropic  core,  wrinkling  should  also  be  checked 

in  the  direction  in  which  the  shear  modulus  of  the  core  is  lowest. 
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3.  53  CYLINDERS 


3.  53.  1 Axial  Compression,  Sandwich  Cylinders 

The  curve  presented  in  Ref.  3-56  will  be  used  to  determine  the 
buckling  stress  for  sandwich  cylinders  subjected  to  axial  compression. 
The  results  are  applicable  to  a sandwich  with  homogeneous  isotropic 
unequal  facing  sheets  with  orthotropic  core  that  does  not  carry  in-plane 
loads.  The  design  allowable  buckling  stress  is 


¥ - yicc4 


777 


2/W 

“t: — — 7 

H (tj  + t2) 


where 

E = Young's  modulus  of  the  facing  sheet  material 
P = Possion's  ratio  of  the  facing  sheet  material 
Gxz,  Ggz  = transverse  shear  moduli  of  the  corein  the  longitudinal 
and  circumferential  directions,  respectively 
The  buckling  coefficient,  Cc?  and  a definition  of  the  geometrical 
parameters  are  given  in  Fig.  3.  53-1.  The  correction  factor,  Y , was 
introduced  to  reduce  the  theoretical  results  of  Ref.  3-56  to  values 
that  can  be  used  for  design  purposes.  The  factor  Yj  can  be  obtained  from 
Fig.  3.33-6  where 


Existing  test  data  show  that  the  value  of  Yl  may  be  conservative  for 
some  values  of  the  parameters,  but  a sufficient  number  of  tests  have 
not  been  conducted  to  justify  increasing  the  value  of  Yl* 

The  method  for  obtaining  Y 1 is  discussed  in  Paragraph  3*  33.  1 for 
orthotropic  cylinders.  This  method  would  be  consistent  if  the  shear 
stiffness  of  the  core  (is  large  {i.  e.  , when  Vc  is  small).  Due  to  man- 
ufacturing limitation  and  local  instability  problems,  Vc  is  usually 
small.  However,  if  Vc  is  large  (i.  e.  , when  Vc  > 0.  5),  Yj  would 
approach  1*  There  is  not  enough  information  available  to  obtain  Yl 
as  a function  of  Vc;  therefore*  Fig.  3.  33-6  should  be  used  to  obtain 
for  all  values  of  Vc  < 0.  5. 

The  curve  presented  in  Fig.  3.  53-1  is  for  a sandwich  with  very 
thin  facing  sheets  (c/h  * 1).  For  small  values  of  c/h,  the  results  of 
Fig.  3.  53-1  may  yield  excessive  error  for  certain  values  of  the 
parameters.  For  values  of  c/h  > 0.9.  Fig.  3.  53-1  should  be  adequate 
for  Vc  > 0.  5.  Sandwich  cylinders  subjected  to  axial  compression  must 
be  analyzed  for  local  instability  as  discussed  in  Section  3.  52. 

For  elastic  buckling,  the  plasticity  correction  term,  q = 1,  is 
used.  In  the  inelastic  range,  an  estimate  of  the  stress,  * CT*  can  be 
found  by  using  curves  E^  in  Section  3.  62.  The  parameter  Vc  is  a 
function  of  the  stress  level  for  stresses  above  the  proportional  limit. 
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By  assuming  Vs  is  independent  of  the  stress  level,  the  results  will  be 
conservative.  For  most  practical  designs,  the  difference  will  be  very 
small. 

References  3-62  and  3-63  may  be  used  to  obtain  buckling  loads 
for  sandwich  cylinders  with  corrugated  core  subjected  to  axial 
compression. 
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FIG.  3.53-1.  CLASSICAL  DUCKLING  COEFFICIENT  FOR  SANDWICH 
CYLINDERS  SUBJECTED  TO  AXIAL  COMPRESSION 


3.53.2  Torsion  of  Shear,  Sandwich  Cylinders 


The  curves  presented  in  Ref.  3-57  will  be  used  to  determine  the 
buckling  stress  for  sandwich  cylinders  subjected  to  torsion.  The 
results  are  applicable  to  a sandwich  with  homogeneous  isotropic  unequal 
facing  sheets  and  an  orthotropic  core  which  does  not  carry  in-plane 
loads.  The  design  allowable  shear  buckling  stress  is 


where 


= YC 


s 


E 


E = Youngs’  modulus  of  the  facing  sheet  material 
G , Gq_  = transverse  shear  modulus  of  the  core  in  the 

X Z (j  z 

longitudinal  and  circumferential  directions,  respectively 
A definition  of  the  geometrical  parameters  and  Cs  can  be  obtained  from 
Figs.  3.53-2  through  3.  52-7.  The  correction  factor,  Y,  was  introduced 
to  reduce  the  theoretical  results  of  Ref.  3-57  to  values  that  can  be  used 
for  design.  Y can  be  obtained  from  Fig.  3,33-8. 
where 


P = 


(ti  + t2> 


The  method  for  obtaining  Fig.  3.33-8  is  discussed  in  Paragraph  3,33.2 
for  orthotropic  cylinders.  The  correction  factor  used  in  Para- 
graph 3.  33.  2 and  this  section  would  be  consistent  if  V8  is  small  (i.  e.  , 
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a core  with  relatively  large  shear  stiffness).  Due  to  manufacturing 
limitations  and  local  instability  considerations,  Vs  is  usually  small. 
However,  if  V8  is  large,  Y will  approach  1 for  all  values  of  R/p.  There 
is  no  information  available  to  obtain  Y as  a function  of  V8. 

Figure  3.  53-3  predicts  results  that  are,  at  most,  about  6-percent 
higher  than  the  results  of  Ref.  3-58  for  isotropic  sandwich  cylinders  with 
simple  supports.  Therefore,  the  results  presented  in  Figs.  3.53-2  through 
3.53-7  are  probably  sufficiently  accurate  for  cylinders  with  simply 
supported  edges. 

Sandwich  cylinders  subjected  to  torsion  must  be  analyzed  for  local 
instability,  as  discussed  in  Section  3.52.  For  elastic  buckling,  the 
plasticity  correction  term,  *1  = 1,  is  used.  If  the  stresses  are  above 
the  proportional  limit,  the  procedure  discussed  in  Paragraph  3.22.2  can 
be  used.  The  parameter,  VJj,  is  also  a function  of  the  stress  level  for 
stresses  above  the  proportional  limit.  By  assuming  that  Vg  in  independent 
of  the  stress  level,  the  results  will  be  conservative.  For  most  practical 
designs,  the  differences  will  be  small. 

References  3-62  and  3-63  can  be  used  to  obtain  the  buckling  load 
for  sandwich  cylinders  with  corrugated  core  subjected  to  torsion. 
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FIG.  3.53-2.  BUCKLING  COEFFICIENTS  FOR  CYLINDERS  HAVING 
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FIG.  3.  53-3.  BUCKLING  COEFFICIENTS  FOR  CYLINDERS  HAVING 
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FIG.  3.53-4.  BUCKLING  COEFFICIENTS  FOR  CYLINDERS  HAVING 
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FIG.  3.53-6.  BUCKLING  COEFFICIENTS  FOR  CYLINDERS  HAVING 
ISOTROPIC  FACINGS  r = . 82,  G„„/GQ_  ^1.0 
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FIG.  3.53-7.  BUCKLING  COEFFICNETS  FOR  CYLINDERS  HAVING 
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3,53.3  Bending,  Sandwich  Cylinders 


The  formula  presented  in  Paragraph  3.53.  1 can  be  used  to  deter- 
mine the  design  allowable  buckling  stress  for  unpressurized  sandwich 
cylinders  subjected  to  bending  if  is  obtained  from  Fig.  3.33-9. 

\J'l  *2  h2/  "l  + ‘2» 

For  bending,  is  the  maximum  compressive  stress  due  to  the  bending 

moment  (outer  fiber  stress).  Figure  3.33-9  is  based  on  the  correction 
factors  used  to  modify  the  small  deflection  theoretical  results  for 
homogeneous  isotropic  cylinders  subjected  to  bending. 

Existing  test  data  show  that  the  value  of  Yj  may  be  conservative 
for  some  values  of  the  parameters,  but  there  has  not  been  a sufficient 
number  of  tests  conducted  to  justify  increasing  the  value  of  Yj. 

3.  53.  4 Lateral  External  Pressure,  Sandwich  Cylinders 

The  curves  presented  in  Ref.  3*59  will  be  used  to  determine  the 
buckling  stress  for  sandwich  cylinders  with  simply  supported  edges  sub- 
jected to  lateral  external  pressure.  The  results  are  applicable  for  a 
sandwich  with  isotropic  facings  of  equal  or  unequal  thickness  and  of  the 
same  or  different  materials.  The  core  material  may  be  orthotropic  or 
isotropic  but  may  not  carry  in-plane  loads.  The  design  allowable 
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buckling  pressure  is 


VCP  <Vi+ Vz> 

Pcr  g.  2.  R 

(1  - P ) 

where 

E , E = Young^  moduli  of  the  outer  and  inner  facing  sheets, 

X Cm 

respectively 

G , G.  = transverse  shear  moduli  of  the  core  in  the  longitudinal 
xz  0Z 

and  circumferential  directions,  respectively 

P = ^M‘lEltl  + P2E2t2^  / ^El*l  + E2*2^ 
fij,  ^2  = ^°^8Son,s  ratios  of  the  outer  and  inner  facing  sheets, 
respectively 

The  buckling  coefficient,  Cp  , and  a definition  of  the  geometrical 
parameters  may  be  obtained  from  Figs.  3.53-8  through  3.  53-23.  The 
coefficient  V was  introduced  to  reduce  the  theory  presented  in  Ref.  3-59 
by  the  same  percentage  as  the  theory  for  homogeneous  isotropic  cylinders 
was  reduced  to  obtain  the  curve  presented  in  Fig.  3.23-7.  Therefore,  if 


Z = 

P 


(E1  tl  * E2  *2)  L2/  2) 

E t"  Rh  ‘ 

V “2  l2 


1/2 


Y=  0.9  for  Z > 102 
P 

Y=  1 -Z  x 10"3  for  Z < 102 
P P 
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For  large  values  of  L/R,  it  can  be  seen  that  C becomes  independent  of 

P 

The  design  allowable  buckling  pressure  can  then  be  obtained  from 


3VDe 

Pcr  r3  I1  + 4De  ' ‘R2G9lh>l 


where 


El*lV2h 


9 (1-/)(E1.1  + E2,2) 

The  pressure,  Pcr»  design  allowable  pressure  for  com- 

plete buckling  of  the  cylinder  (e.g.  , when  buckles  have  formed  all  the 
way  around  the  cylinder).  For  some  values  of  the  parameters,  single 
buckles  will  occur  at  pressure  less  than  Pcr>  therefore,  if  single 
buckles  are  not  allowable  for  a particular  design,  the  results  of  this 
section  may  be  unconservative.  In  addition,  if  single  buckles  occur  at 
pressures  less  than  Pcr»  the  resulting  stresses  may  fail  the  corei 
causing  a complete  collapse  of  the  cylinders.  However,  sandwich 
shells  are  generally  relatively  stiff  with  only  small  initial  imperfection; 
therefore,  for  most  cases,  sandwich  shells  will  be  considerably  less 
likely  to  have  single  isolated  buckles  at  pressures  less  than  the  design 
allowable  pressures  which  have  been  given. 
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jo|r 


The  curves  presented  in  Figs.  3. 53-8  through  3.  53-23  are  for  a 

sandwich  construction  with  very  thin  facing  sheets  (—  =1).  For  small 

h 

values  of  — . the  results  of  Figs.  3 .53-8  through  3.53-23  may  yield 
h 

excessive  errors  for  certain  values  of  the  parameters.  For  values 
of  K > 0.9,  the  curves  should  be  adequate. 

Sandwich  cylinders  subjected  to  lateral  pressure  must  be  analyzed 
for  local  instability  as  described  in  Section  3.  52.  If  the  stresses  are 
above  the  proportional  limit  and  both  facing  sheets  are  made  of  the 
same  material,  the  procedure  discussed  in  Paragraph  3.23.4  can  be 
used.  The  parameter,  Vp,  is  also  a function  of  the  stress  level  for 
stresses  above  the  proportional  limit.  By  assuming  that  is  indepen- 
dent of  the  stress  level,  the  results  will  be  conservative.  For  most 
practical  designs,  the  difference  will  be  small. 

References  3-62  and  3-63  may  be  used  to  obtain  buckling  loads 
for  sandwich  cylinders  with  corrugated  core  subjected  to  external 
pressure* 
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FIG.  3.53-9.  VALUES  OF  C FOR  V =0.  AND  FOR  ~ = 2 
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3.  54  CONES 


3.  54.  1 Axial  Compression,  Sandwich  Cones 

Until  additional  information  is  available,  the  equivalent  cylinder 
approach  recommended  in  Paragraph  3.  24.  1 may  be  used.  The  cone 
shown  in  Fig,  3,  34- la  can  be  analyzed  as  a cylinder  with  a radius 
Re  - R i /cos o and  length  L.  The  design  allowable  stress,  <rcr,  for  the  equiva- 
lent cylinder  can  be  obtained  from  Paragraph  3.  53.  1.  The  design  allow- 
able total  compressive  load  for  the  cone  may  be  obtained  from 

P = 2ttR  cr  (t | + t7)  cos^a 

cr  e cr  1 c 

This  method  of  analysis  should  be  used  with  caution  and  should  be 
limited  to  cones  with  a < 30  degrees. 


3.  54.  2 Torsion,  Sandwich  Cones 

Until  additional  information  is  available,  the  equivalent  cylinder 
approach  recommended  in  Paragraph  3.  24.  2 can  be  used  for  sandwich 
cones  subjected  to  torsion.  The  cone  shown  in  Fig.  3. 34 -lb  can  be 
analyzed  as  a cylinder  with  a radius 


R = 

e 


1 + 

1 + R2/R,  1 

1/2 

[*♦  VRij 

-1/2 

2 

2 

R jCos  a 


and  length  = L/cosa  . 

The  design  allowable  shear  stress,  Tcr,  for  the  equivalent 
cylinder  can  be  obtained  from  Paragraph  3.  53.2.  The  design  allowable 


689 


torque  for  the  cone  can  be  obtained  from  the  equation 


T = 2ttR  t (t.  + t,) 
cr  e cr  1 2 


The  design  allowable  shear  stress  for  the  cone  should  be  based  on  t 


cr 


This  method  of  analysis  should  be  used  with  caution  and  should  be 
limited  to  cones  witha<  30  degrees.  For  inelastic  stresses,  the 
reduction  of  t ^ due  to  plasticity  should  be  based  on  the  stresses  at  the 
smaller  end  of  the  cone  and  not  on  the  stress  of  the  equivalent  cylinder. 


3.  54.  3 Bending,  Sandwich  Cones 

Until  additional  information  is  available,  the  equivalent  cylinder 

approach  recommended  in  Paragraph  3.  24.  3 can  be  used  for  sandwich 

cones  subjected  to  bending.  The  cone  shown  in  Fig.  3-34-lc  can  be 

analyzed  as  a cylinder  with  a radius  Re  = R^/cosoand  length  L.  The 

design  allowable  stress,  <r  , can  be  obtained  from  Paragraph  3.  53.  3. 

cr 

If  the  stresses  are  elastic,  the  design  allowable  moment  for  the  cone 
can  be  obtained  from 

2 , 2 

M * "Rj  <xcr  (tj  + t2)  cos  a 

This  method  of  analysis  should  be  used  with  caution  and  should  be 
limited  to  cones  wither  < 30  degrees. 
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3-  54-  4 Lateral  External  Pressure,  Sandwich  Cones 


Until  additional  information  is  available,  the  equivalent  cylinder 

approach  recommended  in  Paragraph  3.  24.  4 can  be  used  for  sandwich 

cones  subjected  to  lateral  pressure  as  shown  in  Fig.  3.34-ld.  The  cone 

can  be  analyzed  as  a cylinder  with  radius  R = (R  + R )/(2  cos  o)  and 

e 1 2 

length  L.  The  design  allowable  buckling  pressure,  p , can  be  obtained 

cr 

from  Paragraph  3.  53.  4. 

For  inelastic  stresses,  the  reduction  of  p due  to  plasticity 
should  be  based  on  the  stresses  at  the  larger  end  of  the  cone  and  not  on 
the  stress  of  the  equivalent  cylinder.  This  method  of  analysis  should  be 
used  with  caution  and  should  be  limited  to  cone  with  a<  30  degrees. 
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3.60  INELASTIC  BUCKLING 


3.61  GENERAL 

The  formulas  presented  to  determine  the  allowable  buckling  load 
are  based  primarily  on  theoretical  results  which  have  assumed  that  the 
compressive  modulus  of  the  material  is  a constant.  If  the  buckling 
stress  is  below  the  proportional  limit,  this  is  a reasonable  assumption; 
if  the  stresses  are  in  the  inelastic  range,  however,  the  modulus  of  the 
material  becomes  a function  of  the  stresses.  The  modulus  of  th' 
material  decreases  at  inelastic  stresses;  therefore,  there  is  a 
decrease  in  the  stiffness  of  the  shell  and  a corresponding  decrease  in 
the  buckling  load. 

The  Euler  formula,  which  was  derived  for  an  elastic  column,  is 
used  for  the  case  of  inelastic  buckling  of  a column.  However,  the 
elastic  modulus  in  the  formula  is  replaced  by  the  tangent  modulus  of 
the  material.  The  agreement  between  the  predicted  buckling  stress  and 
test  data  has  been  quite  good.  It  is  considerably  more  difficult  to  include 
the  effects  of  plasticity  for  shells.  Methods  have  been  developed  but,  in 
general,  they  are  quite  complicated,  and  computer  programs  are  needed 
to  obtain  results.  Plasticity  corrections  factors  derived  for  some  types 
of  loadings  and  shells  are  briefly  discussed  in  the  next  section.  Until 
additional  information  is  available  this  method  is  recommended  as  a 
simple  way  to  account  for  the  effects  of  plasticity  on  the  buckling  load. 
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3.  62  PLASTICITY  CORRECTION  FACTOR 

The  effect  of  plasticity  on  the  buckling  of  shells  can  be  accounted 
for  by  the  use  of  the  plasticity  coefficient,  q . This  coefficient  is 
defined  by  the  ratio 


where 


<rcr  = the  actual  buckling  stress 
o'  = the  elastic  buckling  stress  (the  stress  at  which  buckling 

would  occur  if  the  material  remained  elastic  at  any  stress 
level) 

The  elastic  buckling  stress,  therefore,  is  given  by  the  equation 


The  definition  of  ^ depends  on  a / a , which  is  a function  of  the 

cr  e 

loading,  the  type  of  shell,  the  boundary  conditions,  and  the  type  of 
construction.  For  example,  the  q recommended  in  Ref.  3-7  for 
homogeneous  isotropic  cylindrical  shells  with  simply  supported  edges 
subjected  to  axial  compression  is 
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where  E , E , and  p.  are  the  tangent  modulus,  secant  modulus  and 

t s 

Poisson’s  ratio,  respectively,  at  the  actual  buckling  stress,  and  p e is 
the  elastic  Poisson’s  ratio. 

For  a given  material,  temperature,  and  T,  a chart  may  be  pre- 

oared  for  tr  /T 1 versus  <r  • By  first  calculating  the  elastic  buckling 
^ cr  cr 

stress,  cr  /n , the  actual  buckling  stress  <r  can  be  read  from  the  chart 
cr  1 cr 

of  cr  /n  Versus  a . This  method  eliminates  an  iterative  procedure 
cr  cr 

which  would  otherwise  be  necessary. 

The  formulas  for  *1  are,  in  general,  determined  theoretically 

and  the  testing  performed  to  evaluate  the  theoretical  H provides  only 

qualitative  agreement.  Inaddition,  the  number  of  charts  of  <r  versus 

0*  necessary  to  cover  all  combinations  of  materials,  temperatures, 
cr 

loadings,  shells,  boundary  conditions,  and  types  of  construction  would 
be  excessively  large  and,  in  many  cases,  the  curves  would  be  very 
close  to  each  other. 

To  reduce  the  number  of  <r  /*]  versus  cr  curves,  only  the  T s 

cr  cr 

defined  in  Refs.  3-7  and  3-60  will  be  presented  because  these  curves  have 
already  been  computed  and,  in  general,  cover  the  range  of  possible  H 
within  the  accuracy  of  which  the  actual  q is  known.  The  curve  that 
gives  the  best  agreement  with  experimental  and  theoretical  results  of 
shell  structures  will  be  recommended  whenever  possible. 
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versus 


Figs.  3.62-1  through  3.  62-27  present  curves  of  <r  /H 

cr 

(rcr  f°r  materials  and  temperatures  commonly  encountered  in  the 
aerospace  industry.  In  many  cases,  the  curves  are  so  close  together 
that  they  are  drawn  as  one  curve. 

The  T *s  used  to  determine  each  curve  are  defined  as  follows: 


The  formulas  for  H for  curves  A through  G were  obtained  from 
Ref.  3-60,  which  is  based  on  Ref.  3-61.  However,  Ref.  3-61  assumes 
=1/2.  The  constants  outside  of  the  radical  for  curve  B differ  from 
Ref.  3-61  due  to  a correction  that  was  made.  Although  the  value  of  p 
is  a function  of  the  stresses  for  stresses  in  excess  of  the  proportional 
limit,  the  plasticity  curves  were  obtained  assuming  the  conservative 
value  of  p =1/3,  The  difference  between  using  the  value  of  p =1/3 
and  p = 1/2  is  small  except  for  curves  E and  F. 

It  is  worth  noting  that  for  curve  A,  n = E /E;  for  curve  G, 

*1  = E^/E  and,  on  the  remaining  curves,  tj  is  a function  of  both  and 

E . It  can  be  seen  that  curve  A and  curve  G bound  the  range  of  T • 

0 

Curve  G is  the  most  conservative  while  curve  A results  in  the  smallest 
possible  reduction  in  the  buckling  load  due  to  plasticity. 
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FIG.  3.62-1.  2014-T6,  -T651  ALUMINUM  ALLOY  SHEET  AND  PLATE 

SPECIFICATION  MB0170-002 


PLASTICITY  CORRECTION  CURVES  (-423  F,  -300  F) 
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FIG.  3.62-2.  2014-T6,  -T651  ALUMINUM  ALLOY  SHEET  AND  PLATE 

SPECIFICATION  MB0170-002 

PLASTICITY  CORRECTION  CURVES  (-200  F, -100  F) 


Minimum  GuorontMd 


-I  Ec  -11.5xl06p«i 
j Fey  *64  iai 
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FIG.  3.62-3.  2014-T6,  -T651  ALUMINUM  ALLOY  SHEET  AND  PLATE 

SPECIFICATION  MB01 70-002 


PLASTICITY  CORRECTION  CURVES  (R.T.;  200  F,  1/2  HOUR) 


«ier  G®0  Oer  (lul) 
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FIG.  3.62-4.  2014-T6,  -T651  ALUMINUM  ALLOY  SHEET  AND  PLATE 

SPECIFICATION  MBOI 70-002 

PLASTICITY  CORRECTION  CURVES  (300  F,  1/2  HOUR;  400  F,  1/2  HOUR) 


29  *9  49  59  19  8 8 49 
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FIG.  3.62-5.  2014-T6,  -T651  ALUMINUM  ALLOY  SHEET  AND  PLATE 

SPECIFICATION  MB0170-002 

PLASTICITY  CORRECTION  CURVES  (500  F,  1/2  HOUR;  600  F,  1/2  HOUR) 


<*e»  QoS) 
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FIG.  3.62-7.  PLASTICITY  CORRECTION  BARE  7075-T6  ALUMINUM 

ALLOY  SHEET 
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FIG.  3.62-8.  PLASTICITY  CORRECTION  ALLOY  STEEL  4130,  4140, 

4340  - H.  T.  180,  000 
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FIG.  3.62-10.  PLASTICITY  CORRECTION  ALLOY  STEEL  4140,  4340 

H.  T.  180,000 


r/n(k*i) 


FIG.  3.62-11.  PH  15-7  Mo  STAINLESS  STEEL  SHEET  AND  PLATE 
RH  1050,  RH  1075  - SPECIFICATIONS  LB0160-100,  LB0160-129, 
LB0160-  1 30,  HB0160-010.  LA0111-022,  MA0107-023 

PLASTICITY  CORRECTION  CURVES  (-200  F) 


Minimum  Guorant— d 


E,  F,Gi 


-200  F 
32.0  X 106 


Fcy  = 210  kti 
Fq.2  = 215  kii 
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1 * -1-‘  I 
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FIG  3 62-12.  PH  15-7  Mo  STAINLESS  STEEL  SHEET  AND  PLATE 
RH  1050,  RH  1075  - SPECIFICATIONS  LB0160-100,  LB0160-129, 
LB0160-130,  HB0160-010,  LA0111-022,  MA0107-023 

PLASTICITY  CORRECTION  CURVES  (-100  F) 


<rer  M 
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FIG.  3.62-13.  PH  15-7  Mo  STAINLESS  STEEL  SHEET  AND  PLATE 
RH  1050,  RH  1075  - SPECIFICATIONS  LB0160-100,  LB0160-129, 
LBO 1 60-1  30,  HB0160-010,  LA0111-022,  MA0107-023 


PLASTICITY  CORRECTION  CURVES  (R.T.) 


FIG 


3.62-14.  PH  15-7  Mo  STAINLESS  STEEL  SHEET  AND  PLATE  - 
RH  1050,  RH  1075  - SPECIFICATIONS  LB0160-100,  LB0160-129, 
LB0160-130,  HB0160-010,  LA0111-022,  MA0107-023 

PLASTICITY  CORRECTION  CURVES  (200  F) 
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FIG.  3.62-15.  PH  15-7  Mo  STAINLESS  STEEL  SHEET  AND  PLATE  - 
RH  1050,  RH  1075  - SPECIFICATIONS  LB0160-100,  LB0160-129, 
LBO  160-130,  HBO 1 60-0 10,  LA011  1-022,  MA0107-023 

PLASTICITY  CORRECTION  CURVES  (300  F) 
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FIG.  3.62-16.  PH  15-7  Mo  STAINLESS  STEEL  SHEET  AND  PLATE 
RH  1050,  RH  1075  - SPECIFICATIONS  LB0160-100,  LB0160-129, 
LB0160-130,  HB0160-010,  LA0111,022,  MA0107-023 

PLASTICITY  CORRECTION  CURVES  (400  K) 


Minimum  GuorantMd 


28.5  X 106  pti 


Fq  .2  “ 142  k»l 


12 


Al(kli) 


FIG.  3.62-17.  PH  15-7  Mo  STAINLESS  STEEL  SHEET  AND  PLATE  - 
RH  1050.  RH  1075  - SPECIFICATIONS  LB0160-100,  LB0160-129, 
LB0160- 1 30,  HB0160-010,  LA0111-022,  MA0107-023 
PLASTICITY  CORRECTION  CURVES  (500  F) 


Ocr  Owl) 
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FIG.  3.62-18.  PH  15-7  Mo  STAINLESS  STEEL  SHEET  AND  PLATE  - 
RH  1050,  RH  1075  - SPECIFICATIONS  LB0160-100,  LB0160-129, 
LB0160-130,  HB0160-010,  LA0111-022,  MA0107-023 
PLASTICITY  CORRECTION  CURVES  (600  F) 


acr  (W.I) 
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FIG.  3.62-19.  PH  15-7  Mo  STAINLESS  STEEL  SHEET  AND  PLATE  - 
RH  1050,  RH  1075  - SPECIFICATIONS  LB0160-100,  LB0160-129, 
LB0160- 1 30,  HB0160-010,  LA0111-022,  MA0107-023 
PLASTICITY  CORRECTION  CURVES  (700  F) 


80  80  100  120  140  160  180 
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FIG.  3.62-20.  PH  15-7  Mo  STAINLESS  STEEL  SHEET  AND  PLATE  - 
RH  1050,  RH  1075  - SPECIFICATIONS  LB0160-100,  LB0160-129, 
LB0160- 1 30,  HB0160-010,  LA0111-022,  MA0107-023 
PLASTICITY  CORRECTION  CURVES  (BOO  F,  900  F) 


-ksi 


FIG. 


3.62-21.  PLASTICITY  CORRECTION  TITANIUM  ALLOY  SHEET  <.25 
6AL-4V  ANNEALED  LB0170-113 


MINIMUM  GUARANTEED 
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FIG.  3.62-22.  PLASTICITY  CORRECTION  TITANIUM  ALLOY  SHEET  <.25 

6AL-4V  ANNEALED  LB0170-113 


-ksl 

er 
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FIG.  3.62-23.  PLASTICITY  CORRECTION  TITANIUM  ALLOY  SHEET 
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FIG.  3.62-24.  PLASTICITY  CORRECTION  TITANIUM  ALLOY  SHEET  <.25 

6AL-4V  ANNEALED  LB0170-113 


*cr  -le*i 
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FIG.  3.62-25.  PLASTICITY  CORRECTION  TITANIUM  ALLOY  SHEET  <.25 

6AL-4V  CONDITION  S.  T.  A. 


m-  k/a» 
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FIG.  3.62-26.  PLASTICITY  CORRECTION  TITANIUM  ALLOY  SHEET  <.  25 

6AL-4V  CONDITION  S.  T.  A. 


FIG.  3.62-27.  PLASTICITY  CORRECTION  TITANIUM  ALLOY  SHEET<.25 
6AL-4V  CONDITION  S.T.A.  LB0170-1I3 
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3.  63  COMBINED  LOADINGS 


The  information  on  the  inelastic  stability  analyses  of  shell  struc- 
tures subjected  to  combined  loadings  is  limited.  Very  little  theoretical 
work  has  been  done  in  this  field  due  to  the  complexity  of  the  problem 
and,  in  general,  plasticity  correction  factors  are  not  available. 

Methods  of  determining  whether  the  stresses  are  in  the  inelastic 
range  are  discussed  in  Section  2.80.  The  method  that  can  be  used  for 
ductile  materials  will  be  described. 

The  stress  intensity  o-  and  strain  intensity  e^  are  obtained  from 
the  formulas 


where 


o\  , a = the  stresses  in  the  $ and  0 directions,  respectively 
9 0 

(for  a cylinder  or  cone,  the  ♦ direction  is  the  x direction) 


t = in-plane  shear  stress 


* , * _ = the  strains  in  the  $ and  0 directions,  respectively 

♦ B 

= shear  strain 


For  a ductile  material,  the  a.  versus  e.  curve  for  a biaxial  stress 

l l 


field  is  very  clobe  to  the  a versus  < curve  in  a uniaxial  stress  field. 


724 


Therefore,  if  <r  is  greater  than  the  uniaxial  proportional  limits  of  the 
material,  the  stress  field  is  in  the  inelastic  range. 

It  can  be  seen  from  the  formula  for  cr  . that  each  of  the  individual 

l 

stresses  may  be  less  than  the  proportional  limits  of  the  material,  but 
cr^  may  be  in  the  inelastic  range. 

If  the  stress  is  in  the  inelastic  range  for  a shell  subjected  to 
combined  loads,  an  estimate  of  the  inelastic  buckling  load  can  be 
obtained  by  using  the  plasticity  correction  factor  associated  with  <r  . 
to  modify  the  elastic  buckling  load.  This  method  is  useful  if  the  plas- 
ticity correction  factor  of  each  of  the  pure  loading  cases  is  approximately 
the  same. 

A cylinder  subjected  to  external  lateral  and  axial  pressure  will 
be  investigated  as  an  example.  The  stress  in  the  circumferential 
direction  o*q  is  twice  as  large  as  the  stress  in  the  axial  direction,  <r  ; 
therefore. 
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The  elastic  critical  circumferential  buckling  stress  may  be 

obtained  from  Paragraph  3.23.4.  The  elastic  stress  intensity  oj/n  is 
therefore 


it  . 
1 


n 


nT3  ffcr 

2 n 


if  <r./n 

are  inelastic 


is  less  than  the  proportional  limit,  1=1.  If  the  stresses 
, may  be  obtained  from  Section  3.  62  using  < r^/rj  and 
= 2 or.  /n^3  and  the  design  allowable  pressure  is 


curves  E,  Then  <r 
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4.00  MINIMUM  WEIGHT  SHELL  DESIGN 


4.  10  INTRODUCTION 

To  obtain  the  best  possible  performance  in  spacecraft  design,  one 
of  the  main  objectives  is  to  achieve  a minimum-weight  structure  that 
meets  the  requirements  of  structural  integrity.  This  chapter  presents  a 
review  of  the  literature  and  methods  of  analysis  for  use  in  preliminary 
design  to  determine  the  lightest  shell  wall  for  various  constructions 
subjected  to  specific  loading  conditions.  It  is  intended  that  Chapter  4.00 
supplements  the  solutions  presented  in  Chapters  2.00  and  3.00. 

Chapter  2.  00  presents  deflection  and  internal  load  distribution 
solutions  for  a number  of  shell  geometries  and  loading  conditions. 
Chapter  3.  00  presents  general  and  local  instability  solutions  for  shells. 
Whereas  use  of  these  chapters  will  achieve  designs  which  will  preclude 
failure,  Chapter  4.00  presents  methods  to  achieve  minimum  weight, 
also. 

In  most  of  the  published  work  concerning  minimum -weight 
analysis  and  the  design  of  elements  subjected  to  buckling,  it  is 
generally  accepted  as  axiomatic  that  minimum  weight  is  attained  when 
the  possible  buckling  modes  occur  simultaneously.  Limited  proofs  of 
this  statement  have  been  presented  (Refs.  4-1  and  4-2).  An  additional 
assumption  is  that  the  margins  of  safety  are  zero  for  all  buckling  modes. 
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Some  of  the  existing  minimum-weight  analyses  are  based  on 
approximate  methods  which,  however,  are  adequate  for  pre- 
liminary analysis.  It  is  important  to  realize  that  the  minimum  weight 
construction  theoretically  derived  may  not  be  practical  for  actual  con- 
struction because  of  material  gage  limitations,  etc.  Since  it  is 
theoretically  possible  to  arrive  at  impractical  designs,  various  minimum 
weight  analyses  should  be  used  with  caution  unless  the  proportions  are 
examined  to  ensure  that  they  are  realistic.  The  weight  of  the  final 
design  can  be  established  by  summing  the  weight  of  the  individual 
components. 
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4.  20  STIFFENED  SHELLS 


4.21  GENERAL 

Stiffened  cylinders  under  bending  are  representative  of  aircraft 
fuselages  whereas  launch  vehicles  and  some  spacecraft  can  be  treated 
as  stiffened  cylinders  under  compression.  Hence,  there  is  con- 
siderable literature  on  the  optimum  design  of  stiffened  cylindrical 
shells.  The  following  is  a summary  of  the  literature  from  Ref.  4-3. 

For  unstiffened  cylinders  under  bending,  Clayton  (Ref.  4-4) 
established  that  the  appropriate  design  index  is  (M/R^)  or  (N/R).  Becker 
(Ref.  4-5)  treated  the  unstiffened  cylinder  diameter  as  an  open 
dimension  and  found  the  ideal  value  of  the  optimum  stress  as  well  as 
the  diameter  of  the  lightest  weight  cylindrical  cross  section  under 
bending.  Shanley  (Refs.  4-6  and  4-7)  also  considered  this  problem  by 
a numerical  procedure  and  concluded  that  for  typical  values  of  the 
design  index  for  aircraft  fuselages,  the  diameter  was  far  beyond  the 
optimum  for  an  unstiffened  shell. 

Joyce  and  Mitchell  (Refs.  4-8  and  4-9)  determined  stiffener  and 
frame  spacings  for  minimum  weight  stiffened  cylinders.  By  neglecting 
the  frame  weight,  Shanley  (Refs.  4-6  and  4-7)  also  investigated 
numerically  the  minimum-weight  design  of  stiffened  panel-frame 
cylinder  construction  for  various  frame  spacings.  Micks  (Ref.  4-10) 
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extended  this  analysis  by  a numerical  procedure  which  included  the 
frame  weight,  and  he  was  able  to  determine  optimum  frame  spacings 
for  longitudinally  stiffened  cylinders.  Gerard  (Refs.  4-1  and  4-11) 
analyzed  the  frame  stiffness  requirements  for  general  instability  in 
terms  of  a transverse  stiffener  criterion  and  determined  optimum  frame 
spacings  for  longitudinally  stiffened  cylinders  in  bending. 

Because  of  its  importance  in  the  design  of  submarine  pressure 
hulls  and  underwater  launched  missiles,  the  efficient  design  of  stiffened 
cylinders  under  external  pressure  has  received  some  recent  attention. 
Wenk  (Refs.  4-12  and  4-13)  has  established  the  pressure  (p)  as  the  design 
index  and  has  presented  a series  of  minimum  weight  design  charts  for 
aluminum  and  steel  ring- stiffened  cylinders.  Gerard  (Ref.  4-14) 
treated  the  minimum-weight  design  of  ring -stiffened  cylinders  based  on 
orthotropic  shell  theory  and  obtained  results  for  the  optimum  configu- 
ration of  I- ring  stiffeners. 

Stiffened  cylinders  under  compression  are  of  interest  in  missile, 
launch  vehicle,  and  spacecraft  applications  and,  therefore,  recent 
minimum-weight  studies  have  been  concerned  with  such  structures. 
Crawford  and  Burns  (Refs.  4-15  and  4-16)  treated  integral  ring-stiffened 
cylinders  under  hydrostatic  pressure.  Gerard  and  Papirno  (Ref.  ^-17) 
have  considered  the  minimum-weight  design  of  ring-stiffened  and 
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longitudinal  ring-stiffened  cylinders  under  compression  based  on  ortho- 
tropic  cylinder  theory.  The  optimum  design  of  cylinders  utilizing 
unflanged  and  flanged  stiffener  shapes  was  investigated  to  determine 
their  effect  upon  the  cylinder  efficiency. 

The  advent  of  thin  aircraft  wing  and  tail  structures  in  the  late 
1940's  has  resulted  in  investigations  to  define  the  regions  of  efficient 
application  of  composite  structures.  Stiffened  panel  and  multicell  box 
construction  were  compared  by  Gerard  (Ref,  4-18)  for  typical  ranges 
of  parameters  and  also  by  Kolom  (Ref,  4-19).  Hubka  et  al.  , (Ref,  4-20) 
in  a similar  study  compared  stiffened  panel  and  sandwich  box  construc- 
tion, In  a further  attempt  to  define  the  ranges  of  efficient  application 
of  various  types  of  wing  and  fuselage  construction,  Gerard  (Refs,  4-1 
and  4-11)  conducted  a comprehensive  comparative  efficiency  analysis  of 
stiffened  panel-rib,  multicell  and  post- stiffened,  sandwich  plate  and 
full-depth  sandwich  box  beams  of  high-strength  aluminum  alloy. 

In  order  to  improve  the  structural  efficiency  of  multicell  construc- 
tion, various  types  of  compression  cover  and  web  elements  were 
investigated.  Anderson  (Ref.  4-21)  studied  the  comparative  etficiancies 
of  multicell  boxes  with  steel  sandwich  covers  and  channel  and  corrugated 
webs  as  well  as  full-depth  sandwich  boxes.  Semonian  and  Crawford 
(Ref,  4-22)  made  comparisons  with  the  efficiencies  of  multicells  ot 
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flat,  integrally  stiffened  and  sandwich  cover  plates  employing  plate  and 
corrugated  webs.  They  also  treated  multiweb  boxes  of  wide-column 
and  Z-stiffened  panels  employing  corrugated  ribs,  in  addition  to  full- 
depth  sandwich  boxes. 

The  comparative  efficiency  of  longitudinal,  transverse,  and  waffle 
grid  stiffening  systems  for  plates  used  as  compression  covers  for  multi- 
cells were  investigated  by  Gerard  (Ref.  4-23)  by  use  of  orthotropic 
plate  theory.  Lampert  and  Younger  (Ref.  4-24)  treated,  in  rather 
great  detail,  the  comparative  structural  efficiency  of  various  truss-core 
configurations  for  sandwich  plates.  Crawford  and  Burns  (Refs,  4-15  and 
4-16)  conducted  comparative  efficiency  studies  of  integrally  stiffened, 
Z-stiffened,  and  corrugated  core  sandwich  plates  under  compression. 
They  also  treated  multicell  boxes  with  flat  and  corrugated  core  sand* 
wich  plates  as  covers  and  employing  flat,  integrally  stiffened, 

Z-stiffened  and  corrugated  core  sandwich  webs  to  establish  the  com- 
parative efficiencies  of  the  various  combinations.  Gerard  (Ref.  4-25) 
investigated  the  comparative  efficiencies  of  various  types  of  box  beams. 

Aircraft  fuselages  and  later  missile,  launch  vehicle,  and  space- 
craft structures  have  encouraged  comparative  efficiency  studies  of 
stiffened  cylinders.  Shanley  (Refs,  4-6  and  4-7)  compared  unstiffen#d 
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and  longitudinally  stiffened  cylinders  of  the  same  length  under  bending. 
Gerard  (Refs.  4-1  and  4-11)  conducted  a comparative  efficiency  analysis 
of  unstiffened,  longitudinally-stiffened  frame  and  sandwich  cylinders  all 
of  optimum  design  under  bending.  Peterson  (Ref.  4-26)  presented 
weight- strength  charts  on  ring,  longitudinally  and  waffle  stiffened, 
and  sandwich  cylinders  in  bending.  The  effect  of  shear  loads  on  bending 
strength  was  also  considered. 

For  cylinders  under  compression,  Gerard  (Refs.  4-27  and  4-28) 
presented  comparative  efficiency  results  for  unstiffened,  ring- stiffened, 
longitudinally  stiff ened- ring,  and  sandwich  shells  of  optimum  design. 

An  analysis  of  pressure  stabilized  cylinders  was  also  included. 

Crawford  and  Burns  (Refs.  4-15  and  4-16)  compared  unstiffened  and 
corrugated  core  sandwich  cylinders  of  optimum  design  for  compression, 
torsion,  and  hydrostatic  pressure.  Based  on  orthotropic  cylinder 
theory,  Gerard  and  Papirno  (Ref.  4-17)  compared  ring  and  longitudinal- 
ring stiffened  cylinders  under  compression  and  also  established  the 
influence  of  unflanged  and  flanged  stiffeners  upon  the  cylinder  efficiency. 


4.22  STIFFENED  CYLINDRICAL  SHELLS  IN  PURE  BENDING 

Based  on  the  design  axiom  that  minimum  weight  is  attained  when 
the  possible  buckling  loads  occur  simultaneously,  it  is  possible  to 
present  a necessary  condition  for  minimum  weight  of  stiffened  cylin- 
drical  shells.  A stiffened  cylindrical  shell  has  two  primary  modes  of 
failure:  (1)  buckling  of  the  panel  between  frames,  and  (2)  general 
instability.  If  the  rings  are  sufficiently  stiff  to  resist  buckling,  the 
stiffened  shell  will  buckle  between  the  frames.  Buckling  of  the  skin- 
stringer  column  between  frames  may  occur  as  a result  of  material 
failure,  stringer  crippling,  or  primary  bending  or  torsional  instability. 

The  ultimate  strength  of  the  plate-stringer  combination  is  found 
by  assuming  an  effective  width  of  curved  sheet  to  act  at  the  critical 
buckling  6tress  of  the  column  in  the  manner  presented  in  Section  3.00. 

If,  however,  the  calculated  buckling  stress  of  the  sheet  is  higher  than 
that  of  the  stringer  plus  its  effective  width  sheet,  the  entire  width  is 
assumed  to  act  at  the  column  buckling  stress  (Ref.  4-29).  If  the  frames 
are  not  sufficiently  stiff  to  resist  buckling,  the  stiffened  cylindrical  shell 
may  fail  in  a general  instability  mode. 

A necessary  condition  for  minimum  weight  dictates  that  both  panel 
and  general  instability  modes  of  failure  should  occur  simultaneously. 

The  frame  stiffness  for  which  panel  instability  and  general  instability 
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are  equally  critical  may  be  estimated  from  the  following  formula 
from  Ref.  4-1, 

(El)f  = C£  - (4.22-1) 

where 

(El)£  = flexural  stiffness  requirement  for  frame 
M = applied  bending  moment 
d = frame  spacing 

If  the  frame  stiffness  is  greater  than  (El)f,  the  cylinder  will  fail  in 
panel  instability,  and  if  the  frame  stiffness  is  less  than  (El)f  the 
cylinder  will  fail  in  general  instability.  Several  values  of  Cf  have  been 
suggested  in  the  literature;  Cf  = 6.84  x 10  ^ as  suggested  in  Ref.  4-1 
is  recommended  because  it  has  some  theoretical  and  experimental 
justification.  For  frames  with  flexural  stiffness  greater  than  (El)f  the 
increase  in  the  strength  of  the  cylinder  when  subjected  to  bending  is 
relatively  small.  The  minimum  weight  design  in  practice  can  be 
obtained  by  an  iterative  procedure. 
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4.30  SANDWICH  SHELLS 


4.31  GENERAL 

The  main  purpose  of  the  sandwich  construction  is  to  achieve  a high 
bending  rigidity-to-weight  ratio.  Sandwich  construction  consists 
essentially  of  two  high  st rength-to-weight  ratio  facing  sheets.  These 
sheets  are  joined  and  separated  by  a relatively  thick  low-density  core 
that  transmits  shear  between  the  facing  sheets.  The  facings  are  designed 
to  take  all  compressive  or  bending  loads,  while  the  core  is  supposed  to 
transfer  shear  between  the  facings  and  allow  the  facings  to  bend  about  a 
common  neutral  axis.  For  most  cases  of  interest  for  space  vehicles, 
the  facing  sheets  are  so  thin  that  their  flexural  rigidites  about  their 
respective  neutral  axes  can  be  neglected.  The  facings,  therefore, 
behave  essentially  as  membranes  and  withstand  bending  stresses  directly 
except  in  the  vicinity  of  concentrated  loads  or  rapid  changes  in  cross 
section. 

The  sandwich  core  may  consist  of  any  of  a number  of  types.  The 
most  common  cores  are  the  open  cell,  honeycomb  configurations,  the 
corrugated  core,  and  the  closed-cell  foam  cores.  The  honeycomb  cores 
are,  currently,  the  most  widely  used  in  space  vehicle  construction, 
particularly  in  boosters.  To  use  the  core  of  the  lightest  type  is 
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desirable,  yet  in  reality  its  weight  is  a substantial  part  of  the  total 
weight  of  the  sandwich. 

The  third  element,  as  far  as  weight  is  concerned,  is  the  bonding 
medium,  which  can  be  either  adhesive  or  braze  material.  All  three 
elements  of  the  sandwich  structure  must  be  considered  in  a minimum 
weight  analysis:  the  facings,  the  core,  and  the  bonding  medium. 

Some  of  the  earliest  studies  were  conducted  on  sandwich  cylinders. 
Leggett  and  Hopkins  (Ref.  4-30)  concluded  that  sandwich  construction 
becomes  increasingly  more  efficient  than  stiffened  panel  construction 
as  the  curvature  is  increased.  "Witt rick  (Ref.  4-31)  investigated  the 
optimum  design  of  sandwich  cylinders  under  compression,  considered 
various  face  materials  and  core  densities,  and  concluded  that  there  is  a 
definite  optimum  core  rigidity  for  each  face  material  and  design  index 
(N/R). 

Crawford  and  Burns  (Refs.  4-15  and  4-16)  presented  a detailed 
optimum  design  analysis  of  corrugated  core  sandwich  cylinders  under 
compression,  torsion,  and  hydrostatic  pressure.  For  the  latter,  integral 
ring- stiffened  cylinders  were  also  treated. 

Switzky  and  Cary  (Ref.  4-32)  presented  nondimensional, 
minimum-weight  design  charts  for  unstiffened  and  corrugfated  core 
sandwich  cylinders  under  compression,  torsion,  and  external  pressure. 
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The  nondimensional  feature  accounts  for  material  properties  at  various 
temperatures. 

Kuenzi  (Ref.  4-33}  presented  an  analysis  to  determine  the  minimum 
weight  of  sandwich  considering  stiffness,  edge  load  capacity,  bending 
moment  capacity,  and  buckling  of  cylindrical  shells. 

A number  of  designs,  involving  various  thicknesses  of  facing  and 
core,  may  meet  a given  stiffness  or  strength  requirement.  This  concept 
suggests  possibilities  of  determining  constructions  so  proportioned 
that  minimum  weight  for  a given  stiffness  or  strength  is  achieved. 

The  minimum  weight  construction,  theoretically  derived,  may  not  be 
practical  because  of  unusually  thin  facings,  which  are  not  available,  or 
unusually  lightweight  core.  Since  it  is  theoretically  possible  to  arrive 
at  impractical  designs,  various  minimum  weight  analyses  should  be 
used  with  caution  for  comparing  sandwich  with  other  constructions, 
unless  the  sandwich  proportions  are  examined  to  ensure  that  they  are 
realistic. 
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4.32  BUCKLING  OF  SANDWICH  CYLINDERS  UNDER  AXIAL 
COMPRESSION 

The  design  allowable  buckling  stress  for  general  instability  of 
a sandwich  cylinder  under  axial  compression  is  given  by  the  formula 
from  Section  3.  52. 


a cr 


(4.32-1) 


for  equal  facings 


or  cr 


CcY 


Eo 
2 R 


(4.  32-2) 


where 

Cc  = U - k2  Vc)  for  V < 0.  5 (approximately) 
k2  = 1 for  isotropic  core 

k2  (for  orthotropic  core)  is  the  negative  slope  of  the  Cc  versus  Vc 
curve  in  Fig,  3.  52-1 


Et 

vc  = 2 R G~  (approximately) 


G is  the  transverse,  shear  modulus  of  the  core  in  "the  axial  direction 
xz 

and  the  factor  V is  obtained  from  Fig.  3.  33-6. 
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Minimizing  the  sandwich  weight  with  respect  to  the  facing  thick- 
ness (Ref.  4-33)  and  excluding  local  failures  (wrinkl  ing , dimpling,  etc.) 
leads  to  the  equation  for  the  weight  of  the  core  to  the  sandwich  weight 
minus  bond  weight  ratio  as  follows: 

W 1 - k,  V 

c 2 

(W  - Wb)  = 2 - 3 k2  V (4  32'3‘ 

where 

Wc  = weight  of  core 
Wb  = weight  of  bond 
W — total  weight  of  sandwich 

Thus,  the  weight  of  the  core,  W , is  about  one-half  the  sandwich 

c 

weight  for  a minimum  weight  sandwich  cylinder  subjected  to  axial 
compression. 
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5.00  OPTIMUM  USE  OF  COMPUTER  PROGRAMS 


5.  10  INTRODUCTION 

Previous  chapters  of  this  manual  have  dealt  with  various  aspects  of 
the  analysis  of  shells.  An  introduction  to  shell  theory  was  presented  in 
Chapter  1.  00,  procedures  for  the  static  analysis  of  shells  were  given  in 
Chapter  2.  00,  and  procedures  for  the  stability  analysis  of  shells  were 
given  in  Chapter  3.  00.  Although  a myriad  of  solutions  have  been  presented, 
either  in  explicit  or  graphical  form,  it  is  entirely  conceivable  that  an  ana- 
lyst may  encounter  a problem  not  considered  in  any  of  the  previous  dis- 
cussions. In  such  cases,  a solution  satisfactory  for  engineering  purposes 
can  often  be  obtained  by  using  a digital  computer. 

As  a typical  example,  consider  a composite  shell  of  revolution 
loaded  unsymmetrically  and  possessing  a branch  configuration  as  shown 
in  Fig.  5.  10-1.  Although  procedures  were  developed  in  Chapter  2.  00  for 
treating  this  configuration  under  axisymmetric  load,  the  analysis  under 
unsymmetric  load  is  best  accomplished  using  a digital  computer  (e,  g.  , see 
Ref.  5-1).  Many  other  examples  could  be  cited  to  illustrate  problems 
that  can  be  effectively  solved  with  the  computer. 

The  widespread  use  of  the  computer  is  based  on  the  extremely 
rapid  and  accurate  manner  in  which  it  performs  simple  operations.  In 
particular,  it  can  perform  addition,  subtraction,  multiplication 
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Fig.  5. 10-1.  Shell  of  Revolution 


and  division  functions  in  minute 
fractions  of  a second.  As  a result, 
evaluation  of  series,  parametric 
studies,  and  solution  of  simultaneous 
algebraic  equations  can  be  efficiently 
performed  on  the  digital  computer. 
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5.  20  FUNDAMENTALS  OF  COMPUTER  UTILIZATION 


To  utilize  the  capabilities  of  a digital  computer,  an  engineer  must 
become  acquainted  with  some  of  the  basic  mechanics  of  computer  operation. 
Even  though  the  services  of  a professional  programmer  may  be  available, 
it  is  advantageous  that  the  engineer  become  as  acquainted  as  possible  with 
computers. 

Basically,  a computer  is  a sophisticated  form  of  desk  calculator. 
Some  small  computers  are  not  much  larger  than  an  engineer’s  desk, 
whereas  the  latest  large  computers  possess  over  a dozen  units  and  occupy 
an  entire  room.  All  computers  used  today  are  superior  to  desk  calcula* 
tors  in  three  respects:  they  operate  faster,  possess  memories,  and  make 
decisions*  Just  as  an  engineer  cannot  expect  to  obtain  useful  results  from 
a slide  rule  or  desk  calculator  unless  he  observes  the  governing  rules  of 
operation,  successful  utilization  of  a digital  computer  depends  on  under* 
standing  and  using  the  basic  rules  governing  the  computer  being  used. 

The  engineer  is  aware  that  he  can  perform  operations  and  obtain  accuracy 
with  some  slide  rules  that  cannot  be  obtained  using  other  (usually  smaller) 
slide  rules.  In  the  case  of  computers,  not  only  do  some  possess  greater 
capabilities  than  others  (e.  g,  , inversion  or  large  matrixes,  retention  of 
many  significant  figures)  but  some  are  also  capable  of  working  several 
orders  of  magnitude  faster  than  others. 
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To  harness  the  capabilities  of  the  computer  and  effectively  utilize  It 
to  solve  a particular  problem,  a set  of  instructions  (a  computer  program), 
must  be  written.  For  example,  if  an  engineer  desires  to  find  the  roots  of  a 
quadratic  equation  on  the  computer,  he  must  frame  the  quadratic  formula 
in  a manner  acceptable  and  meaningful  to  the  computer  (i.  e.  , he  must 
"speak  the  computer's  language.")  Generally,  two  types  of  languages  are 
in  use:  source  (or  user's)  language  and  object  (or  machine)  language.  In 

the  case  of  object  language,  the  program  is  written  in  a manner  so  that  the 
machine  can  act  on  it;  a source  program  is  very  similar  to  typical  analyti- 
cal manipulations  familiar  to  the  engineer.  In  the  source  program,  the 
machine  uses  part  of  its  memory  to  translate  from  the  source  language  to 
object  language.  The  translator  is  called  a compiler.  Common  examples 
of  source  languages  are  IT  and  FORTRAN.  Since  the  source  languages 
are  more  familiar  to  engineers,  they  are  recommended  over  object  lan- 
guages. In  either  case,  the  engineer  should  be  aware  that  all  computers 
are  very  exacting  in  accepting  or  rejecting  a set  of  instructions  corres- 
ponding to  a given  physical  problem.  A computer  program  cannot  possess 
unclear,  imprecise  statements. 

A source  program  has  several  different  types  of  statements  that  are 
necessary  in  nearly  every  case.  Briefly,  these  statements  are  (1)  control 
statements,  which  set  up  formats,  size  matrixes,  etc.  ; (2)  executable 
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statements,  which  tell  the  machine  to  add  A to  B,  for  example;  and  (3)  input 
output  statements,  which  tell  the  machine  to  read  in  data,  plot  curves, 
write  tapes,  etc. 

Often,  when  dealing  with  the  larger  computer  systems,  the  engineer 
rarely,  if  ever,  sees  the  computer  itself.  Instead,  he  deals  with  the  input  - 
output  receiving  station  that  may  be  located  several  miles  from  the  com- 
puter he  intends  to  use.  Also,  for  reasons  of  efficiency,  the  input  provided 
by  the  engineer  may  be  given  to  a subordinate  machine  (e.  g.  , the  IBM  1401) 
for  reduction  to  a form  which  the  main  computer  can  more  readily  accept. 
Types  of  input  to  computers  presently  include  paper  tape  (some  UNIVAC 
machines)  and  cards  (IBM  and  CDC).  If  it  is  not  desired  to  produce  the 
tape  or  cards  themselves,  coding  sheets  can  be  prepared  from  which  the 
input  (either  cards  or  tape)  can  be  produced. 

In  using  the  computer  to  analyze  shell  problems,  it  has  been  advan- 
tageous that  the  computer  is  capable  of  subscripting  variables,  and  thus 
collecting  similar  quantities  into  arrays  and  dealing  with  entire  arrays 
rather  than  with  the  individual  elements  of  the  arrays.  This  capability 
leads  to  a consideration  of  matrix  algebra  which  is  presented  in  the 
following  section. 


759 


5.  30  INTRODUCTION  TO  MATRIX  ALGEBRA 


The  basic  ideas  of  matrix  algebra  necessary  for  computer  pro- 
gramming of  shell  problems  are  presented  below. 

Consider  a set  of  n linear  algebraic  equations  in  the  unknowns 

X,  » i • • ♦ t 3C  i 

1 c n 

allxl  + a12x2  + + al»xn  = yl 

aZ.xl  + a22x2  + + a2n  xn  * y2 

♦ * * 

• • • 

• * « 

a„lXl  + an2X2  + + a„n  Xn  = y» 

In  summation  form,  these  equations  are, 

n 

i auxi=yi 

i=i 

n 

X a2ixicy2 

i=l 


a .x.  = y 
mi  n 


i = l 


(5.30-1) 


(5.30-2) 
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Consider  the  following  representation  of  these  equations 


The  k**1  equation  of  Eq.  5.  30-1  is  obtained  by  multiplying  the  k^1  row  of  the 


rectangular  array  of  coefficients  a.j  by  the  corresponding  terms  of  the 
x column  and  setting  it  equal  to  y^.  For  example,  the  second  equation  is 
obtained  by  multiplying  the  second  row  of  the  a^j  rectangular  array  by  the 
x column,  term  by  term,  and  adding,  then  setting  the  resulting  equation 
equal  to  yj: 


x,  +....+  a, 

2 2n 


Eq,  5,  30-3  is  a matrix  equation  that  represents  the  set  of  linear  algebraic 
Eq.  5.  30-1.  The  [n  x n]  ajj  rectangular  array  and  the  (n  x l]  X£  and  yi 
rectangular  arrays  are  called  [n  x n]  matrixes  and  [n  x 1]  matrixes, 
respectively.  An  [n  x 1]  matrix  is  also  called  a column  vector.  Tha 
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members  of  a matrix  are  called  the  matrix  coefficients.  Eq.  5.  30-3  can  be 
written  in  an  even  more  concise  form  as 


I a)  tx)  * ty)  <s.30-<> 

Some  matrixes  are  given  special  names.  For  example,  the  n x 1 matrix 
(i.e.  , the  matrix  consisting  of  n rows  and  1 column)  is  called  a column 
vector.  The  1 x n matrix  which  consists  of  1 row  and  n columns  (e.  g.  , 

Zj,  z2,  . . . Zn)  is  called  a row  vector.  A matrix  containing  n rows  and 
n columns  is  called  a square  matrix.  The  matrix  coefficient  in  the  itlt  row 
and  column  of  a matrix  A is  denoted  by  ajj.  A square  matrix  in  which  all 
its  diagonal  terms,  aii(  are  equal  to  1,  while  all  other  coefficients  are 


equal  to  zero  is  called  an  identity  matrix. 


» m 

1 0 

1 0 0 

For  example, 

0 1 
» W 

and 

0 1 0 
0 0 1 

are  identity  matrixes.  A matrix  with  coefficients  related  by  a^j  = ajj  is 


called  a symmetric  matrix.  For  example. 


1 2 3 

2 7 4 

3 4-2 


is  a symmetric  matrix. 


since  aj2  = 2 = a2j,  ajj  = a^j  = 3,  a2^  = a32  = 4.  A square  matrix  with 
all  its  coefficients  equal  to  zero  is  called  a null  matrix.  Identity  and  null 
matrixes  are  special  examples  of  symmetric  matrixes. 

If  n x m matrix  B has  each  i*^  row  equal  to  each  i*^1  column  of  an 
m x n matrix  A,  matrix  B is  called  the  transpose  matrix  of  A and  is 
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denoted  by  [A]  T.  For  example,  consider  the  2x3  matrix  A = 

2 1 

The  transpose  of  this  matrix  is  the  3x2  matrix  [ A]  T - 1 7 f since  the 

[-3  4j 

1st  column  of  [ A]  ^ is  the  same  as  the  first  row  of  matrix  A,  and  its  2nd 
column  is  equal  to  the  second  row  of  matrix  A. 

Matrixes  may  be  operated  upon,  as  with  numbers;  however,  the 
operations  may  or  may  not  be  possible  to  perform.  This  is  best  illustrated 
by  demonstration.  Two  matrixes,  A and  B,  are  equal  if  coefficient  a^j  of 
matrix  A is  equal  to  coefficient  b^  of  matrix  B.  It  should  be  noted  that  two 
matrixes  can  only  be  equal  if  they  are  of  the  same  order  (i.  e.  , if  they  both 
have  m rows  and  n c6lumns). 

The  operation  of  multiplying  every  coefficient  a^j  in  the  matrix  A by  a 
number,  c,  is  denoted  by  c [A]  and  is  called  scalar  multiplication.  It  can 
be  seen  that  if  B = c f A]  , then  bjj  = c a^. 

Multiplication  of  two  matrixes  is  called  matrix  multiplication  and  is 
defined  as  follows:  If  C = A B,  the  coefficients  of  C are  given  by 

n 

Cij  ~ aiR  bRj 

To  make  this  operation  possible,  the  number  of  columns  of  matrix  A must  be 
equal  to  number  of  rows  of  matrix  B.  If  matrix  A is  m x n matrix  and 
matrix  B is  n x p matrix  , then  matrix  C is  m x p matrix.  In  general 
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[A]  [ B]  is  not  equal  to  [ B]  [A]  . In  fact,  if  matrix  A is  a m x n matrix 


and  Bis  a n x p matrix,  then  since  matrix  B has  p columns  and  matrix  A 
has  m rows,  the  multiplication  is  not  even  defined  (if  p £ m).  For  example, 
consider  the  matrixes 


A = 


1 3 
4 2 
1 2 


then 


[A]  [B] 


where  the  coefficients  of  C are  given  by  Cjj  = ^ aiR  *• » 

R=1 

cu  = anbn  + a12b21  = (1)  (1)  + (3)  (0)  = 1.  ci2  = anb12  * a12b22  c 
(1)  (1)  ♦ (3)  (1)  = 4 etc,  ).  In  the  preceding  example,  the  premultipiication 
of  matrix  B by  matrix  A is  defined,  however,  the  premultiplication  of 
matrix  A by  matrix  B,  denoted  [ B]  [A]  , is  not  defined  since  the  number  of 
columns  of  matrix  B is  not  equal  to  the  number  of  rows  of  matrix  A* 

Multiplication  of  any  matrix  A by  the  identity  matrix  I is  commutative, 
and  results  in  the  matrix  A (i.  e.  , [A]  [I]  = [I]  [A]  = A).  Suppose  a 
square  matrix  A is  either  premultiplied  or  postmultiplied  by  another  square 


matrix  B,  and  the  result  in  either  case  is  the  identity  matrix  I*  Then 
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matrix  B is  called  the  inverse  matrix  of  A,  and  is  denoted  by  [ A]  For 


example,  consider  the  following  case: 


*2  l" 

’ 3/5 

-1/5' 

[A]  = 

. [B]  = 

1 3 

■>  * 

-1/5 

2/5 

4 

[B][A]  = 


[A]  [B] 


’ 3/5 

-1/5' 

-1/5 

2/5. 

2 1 


'2  r 

.1  3. 

3/5  -1/5 


1 

0 

m 

.0 

1, 

1 

o' 

.0 

1. 

then  B ( = [A]  ” * ) is  the  inverse  of  A,  and  A (=  l B]  _1)  is  the  inverse  of  B. 

By  virtue  of  the  matrix  operations  indicated,  it  should  be  clear  that 
Eq.  5.30-4  can  be  solved  for  x by  premultiplying  both  sides  by  [A] 

The  result  is 

{xj  = [A]  1 [y} 

As  a simple  example,  suppose  Eq.  (5.30-1)  is 


(5.30-5) 


2xj  + = 10 


X1  + 3x2  = 5 


(5.30-6) 


In  matrix  form,  Eq.  5.  30-6  can  be  written  as 


2 1 
1 3 


x = 
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Applying  Eq.  5.  30-5 


Since  it  has  been  shown  that 


Z 

f 

-1 

' 3/5 

-1/5' 

1 

3 

= 

-1/5 

2/5 

we  have 


so 


Xj  = 5 and  x^  = 0 


(5.30-7) 


The  validity  of  the  results  of  Eq.  5.  30-7  can  easily  be  verified  by  con- 
ventionally solving  Eq.  5.30-6. 

Matrix  inversion  becomes  increasingly  more  time  consuming  as  the 
order  of  the  matrix  n increases.  For  large  matrixes,  a significant  improve- 
ment over  a straightforward  inversion  of  the  type  indicated  in  Eq.  5.30-5 
is  to  use,  where  possible,  a Gaussian  elimination  procedure.  For  banded 
matrixes  (i.  e.  , matrixes  having  nonzero  elements  only  within  a band 
running  along  the  principal  diagonal  as  shown  in  Fig.  5.30-1,  the 
inversion  indicated  in  Eq.  5.  30-5  can  be  replaced  by  inversions  of  sub- 
matrixes  and  application  of  a recursion  relationship.  The  increase  in 
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efficiency  over  the  inversion  of  the  entire  A matrix  makes  problems 
tractable  that  were  previously  expensive  to  solve. 


FIG.  5.30-1.  Banded  Matrix  Upon  Which  Gaussian  Elimination  can  be 

Performed 
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5.40  TECHNIQUES  FOR  SOLVING  SHELL  PROBLEMS  AND  THE 
USE  OF  THE  COMPUTER  IN  THESE  TECHNIQUES 


In  Chapter  2.  00  of  this  manual,  many  closed  form  solutions  were 
presented  for  the  static  analysis  of  shells.  The  computer  could  be  used  as 
a labor  saving  device  to  evaluate  these  solutions.  For  example,  it  might 
be  feasible  to  use  a computer  if  a parametric  study  is  to  be  performed,  or  if 
a series  solution  is  to  be  evaluated.  However,  the  reason  for  the  central 
importance  of  the  computer  in  the  present  day  analysis  of  shells  is  not 
because  of  its  ability  to  evaluate  existing  solutions  but  as  an  essential 
ingredient  in  obtaining  the  desired  solution.  Several  methods  of  solving  shell 
problems  are  in  use  today  that  utilize  the  computer  in  this  central  capacity. 
These  analyses  all  share  the  property  that  the  continuous  shell  is  replaced 
by  a shell  with  a finite  number  of  points  on  it,  and  the  computer  is  then 
used  to  assist  in  the  solution  of  thi6  approximate  problem  composed  of 
discrete  points.  A detailed  description  of  the  several  methods  follows: 
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5.  41  THE  FINITE  DIFFERENCE  METHOD 


In  Chapter  1. 00,  it  was  shown  that  partial  differential  equation*  are 
the  governing  differential  equations  for  shell  behavior. 

In  the  finite  difference  method  of  analysis,  the  shell  partial  differ- 
ential equations  are  replaced  by  a set  of  linear  algebraic  equations  that  have 
a readily  obtainable  solution.  The  basis  for  this  method  is  the  replacement 
of  exact  differentials  df  by  approximate  differences  Af.  For  example,  con- 
sider the  continuous  function,  w(x),  as  shown  in  Fig.  5.40-1. 

The  independent  continuous 
variable,  x,  is  partitioned  into 
n segments.  The  value  of  the 
dependent  variable,  w(x),  at  x^  is 
denoted  w^.  Using  calculus, 

X1  Xk"  1 *k+l  *n  Aw  j _ dw  j _ Aw  I 

^™oAx  1*=**  ‘ d*  ‘ K 


FIG.  5.40-1.  Finite  Difference 
Intervals 


The  expression  for  Aw/ Ax  at 


x = x,  can  be  obtained  in  various 


ways.  Consider  the  forward  difference  given  by 


a w,  , , -w. 

Aw  | _ k +1  k 

Ax  I h 


(5.40-1) 
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and  the  backward  difference 


. w - w 

Aw  | _ k k -1 

Ax  I x^  h 


(5.40-2) 


Usually,  however,  the  central  difference  expression 

Aw  | Wk  + 1 ‘ Wk  - 1 

Ax  | x,  “ 2h 

k 


(5.40-3) 


is  used  since  it  involves  values  of  w on  both  6ides  of  x^,  and  it  results  that 
the  error  introduced  in  approximating  the  derivative  by  Eq.  5.40-3  is  of 
the  order  of  h2,  whereas,  the  errors  in  Eqs.  5.40-1  and  5.40-2  are  of  the 
order  h.  Higher-order  derivatives  are  easily  obtained  by  continuing  in  this 
manner.  For  instance,  the  central  finite  difference  expression  for  d^/dx2 
at  x = x^  is  given  by 


d2w  I . A2w 
dx2'Xk=A*2  '*k 


Wk  + 1 -2wk  + Wk-1 


(5.  40-4) 


Finite  difference  expressions  for  all  orders  of  derivatives  are  easily  derived 
or  may  be  found  in  any  textbook  on  finite  differences.  In  the  case  of  partial 
derivatives,  finite  difference  expressions  are  similarly  defined.  Consider 
now  a partial  differential  equation.  At  each  point,  k,  along  the  independent 
variable,  x$,  the  partial  differential  equation  can  be  replaced  by  an  algebraic 
equation  with  the  derivatives  of  the  partial  differential  equations  replaced  by 
the  corresponding  finite  difference  expressions.  Together  with  the  boundary 
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conditions , the  set  of  finite  difference  equations  form  a set  of  n linear 
algebraic  equations  in  n unknowns.  The  problem  is  especially  adaptable  to 
matrix  form  and  the  solution  easily  follows.  It  is  seen  that  the  exact  con- 
tinuous solution,  e.  g.  , w (x,  y),  for  a plane  problem,  is  replaced  by  the 
approximate  discrete  solution,  wfc(j^,  yk).  In  theory,  the  approximate 
discrete  solution  may  be  made  to  approach  the  exact  continuous  solution, 
w(x,  y),  as  closely  as  desired  by  allowing  the  distance,  h,  between  x and 
xk+ 1 to  aPProach  zero.  In  an  actual  case  the  process  of  allowing  h to 
approach  zero  introduces  a machine  capacity  problem  which  leads  to  w^ 
diverging  from  w.  That  is,  in  an  actual  problem,  the  number  of  points  at 
which  the  solution  is  desired  may  be  restricted  by  the  number  of  simultaneous 
equations  the  computer  can  accurately  solve.  This  is  an  important  point  of 
the  method  and  will  be  discussed  further.  An  example  of  the  finite  differ- 
ence technique  will  illustrate  the  method. 

Consider  the  partial  differential  equation 


(5.40-5) 


with  boundary  conditions,  f = 0,  on  the  boundary  of  the  object  shown  in 
Fig.  5.40-2. 
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FIG.  5.40-2.  Finite  Difference  Grid  for  Plate 
The  square  plate  is  partitioned  into  16  segments  as  shown.  That  is,  the 
continuous  variables,  x and  y,  are  partitioned  into  four  intervals  each. 

The  partial  derivatives  in  terms  of  central  finite  differences  are 
given  as  follows: 


A2  i 

X 1 


2f0  + 


A*f  . 

« y . = -L 

xo’yo  h2  h2 


(f2  - 2f0  4 f4) 


(5.40-6) 


2 2 

8 f g f 

Then  at  Point  0 the  partial  differential  equation — =■  + — 5-  = -2  is 

8x  by 
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replaced  by  the  following  algebraic  equation 

-ij  (fx  + f2  + f3  + f4  - 4 fQ)  = -2  (5.40-7) 

h 

At  each  interior  point  of  the  body,  a similar  algebraic  equation  may  be 
written.  The  boundary  condition  equation,  f = 0,  is  replaced  by  the 
equations,  = 0,  where  i is  any  point  on  the  boundary.  Since  there  are 
9 interior  points  and  16  boundary  points,  there  are  9 equations  of  type 
(5.40-7)  and  16  equations  for  fj  = 0.  The  set  of  linear  algebraic  equations 
may  be  put  in  matrix  form 

[A]  (f)  = {C} 

where  [A]  is  the  25  x 25  coefficient  matrix,  and  {f]  is  the  solution  column 
vector.  If  the  matrix  [A]  has  an  inverse,  the  [f)  may  be  obtained  by 
{f}  = f A]  C.  The  inversion  of  a 25  x 25  matrix  is  beyond  human 
capacity  and  a machine  definitely  would  be  needed. 

It  can  be  seen  from  Fig.  5.40-2  that  the  method  of  finite  differences 
replaces  the  continuous  plate  with  a gridwork  of  discrete  points.  When  this 
method  is  applied  to  shells,  grid  systems  of  the  type  shown  in  Fig.  5.40-3 
occur. 
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FIG.  5.40-3.  Finite  Difference  for  Shell* 

In  general,  the  equilibrium,  stress-strain,  and  strain-displacement 
relations  can  be  reduced  to  three  partial  differential  equations  in  the 
displacements  u,  v,  and  w.  Applying  finite  difference  approximations  in 
both  surface  directions,  the  matrix  equations  are  obtained  as  follows: 

[A]  {u}  + [B]  Cv}  + [C]  Cw}  = {a} 

[D]  {u}  + [E]  {v}  + [F]  {w}  = {b} 

[G]  {u}  + [H]  (v}  + [J]  {w)  = {dj  (5.40-8) 

By  suitably  inverting  matrixes  and  performing  other  manipulations, 

Eq.  5.40-8  could  be  solved  for  the  displacement  matrixes  u,  v,  and  w. 

These  three  vectors  will  have  as  many  elements  as  there  are  grid  points 
on  the  shell. 
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For  the  general  case  of  unsymmetrical  shells  loaded  unsymmetrically, 
the  two-dimensional  finite  difference  approach  will  yield  valid  results. 
However,  inversion  of  large  matrixes,  with  accompanying  long  execution 
times  on  the  computer  and  loss  in  accuracy,  will  result.  For  the  case  of 
shells  of  revolution  loaded  arbitrarily,  a method  has  been  devised  that 
results  in  economical  runs.  This  method  will  be  discussed  in  Section  5.43. 
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5.42  THE  NUMERICAL  INTEGRATION  METHOD 

An  alternative  to  the  procedure  described  in  Section  5.41,  using 
finite  differences  in  both  directions,  is  the  numerical  integration  method, 
described  in  this  article.  Using  this  procedure,  the  governing  partial 
differential  equations  are  first  reduced  to  a set  or  ordinary  differential 
equations  by  expanding  in  finite  differences  in  one  direction.  The  numer- 
ical integration  is  then  performed  on  thi6  set  of  ordinary  differential 
equations. 

To  illustrate  the  method,  consider  again  the  partial  differential 
equation 

+ 2 (5.42-1) 

fix2  8y 


valid  in  the  interior  of  the  square  shown  in  Fig.  5.42-1.  On  the  boundary, 
f = 0. 

To  reduce  the  given  partial  differential  equation  to  a set  of  ordinary 
linear  differential  equations,  the  operator  0^f/0y^  is  approximated  using 
finite  differences.  Along  any  y = constant  line,  say  y = y^,  the  following 
holds  true: 
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Substituting  Eq.  5.42-2  into 


Eq.  5.42-1,  the  following  is 
obtained: 


FIG.  5.42-1.  Numerical  Integration 

Locations  for  Plate  where  fk  (x)  iS  th*  Value  °f  1 

on  the  y = y,  line  for  variable  x. 
k 

If  the  interval  o<y<a  is  partitioned 

into  n equal  segments  of  length  h so  that  nh  = a,  the  above  equations  are 
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with  boundary  conditions  = o at  x = o,  a (where  f^  is  equal  to  f along 

v = v.  ) and  f = f = o all  along  x.  In  matrix  form,  Eq.  5.42-4,  is 
7 7k  o n 


M M ■ M 

dx  h 


(5.42-5) 


Recognize  that  Eq.  5.42-5  represents  a set  of  (n-1)  second-order  ordinary 
differential  equations.  A common  technique  in  numerical  analysis  is  to 
reduce  the  order  of  all  pertinent  equations  to  the  first  order.  This  can  be 
done  by  introducing  the  variable,  g,  defined  by 


*k"ar 


(5.42-6) 


Then  the  equation  can  be  written: 


(x)  -2 lk  (x)  +fk_, 


mZ 


(5.42-7) 
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In  matrix  form,  Eq.  5.42-6  and  5.42-7  can  be  written 


d 

dx 
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(5.  42-8) 


Eq.  5.42-8  can  be  written  more  compactly  if  the  following  symbols  are 
used: 


8i 


*n-l 


(5.42-9) 
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’[O] 

?tA>' 

CK)  = - 

{C} 

-ID 

to] 

« 

(O) 

. 4 

With  Eq.  5.42-9,  Eq.  5.  42 -8  becomes 

4-  {H}  + [J]  {H}  = {K}  (5.42-10) 


Note  that  Eq.  5.42-10  represents  a set  of  (2n  -2)  first-order  ordinary 
differential  equations.  Eq.  5.42-10  is  in  the  form  most  amenable  to 
numerical  analysis.  A typical  numerical  integration  procedure,  originally 
proposed  by  Euler,  is  to  assume  Hj  (see  Fig.  5.42-2)  is  given  by 
Hj  = HQ  + h (x,  H) 

where 


h = x. 


H = H matrix  at 
0 

x «=  xQ 

= H matrix  at 
x B x. 


and 


f0(x.  H) 


= K - JH 


= slope  at  x * x 


FIG.  5.42-2.  Numerical 
Integration  Procedure 
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It  can  be  seen  that  this  procedure  merely  assumes  that  the  first 
derivative  is  constant  throughout  the  interval,  h.  As  h approaches  zero, 
the  error  introduced  approaches  zero.  Having  H , H is  obtained  from 

X 

H2  = Hj  + h (x,  H) 

This  procedure  is  continued  until  the  boundary  is  reached. 

More  sophisticated  procedures  for  numerical  integration  are  avail- 
able. One  of  the  most  popular  is  the  Runge-Kutta  method.  Because  of  its 
widespread  use,  computer  groups  usually  have  prepared  routines  or  pro- 
grams available.  As  in  the  Euler  method,  the  interval  size  may  be  changed 
as  desired  without  any  complication. 

All  numerical  integration  procedures  are  be6t  suited  for  solving 

initial  value  problems.  Thus,  the  Euler  procedure  yields  the  results, 

Hl'  H2*  Hn*  if  H0  is  known.  ThuB,  referring  to  Fig.  5.42-1,  a 

successful  numerical  integration  requires  an  a priori  knowledge  of  the 

function,  f,  and  its  first  derivative  at  x = o for  all  y . However,  the 

k 

problem  originally  stated  did  not  specify  the  derivatives  df/dx  at  x = oj 
rather  it  specified  that  f = o at  x = o and  x = a.  The  given  problem 
was  a boundary  value  problem  (as  are  all  shell  problems).  To  use 
numerical  integration  procedures  to  solve  boundary  value  problems, 
sufficient  initial  information  must  be  assumed  (in  this  case,  slopes)  to 
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start  the  process.  When  the  boundary,  x = a,  is  reached,  the  values, 
f(a,  y),  are  compared  to  the  given  boundary  conditions.  The  assumed 
slopes  are  then  adjusted  and  the  numerical  integration  performed  again. 
After  a series  of  trials,  the  boundary  values  from  the  numerical  integra- 
tion should  compare  favorably  with  the  given  boundary  conditions,  and 
hence  the  initial  assumed  slopes  are  acceptable  and  the  interior  results 
are  valid. 

The  solution  of  shell  problems  by  numerical  integration  is  compli- 
cated not  only  by  the  necessity  of  having  to  convert  a boundary  value  prob- 
lem to  an  initial  value  problem,  but  more  importantly,  by  the  fact  that 
the  governing  differential  equations  possess  three  dependent  variables 
(in  general).  The  coupling  between  the  three  equations  is  considerable, 
and  hence,  the  numerical  integrations  are  interconnected.  For  these 
reasons,  numerical  integration  has  not  been  as  popular  a method  for 
solving  shell  problems  as  the  other  methods  in  this  section. 
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5.43  THE  BUDIANSKY  - RADKOWSKI  METHOD 

In  this  article,  an  efficient  method  for  the  solution  of  problems 
involving  shells  of  revolution  is  discussed.  This  method  treats  arbitrary 
shells  of  revolution  subjected  to  arbitrary  loading  conditions  and  possess- 
ing a variety  of  possible  end  conditions.  The  procedure  involves  expand* 
ing  the  forces,  moments,  shears,  rotations,  temperatures,  loads,  strains, 
and  displacements  into  Fourier  series.  For  example,  the  meridional 
stress  resultant,  is  expressed  in  series  form  as 

t^n)  co»  n 0 {5.43-1) 


Nc  = a h 

i 0 0 


where 


(Tq  = a reference  stress  level 
= a reference  thickness 
6 = the  circumferential  coordinate 

= Fourier  coefficient  in  the  series  expansion  for  N^,  is  a 
function  of  4,  the  meridional  coordinate,  only 
With  the  Fourier  series  expansions  just  described,  the  governing 
differential  equations  can  be  reduced  to  ordinary  differential  equations, 
where  £ is  the  independent  variable  and  the  Fourier  coefficients  for  the 
stresses,  moments,  loads,  and  shears  are  the  dependent  variables. 
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Using  Hooke's  law  and  the  conventional  strain-displacement  relations,  the 
governing  equations  can  be  written  as 

E z"  + Fz'  + Gz  = e (5.43-2) 

. - A. 

de 

where  E,  F,  and  G are  (4  x 4)  matrixes  which  reflect  the  geometric  and 
elastic  properties  of  the  shell  in  question,  e is  a (4  x 1)  matrix  composed 
of  mechanical  and  thermal  loads,  and  z is  a (4  x 1)  solution  matrix  com- 
posed of  the  Fourier  coefficients  for  the  three  displacements  and  the 
meridional  bending  moment.  Boundary  and  discontinuity  conditions  can 
also  be  written  in  matrix  form. 

Finite  differences  are  now  used  for  approximations  to  the  derivatives 
in  the  meridional  direction.  A 6et  of  algebraic  equations  for  z.  is  obtained: 


A 

o 


+ B z 
o o 


= g 


o 


A.  z 
i 


i+1 


+ B.  z.  + C.  z. 
li  i i-l 


gi 


(i  = 1.  2, 


N-l) 


B z + C z , 
n n n n-l 


= g 


n 


The  A,  B,  C,  and  g matrixes  reflect  the  geometric,  discontinuity,  elastic, 
and  boundary  conditions  of  the  problem.  The  z matrixes  are  obtained  by 
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the  Gaussian  elimination  procedure.  In  this  case,  it  is  necessary  to  invent 
(4  x 4)  matrixes,  so  the  process  is  well  suited  for  rapid  machine  calcu- 
lation. In  practice,  the  procedure  amounts  to  solving  for  z^  in  terms  of 

Zi+1’  Zi+1  in  terms  °*  zi+2’  etc‘  ’ unti*  the  boundary  is  reached.  Then 
ZN  Can  be  exPlicitly  obtained  because  the  boundary  conditions  supply  the 
necessary  additional  information.  Having  z^,  all  other  z's  are  system- 
atically obtained  by  using  the  recursion  relationship  established  on  the  way 
down  the  principal  diagonal.  Once  the  z matrix  is  known,  all  other  quan- 
tities of  interest  can  be  obtained  by  differentiation. 

The  Budiansky  - Radkowski  procedure  is  an  efficient  procedure  for 
the  solution  of  shell  problems.  Experience  has  shown  that  complicated 
problems  can  be  solved  in  a matter  of  seconds  using  this  technique.  In 
Addition,  the  method  has  been  extended  slightly  to  treat  shells  in  which 
shear  distortion  effects  are  significant,  three -layered  shells,  branched, 
and  eccentrically  discontinuous  shells,  etc.  Also,  investigations  are  cur- 
rently underway  to  apply  the  method  to  elastic -plastic  shells,  shell 
dynamics,  and  unsymmetrical  shells. 

Because  of  the  efficient  running  times  resulting  from  the  use  of  the 
Gaussian  elimination  procedure,  this  method  is  recommended  for  cases  in 
which  it  is  applicable. 
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5.44  THE  FINITE  ELEMENT  METHOD 

In  the  finite  element  approach  to  analysis  of  shells,  the  shell  under 
consideration  is  replaced  by  a set  of  finite  elements  that  approximate  the 
given  shell.  For  example,  to  find  the  stresses  and  deflections  existing  in 
the  hemispherical  shell  with  an  axisymmetric  cutout  shown  in  Fig.  5.44-1, 

the  shell  under  consider- 
ation could  be  idealized  by  a set 
of  conical  shell  frusta  as  shown 
in  Fig.  5. 44 -lb.  Then  the  coni- 
cal shell  model  could  be  analyzed 
and,  as  the  lengths  l of  the  coni- 
cal elements  approach  zero,  the 
solution  obtained  should  approach 
the  solution  for  the  given  shell. 
Thus  in  the  finite  element  method, 
the  behavior  of  a typical  element 
is  studied  and  the  elements  are 
then  tied  together  to  produce  the 
required  shell. 

Two  methods  are  commonly  used  when  dealing  with  finite  elements. 
These  methods  are  compatibility  (or  force)  and  equilibrium  (or  displacement). 


(o)  Spherical  Shell  with  Axisymmetric  Hole 


(b)  Finite  Element  Approximation  to  Spherical  Shell 


FIG.  5.44-1  Spherical  Shell  and 
Finite  Element  Approximation 
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In  the  compatibility  method,  the  requirement  of  geometric  compat- 
ibility is  used  to  tie  the  finite  elements  together.  That  is,  the  redundant 
forces  and  moments  which  exist  at  the  interfaces  of  the  several  elements 
are  obtained  by  imposing  compatibility.  For  a structure  with  n redundant 
forces,  there  are  n compatibility  equations  that  must  be  satisfied.  Sup- 
pose Fj,  F 2»  * * "i  F^  are  the  applied  forces  (known)  on  the  k degree  of 
freedom  coordinates  of  the  shell.  These  F's  may  be  either  forces  or 
moments  and  any  of  them  may  be  zero,  if  desired.  Suppose,  in  addition, 
that  F^+2>  - - - are  n redundant  forces  at  the  n coordinates 

k+1,  k>2,  - - -,  k+n.  To  solve  for  the  n redundant  forces,  it  is  noted 
that  the  displacement  u^  at  any  location  k can  be  related  to  the  forces 
existing  (both  applied  external  forces  and  redundant  forces)  by  the  following 
equations: 


ui  = an  ri  + auF2  + • ■ • + aikFk  + 


+ a F 

1,  k+n  k+n 


“2  = a21  F1  ta22  F2  + • ' ' + a2k  Fk  + 


* a2,  k+n  F k+n 


Uk  = akl  F1  + ak2  F2  + * ‘ * + akk  Fk  + 


(5.  44-1) 


* &k,  k+n  Fk+n 


u,,  = a,  , . F,  + a,  1 . F.  + 

k+n  k+n,  1 1 k+n,  2 2 


+ a F 

k+n,  k+n  k+n 
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In  matrix  form  these  equations  are 


[uj  = [A]  {F  } 


where 

u = the  displacement  vector, 

F = the  force  vector,  and 
A = the  flexibility  matrix  of  the  structure. 

The  matrixes  may  be  partitioned  as  follows:  those  quantities  associated 
with  coordinates  1,  2,  . ...  k are  denoted  by  the  quantity  symbol  with  an 
asterisk  superscript,  and  the  quantities  at  the  redundant  coordinates  k+1, 
....  k+n  are  denoted  by  the  quantity  symbol  with  a zero  superscript. 
Then  this  matrix  equation  becomes 


u* 

"a*#j  a*°" 

F* 

u° 

a°*J  a°° 

F° 

At  the  redundant  coordinates  the  relative  displacements  are  zero,  i.  e., 
{u°}  = o.  Hence,  the  above  matrix  equation  yields  the  matrix  equations 

fo]  = [a°*]{F*3  + [a°o]{F°] 

and 

{u*}  = [a**]{F*J  + [a*°jF°) 
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Solving  the  first  of  these  equations  for  the  redundant  forces  [F°]  yields 


[F°]  = -[a°o]-l  [a°*][F*]  (5.44-2) 


and  substitution  into  the  second  equation  yields 


fu*j 


[a**]  - [a*0]^00 ] " 1 [a°*j 


(F*} 


(5.44-3) 


Thus,  the  redundant  forces  [F°]  and  the  displacements  at  the  k coordinates 
fu*}  are  obtained  using  Eqs,  5.44-2  and  5.44-3.  The  only  matrix  inver- 
sion required  is  [a°°J“^. 

Once  the  redundant  forces  are  known  the  forces  on  each  element  are 
obtained  from  the  equilibrium  equations 


fP)  = [CJ  (Fj  = [C*j  C°] 


I F* 

I 'fo 


In  this  discussion,  nothing  has  been  said  about  the  determination  of 
tr.e  shell  flexibility  matrix  A.  It  can  easily  be  shown  that  this  matrix  may 

be  obtained  from  the  individual  element  flexibility  matrixes  [a]  by  the 

i 

equation 


[A]  = tP]T[o][p] 
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where 


w - 


Mi 


W* 


M 


m 


and  fa]  is  the  flexibility  matrix  of  the  ith  element  which  is  known.  P is 
1 i 

the  matrix  which  relates  element  displacements  to  the  shell  displacements 
by  the  relationship 


t«  * [PJUJ 


The  p matrix  is  a rectangular  one  in  which  every  row  consists  of 
zeroes  except  for  a single  term  of  unity,  the  position  of  which  identifies 
that  element  of  {5}  which  corresponds  to  the  particular  element  of  u.  In 
other  words,  the  function  of  the  matrix  p is  to  select  the  appropriate  dis- 
placement from  u and  then  place  it  in  the  required  order,  element  by 
element,  in  the  element  displacement  matrix  6. 

The  element  flexibility  matrixes  are  a function  of  the  type  of  finite 
element  chosen.  For  example,  for  the  conical  shell  frusta  elements 
mentioned  above,  the  flexibility  matrix  is  easily  obtained.  From  what  has 
been  mentioned  in  Section  5. 30,  it  is  apparent  that  the  computer  can  be 
used  to  good  advantage  in  the  finite  element  method.  The  matrix 
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manipulations  and  inversions  required  can  be  handled  quite  efficiently  on 
the  computer. 

Consider  the  equilibrium  {or  displacement)  method.  In  this  method, 
unknown  displacements  and  rotations  are  dealt  with.  The  unknown  dis- 
placements and  rotations  ensure  equilibrium  at  the  m degree  of  freedom 
coordinates  of  the  structure.  In  this  method,  the  idea  of  redundancy  does 
not  enter.  In  matrix  form  the  equilibrium  equations  are 

If)  = (Kj  {u) 

where  [ * ] is  the  stiffness  matrix  of  the  shell  and  is  given  by 


[kj  = [pr  m [p] 


(5.44-4) 


The  matrix  [k]  is  the  matrix  of  the  r element  stiffness  matrixes. 


M, 


M = 


[■a 


M. 


1 J 


and  since  the  force -displacement  behavior  of  the  elements  is  known,  the 
individual  matrixes  [*]^  are  easily  obtained.  The  matrix  equilibrium 
equation  [F]  = [K]  {u}  can  be  solved  for  {u}  as  follows: 
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tu]  = [K]“l  [F] 

Once  the  shell  displacements  are  known,  the  internal  forces  in  the  ele- 
ments are  derived  from  the  expression 

(p)  - M [P]  [Kj-1  {F) 

The  (3  matrix  in  Eq.  5.44-4  is  the  same  as  was  used  in  the  compati- 
bility method.  The  element  stiffness  matrixes  can  be  obtained  from  the 
strain  energy  in  an  element,  as  shown  in  Ref.  5-2.  Refs.  5-3  and  5-4 
use  the  conical  shell  element  discussed  in  conjunction  with  the  equilibrium 
method.  In  Ref.  5-3,  the  equilibrium  method  is  used  to  solve  a problem 
similar  to  the  one  shown  in  Fig.  5.44-1.  The  results  agree  well  with  a 
closed  form  solution. 

In  finite  element  procedures,  the  matrixes  to  be  inverted  are  gener- 
ally not  strictly  banded;  hence,  it  is  generally  not  possible  to  use  Gaussian 
elimination  procedures.  Thus,  large  matrixes  may  have  to  be  inverted, 
resulting  in  long  computer  runs. 
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5.  50  ASSOCIATED  PROBLEMS  AND  FEATURES 
RELATED  TO  COMPUTER  USAGE 

Although  the  existence  of  high-speed  computers  has  made  many 
heretofore  untractable  problems  solvable  on  a routine  basis,  limitations 
and  shortcomings  of  the  computer  should  not  be  overlooked.  In  this  section, 
some  of  the  characteristics  of  digital  computers  will  be  discussed. 
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5.  51  ACCURACY 


The  computer  performs  its  operations  using  a different  number 
system  than  ordinarily  used  in  analytical  work.  Because  of  this,  it  is 
possible  to  encounter  overflow  or  underflow  problems.  This  means  that, 
in  the  course  of  manipulating  numbers,  the  permissible  range  of  the  com- 
puter can  be  exceeded  by  using  a number  too  large  or  too  small  for  the 
machine.  Besides  being  bounded  at  the  extremes,  it  should  be  recognized 
that  the  number  system  used  is  discrete;  that  is,  finite  gaps  exist  between 
the  smallest  consecutive  numbers  available  on  the  machine. 

A recent  improvement  is  the  ability  of  the  machine  to  perform 
’’double  precision  arithmetic."  This  allows  twice  the  number  of  signifi- 
cant figures  (about  16)  to  be  retained  than  is  done  conventionally* 


794 


5.  52  TIME 


Since  the  computer  demands  that  a problem  be  given  to  it  in  a very 
specific  fashion,  considerable  time  is  often  required  to  transfer  an  analyt- 
ical formulation  of  a problem  to  a form  acceptable  for  the  computer.  This 
aspect  of  the  work,  which  involves  filling  out  coding  sheets,  punching  cards, 
etc. , is  called  programming  time.  After  the  given  problem  has  been 
programmed,  it  is  ordinarily  necessary  to  check  out  the  problem  against 
known  results.  Depending  on  the  complexity  of  the  program,  the  time 
required  for  this  phase  may  vary  from  several  days  to  a month  or  more. 
After  the  program  has  been  completely  checked  out,  the  compiled  deck 
is  entered  into  production  status. 

A compiled  deck  is  ready,  when  supplied  with  sufficient  data,  to 
execute  problems  of  interest.  Execution  time  varies  with  the  complexity 
of  the  program,  the  sophistication  of  the  computer  facility,  and  the  num- 
ber of  cases  to  be  run.  When  possible,  it  is  advisable  to  stack  as  many 
cases  as  are  of  interest  on  one  run,  as  opposed  to  having  several  runs 
with  a smaller  number  of  cases  each.  In  the  former  case,  a smaller 
amount  of  time  per  case  will  be  required.  This  increase  in  efficiency 
presupposes  an  errorless  program  and  data  deck. 
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5.  53  COMPATIBILITY  PROBLEMS 

At  present,  it  is  generally  impossible  to  take  a program  written  for 
a specific  machine  (e.  g.  » Universal  12  34  at  Company  ABC)  and  run  it 
successfully  on  another  machine  (e.g.  , National  4567  at  Company  XYZ) 
without  making  some  changes  in  the  program.  Nevertheless,  successes 
are  being  recorded  in  improving  the  compatibility  between  the  various 
machines  and  systems.  Compatibility  has  increased  to  the  extent  that# 
with  relatively  minor  changes  in  the  program#  SHARE,  an  IBM  collection 
of  existing  programs#  can  be  beneficially  used.  A SHARE  catalogue  Is 
consulted  to  determine  what  is  available#  and  decks  of  interest  are  then 
ordered.  Program  descriptions  of  some  types  are  available  for  most 
SHARE  decks.  The  extent  of  program  documentation  ranges  from  two-page 
short  writings  to  complete  and  formal  program  descriptions.  A typical 
listing  in  a SHARE  catalogue  is  as  follows: 

Cylinder  Analysis 

Calculates  the  stresses  in  cylindrical  geometries  caused  by 
imposed  loads.  It  solves  the  system  of  restraints  by  using 
the  short  cylinder  coefficients  developed  in  the  theory  of 
beam 8 on  elastic  foundation.  Deflections#  rotations#  and 
three  principal  stresses  are  calculated  at  a number  of  points 
throughout  the  geometry.  Restriction:  no  other  routines 
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are  required  but  the  standard  library  routines  from  tape  A. 
FORTRAN  program.  Machine  requirements:  7090  16K 
3 tapes  input,  output,  and  library.  No  drum  cor r.  1380. 
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5.  54  THE  DYNAMIC  NATURE  OF  THE  COMPUTER 

Since  the  development  of  computers  is  proceeding  so  rapidly,  it  is 
entirely  possible  that  some  of  the  statements  made  in  this  chapter  will 
become  invalid  at  an  early  future  date.  An  example  of  this  early  obso* 
lescence  is  the  present  implementation  of  FORTRAN  IV,  a source  language 
destined  to  replace  FORTRAN  II.  The  time  will  come  when  it  will  no 
longer  be  possible  to  recompile  programs  written  in  FORTRAN  II  and  thus 
conversion  to  FORTRAN  IV  will  be  mandatory. 

Future  computers  will  almost  certainly  be  able  to  execute  programs 
faster  than  those  presently  available,  perhaps  an  order  of  magnitude 
faster.  An  area  of  potential  improvement  is  in  the  inputting  of  programs. 
Investigations  are  proceeding  on  making  the  computer  accept  handwritten 
or  oral  instructions  instead  of  using  cards  and  tapes.  Obviously  ? the 
engineer  will  benefit  from  the  continuing  improvements  in  computers. 
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5.  60  A TYPICAL  COMPUTER  PROGRAM 


This  chapter  concludes  with  an  illustration  of  a typical  program  deck 
and  its  associated  input  and  output.  A schematic  illustration  of  a deck  that 
could  conceivably  be  used  to  solve  a shell  problem  is  shown  in  Fig.  5.60-1. 
The  main  program  contains  the  heart  of  the  analysis.  The  subroutines  may 
be  matrix  manipulations,  graph  plotting  procedures,  etc. 

The  data  can  be  entered  either  as  a deck  of  cards,  or  as  data  sheets 
for  subsequent  keypunching.  A typical  data  sheet  is  shown  in  Fig.  5.60-2. 

Upon  successful  execution  of  the  program,  the  output  is  ordinarily 
received  in  printed  form  as  shown  in  Fig.  5.  60-3.  However,  techniques 


DATA  £ 
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are  available  for  obtaining  the  results  graphically-  A typical  plot  from 
the  computer  is  shown  in  Fig.  5.60-4. 


FORTRAN  FIXED  10  DIGIT  DECIMAL  DATA 


FIG.  5.  60-2.  Typical  FORTRAN  Data  Sheet 
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FIG.  5.  60-3.  UNSYMMETRICAL  BENDING  OF  SHELLS  OF  REVOLUTION 
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FIG.  5.60-4.  TYPICAL  COMPUTER  PLOT 
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5.70  CONCLUSION 


From  the  brief  description  of  the  computer  and  its  use  in  shell 
analysis  given  in  this  chapter,  it  is  obvious  that  the  computer  has  a strong 
positive  input  to  the  efficient,  successful  analysis  of  shells.  Since  the 
future  promises  an  increase  in  this  role,  any  serious  engineer  must 
become  as  acquainted  with  the  computer  as  possible. 
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